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The Solow Growth Model
Analysis of economic growth focuses on 

two fundamental questions: 

1. what is the reason of the huge increase in real income over time
the average real incomes today in the United States and Western Europe are 

between 10 and 30 times larger than a century ago, and 

between 50 and 300 times larger than two centuries ago 

2. why are some economies so much richer than others

There are enormous differences in standards of living across parts of the world. 

Average real incomes in such countries as the United States, Germany and Japan 

appear to exceed those in such countries as Bangladesh and Kenya by a factor of about 20.

Growth miracles are episodes where growth in a country far exceeds the world average and    

the country moves rapidly up the world income distribution. 

• Japan from the end of World War II to around 1990 ;

• the newly industrializing countries (NICs) of East Asia

(South Korea, Taiwan, Singapore, and Hong Kong) starting around 1960 ;

• China starting around 1980 .

Growth disasters are episodes where a country’s growth falls far short of the world average. 

• Argentina, average income was only slightly behind those of the world’s leaders, 

and it appeared poised to become a major industrialized country. But its growth performance 

since then has been dismal, and it is now near the middle of the world income distribution;

• many of the countries of sub-Saharan Africa
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The Solow Growth Model
Analysis of economic growth focuses on 

two fundamental questions: 

1. what is the reason of the huge increase in real income over time

2. why are some economies so much richer than others

If real income per person in the Philippines continues 

grows at 1.5 percent (its average rate for the period 1960–2001) , 

it will take 150 years for it to reach the current U.S. level. 

If it achieves 3 percent growth, the time will be reduced to 75 years. 

if it achieves 5 percent growth, as the NICs have done, the process will take only 45 years. 

To quote Robert Lucas (1988), 

“Once one starts to think about economic growth, it is hard to think about anything else.” 

The Solow model is the starting point for almost all analyses of growth. 

It try to explain 

• the vast growth over time in output per person 

• the vast geographic differences in output per person
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Inputs and Output

The Solow Growth Model : Assumptions

The Solow model focuses on four variables

Y – output

K – capital

L – labor

A – “knowledge” or “effectiveness of labor”

The production function

𝐘 𝒕 = 𝑭 𝑲(𝒕), 𝑨(𝒕)𝑳(𝒕) t – time

• Time does not enter the production function directly, but only through K, L and A. Output changes over time 

only if the inputs to production change. In particular, for given quantities of capital and labor the amount of 

output can rise over time only if amount of knowledge increases. 

• A and L enter into production function multiplicatively :  AL – effective labor

In this case Y = F (K, AL) technological progress is known as labor-augmenting or Harrod-neutral.

• If A enter in the form Y = F (AK, L)  the technological progress is capital-augmenting

• If A enter in the form Y = A F (K, L) the technological progress is Hicks-neutral

Important remarks:



Production Function

The Solow Growth Model : Assumptions

• Constant returns to scale (стала віддача від розширення масштабу) 

in two arguments, capital and effective labor :     

𝑭 λ𝑲, λ𝑨𝑳 = λ𝑭 𝑲, 𝑨𝑳 for all       λ ≥ 0

doubling the quantities of K and AL (for example, by doubling K and L with fixed A) doubles amount produced Y

It is combination of two separate assumption: 

• the economy is big enough that the gain of specialization have been exhausted (in small economy  further specialization can 

provide increasing return)

• inputs other than capital, labor and knowledge are relatively unimportant, model neglects land and natural resources (can be 

decreasing return)

λ =
𝟏

𝑨𝑳
: 𝑭

𝑲

𝑨𝑳
, 𝟏 =

𝟏

𝑨𝑳
𝑭 𝑲, 𝑨𝑳 =

𝒀

𝑨𝑳
,

𝒚 =
𝒀

𝑨𝑳
– output per unit of effective labor,  𝒌 =

𝑲

𝑨𝑳
– capital per unit of effective labor 

𝒇 𝒌 = 𝑭 𝒌, 𝟏

Production function in   intensive form 𝒚 = 𝒇 𝒌



Production Function

The Solow Growth Model : Assumptions

The intensive-form production function is assumed to satisfy:

• 𝒇(𝟎) = 𝟎, 𝒇′ (𝒌) > 𝟎, 𝒇′′ (𝒌) < 𝟎

since 𝐹(𝐾, 𝐴𝐿) = 𝐴𝐿 𝑓(𝐾/𝐴𝐿) then 

marginal product of capital 

𝜕𝐹(𝐾, 𝐴𝐿)/𝜕𝐾 = 𝐴𝐿 𝑓′ (𝐾/𝐴𝐿)/ 𝐴𝐿 = 𝑓′(𝑘)

is positive but decline as k rises

• Inada conditions

lim
𝒌→𝟎

𝒇′(𝒌) = ∞ , lim
𝒌→∞

𝒇′(𝒌) = 𝟎

marginal product of capital is very large 

when the capital stock is sufficient small and 

it becomes very small as the capital stock becomes large

𝒚 = 𝒇 𝒌

𝒚 =
𝒀

𝑨𝑳
– output per unit of effective labor,  𝒌 =

𝑲

𝑨𝑳
– capital per unit of effective labor 



The Solow Growth Model : Assumptions

𝐘 = 𝑭 𝑲,𝑨𝑳 = 𝑲𝜶(𝑨𝑳)𝟏−𝜶 0 < α < 1

A specific example of a production function is Cobb – Douglas function

Problems:

1) Check that the Cobb – Douglas production function has constant returns to scale

2) Find the intensive form of this production function

3) Find the marginal product of capital 

4) Check Inada conditions

𝒚 = 𝒇 𝒌 = 𝒌𝜶

𝑓 0 = 0, 𝑓′ 𝑘 = 𝛼𝑘𝛼−1 > 0, 𝑓′′ 𝑘 = −𝛼 1 − 𝛼 𝑘𝛼−2 < 0

Cobb – Douglas Production Function



The Evolution of the Inputs into Production

The Solow Growth Model : Assumptions

• The initial levels of capital K(0), labor L(0) and 

knowledge A(0) are taken as given. 

• Labor grows at constant rates n:

𝑳′ 𝒕 = 𝒏 𝑳 𝒕

• Knowledge grows at constant rates g:

𝑨′ 𝒕 = 𝒈 𝑨 𝒕

n – growth rate of labor , g – growth rate of knowledge   :  exogenous parameters

Growth rate of a variable X 

(proportional rate of change) =

=  X’ / X

𝑑𝐿

𝑑𝑡
= 𝑛𝐿 ,   

𝑑𝐿

𝐿
= 𝑛 𝑑𝑡 , ׬

1

𝐿
𝑑𝐿 = 𝑛׬ 𝑑𝑡 , ln 𝐿(𝑡) = 𝑛𝑡 + ln𝐶 , ln 𝐿(0) = ln𝐶 ,

𝐥𝐧 𝑳(𝒕) = 𝒏𝒕 + 𝐥𝐧𝑳 𝟎 ,         𝐥𝐧𝑨(𝒕) = 𝒈𝒕 + 𝐥𝐧𝑨 𝟎

ln 𝐿(𝑡) = ln 𝑒𝑛𝑡 + ln𝐶 , 𝐿 𝑡 = 𝐶𝑒𝑛𝑡, 𝐿 0 = 𝐶,

𝑳 𝒕 = 𝑳 𝟎 𝒆𝒏𝒕 ,       𝑨 𝒕 = 𝑨 𝟎 𝒆𝒈𝒕

L and A growth exponentially

𝐘 𝒕 = 𝑭 𝑲(𝒕), 𝑨(𝒕)𝑳(𝒕)



The Evolution of the Inputs into Production

The Solow Growth Model : Assumptions

n = 0,02 g = 0,05

𝑳′ 𝒕 = 𝒏𝑳(𝒕) 𝑨′(𝒕) = 𝒈𝑨(𝒕)

R R



The Evolution of the Inputs into Production

The Solow Growth Model : Assumptions

• Output is divided between

C – consumption    and I – investment 

𝒀 𝒕 = 𝑰 𝒕 + 𝑪(𝒕)

• Fraction of output devoted to investment s is exogenous and constant

𝑰 𝒕 = 𝒔 𝒀 𝒕 , 𝑪 𝒕 = (𝟏 − 𝒔) 𝒀 𝒕 ,
s – saving rate

• Existing capital depreciates at rate δ

δ – depreciation rate

• Change in capital is investment minus depreciation

𝑲′ 𝒕 = 𝒔 𝒀 𝒕 − 𝜹 𝑲 𝒕

• No restrictions are placed on n, g and δ individually, their sum is assumed to be positive

n + g + δ > 0

𝐘 𝒕 = 𝑭 𝑲(𝒕), 𝑨(𝒕)𝑳(𝒕)



The Solow Growth Model
1.  Assumptions   

› Input and Output

› Production Function

› Evolution of the Inputs into Production

2.  Two Types of Modeling
› System of Differential Equation

› System Dynamics Model

3.  The Dynamics of the Model
› The Dynamics of k – steady state

› The Balanced Growth Path

› Problems 1- 2

4.  The Impact of a Change in the Saving Rate
› The Impact on Output

› Problems 3 - 4

› The Impact on Consumption – golden rule

› Problems 5 

5.  The Environment and Economic Growth 
› Natural Resources and Land : A baseline Case

› Assignment



System of Differential Equation

The Solow Growth Model

𝑲′ 𝒕 = 𝒔𝒀 𝒕 − δ𝑲(𝒕)

𝑳′ 𝒕 = 𝒏𝑳(𝒕)

𝑨′(𝒕) = 𝒈𝑨(𝒕)

𝐘 = 𝑭 𝑲,𝑨𝑳

Cobb−Douglas function ∶ 𝐘 = 𝑭 𝑲,𝑨𝑳 = 𝑲𝜶(𝑨𝑳)𝟏−𝜶

Production function :

CES function ∶ 𝐘 = 𝑭 𝑲,𝑨𝑳 = (𝜶𝑲𝝆 + 𝟏 − 𝜶 𝑨𝑳 𝝆)𝟏/𝝆



System Dynamics Model

The Solow Growth Model

R

R

R
B

production function is the Cobb-Douglas function

𝐘 = 𝑭 𝑲,𝑨𝑳 = 𝑲𝜶(𝑨𝑳)𝟏−𝜶, 0< α <1

𝑲′ 𝒕 = 𝒔𝒀 𝒕 − δ𝑲(𝒕)

𝑳′ 𝒕 = 𝒏𝑳(𝒕)

𝑨′(𝒕) = 𝒈𝑨(𝒕)



The Solow Growth Model : Assumptions

𝐘 = 𝑭 𝑲,𝑨𝑳 = (𝜶𝑲𝝆 + 𝟏 − 𝜶 𝑨𝑳 𝝆)𝟏/𝝆, 0 < α < 1, 𝜌 > 0

Constant Elasticity of Substitution production function

CES Production Function

Marginal rate of substitution 𝑴𝑹𝑺𝒙𝒚 =
𝝏𝒇(𝒙, 𝒚)/𝝏𝒙

𝝏𝒇(𝒙, 𝒚)/𝝏𝒚

Elasticity of substitution – percent change in MRS

𝛔 =
𝑴𝑹𝑺𝒙𝒚

𝒙/𝒚
∙

𝒅 𝒙/𝒚

𝒅 𝑴𝑹𝑺𝒙𝒚
=

𝒅 (𝐥𝐧 𝒙/𝒚)

𝒅 (𝐥𝐧 𝑴𝑹𝑺𝒙𝒚)

For Cobb-Douglas function elasticity of substitution 𝛔 = 𝟏 - it is a restriction 

For CES function elasticity of substitution 𝛔 = 𝟏/𝝆 - can be smaller or greater that 1 

𝑦 = 𝑓 𝑘 = (𝛼𝑘𝜌 + 1 − 𝛼 )1/𝜌, MPC ( Marginal Product of Capital ) 

𝑓′ 𝑘 = 𝛼𝑘𝛼−1(𝛼𝑘𝜌 + 1 − 𝛼 )(1−𝜌)/𝜌 > 0



System Dynamics Model

The Solow Growth Model

R
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R B

CES production function 

𝐘 = (𝜶𝑲𝝆 + 𝟏 − 𝜶 𝑨𝑳 𝝆)𝟏/𝝆



System Dynamics Model

production function is the Cobb-Douglas function

𝑭 𝑲,𝑨𝑳 = 𝑲𝜶(𝑨𝑳)𝟏−𝜶, 0< α <1

n = 0,02

g = 0,05

The Solow Growth Model



System Dynamics Model

𝒌 = 𝑲/𝑨𝑳 𝒚 = 𝒀/𝑨𝑳

The Solow Growth Model



System Dynamics Model

𝒌 = 𝑲/𝑨𝑳 𝒚 = 𝒀/𝑨𝑳

The Solow Growth Model



System Dynamics Model

𝒌 = 𝑲/𝑨𝑳 𝒚 = 𝒀/𝑨𝑳

?

The Solow Growth Model
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The Dynamics of k

The Solow Growth Model : Dynamics

𝒌′ 𝒕 =
𝑲′(𝒕)

𝑨 𝒕 𝑳(𝒕)
−

𝑲 𝒕

[𝑨 𝒕 𝑳(𝒕)]𝟐
𝑨 𝒕 𝑳′ 𝒕 + 𝑨′ 𝒕 𝑳 𝒕 =

=
𝑲′(𝒕)

𝑨 𝒕 𝑳(𝒕)
−

𝑲 𝒕

𝑨 𝒕 𝑳 𝒕

𝑳′ 𝒕

𝑳 𝒕
−

𝑲 𝒕

𝑨 𝒕 𝑳 𝒕

𝑨′ 𝒕

𝑨 𝒕
=

=
𝒔𝒀 𝒕 − 𝜹𝑲(𝒕)

𝑨 𝒕 𝑳(𝒕)
− 𝒌 𝒕 𝒏 − 𝒌 𝒕 𝒈 =

= 𝒔
𝒀 𝒕

𝑨 𝒕 𝑳(𝒕)
− 𝜹𝒌 𝒕 − 𝒏𝒌 𝒕 − 𝒈𝒌 𝒕 =

= 𝒔𝒚 𝒕 − 𝜹 + 𝒏 + 𝒈 𝒌 𝒕 =

= 𝒔𝒇(𝒌 𝒕 ) − (𝜹 + 𝒏 + 𝒈)𝒌 𝒕

actual investment break-even investment 

the amount of investment that 

must be done just to keep

k at its existing level 

𝑲′ 𝒕 = 𝒔 𝒀 𝒕 − 𝜹 𝑲 𝒕

𝒚 =
𝒀

𝑨𝑳

𝒌 =
𝑲

𝑨𝑳



System Dynamics Model for k

The Solow Growth Model : Dynamics

R
B

𝒌′ 𝒕 = 𝒔𝒇 𝒌(𝒕) − δ + 𝒏 + 𝒈 𝒌(𝒕)

Cobb-Douglas function

𝐲 = 𝒇 𝒌 = 𝒌𝜶, 0< α <1



System Dynamics Model 

The Solow Growth Model : Dynamics
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System Dynamics Model 

The Solow Growth Model : Dynamics
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Dynamics of k

The Solow Growth Model : Dynamics

actual investment

𝐢 = 𝐬𝒇 𝒌 = 𝒔 𝒌𝜶

break-even investment

𝒅 + 𝒏 + 𝒈 𝒌

Inflow
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k capital per unit of effective labor

𝒌∗= 2.07

𝒌′ 𝒕 = 𝒔𝒇(𝒌 𝒕 ) − (𝜹 + 𝒏 + 𝒈)𝒌 𝒕



Dynamics of k

The Solow Growth Model : Dynamics

C
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 k

k capital per unit of effective labor

𝒌∗

regardless of where k starts, it converges to 𝑘∗

𝒌∗ − stable equilibrium

Phase Diagram – Structure Graph

𝒌∗ = 2,07



Steady state

The Solow Growth Model : Dynamics

Steady state

Transient period

𝒌∗ = 2,07



Steady state

The Solow Growth Model : Dynamics

Steady state

Steady state

Growth rate 

in transient period



Growth Rates on Balancing Growth Path

The Solow Growth Model : Dynamics

In steady state
Capital and Output 

per unit of effective labor

𝒌 =
𝑲

𝐀𝐋
= 𝒌∗ − 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭

𝒚 =
𝐘

𝐀𝐋
= 𝐟 𝐤 = 𝒚∗ − 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭

Capital and Output 

per unit of labor

𝐊

𝐋
= 𝑨 𝒌 −?

𝐘

𝐋
= 𝑨 𝒚 −?

Capital and Output 

𝑲 = 𝑨𝑳 𝒌 −? 𝒀 = 𝑨𝑳 𝒚 −?



Problem 1-2 – solve by System Dynamic Approach

The Solow Growth Model : Problems

Basic properties of growth rate.

1. a)  Show that the growth rate of the product of two variables equals 

the sum of their growth rate

𝒁 𝒕 = 𝑿 𝒕 ∙ 𝒀 𝒕 =>? 𝒈𝒁 = 𝒈𝑿 + 𝒈𝒀

b)  Show that the growth rate of the ratio of two variables equals 

the difference of their growth rate

𝒁 𝒕 =
𝑿 𝒕

𝒀 𝒕
=>? 𝒈𝒁 = 𝒈𝑿 − 𝒈𝒀

c)  𝒁 𝒕 = 𝑿(𝒕) 𝜶 =>? 𝒈𝒁 = 𝜶 𝒈𝑿

2. Suppose that the growth rate of a variable 𝑋 is constant and equal to 𝑔 > 0

from time 0 to time 𝑡1; drops to 0 at time 𝑡1; rises gradually from 0 to 𝑔

from time 𝑡1 to time 𝑡2; and is constant and equal to 𝑔 after time 𝑡2.

a) Sketch a graph of the growth rate of 𝑋 as a function of time

b) Sketch a graph of ln 𝑋 as a function of time



The Solow Growth Model : Dynamics

Balancing Growth Path

1)  Capital and Output 

per unit of effective labor

𝒌 =
𝑲

𝐀𝐋
= 𝒌∗ − 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭, 𝒚 =

𝐘

𝐀𝐋
= 𝐟 𝐤 = 𝒚∗ − 𝐜𝐨𝐧𝐬𝐭𝐚𝐧𝐭

2) Capital and Output per unit of labor

𝐊

𝐋
= 𝑨 ∙ 𝒌 ,

𝐘

𝐋
= 𝑨 ∙ 𝒚

3) Capital and Output 

𝑲 = 𝑨𝑳 ∙ 𝒌 , 𝒀 = 𝑨𝑳 ∙ 𝒚

𝐠𝐫𝐨𝐰𝐭𝐡 𝐫𝐚𝐭𝐞 = 𝐠

𝐠𝐫𝐨𝐰𝐭𝐡 𝐫𝐚𝐭𝐞 = 𝟎

𝐠𝐫𝐨𝐰𝐭𝐡 𝐫𝐚𝐭𝐞 = 𝐠 + 𝐧

Balancing growth path –

situation where each variable of the model 

is growing at a constant rate
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The Solow Growth Model : Change in Saving

Impact on Output

k capital per unit of effective labor
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equilibrium 𝒌𝟏
∗ = 𝟐, 𝟎𝟕

for 𝒔𝟏 = 𝟎, 𝟐

equilibrium 𝒌𝟑
∗ = 𝟑, 𝟕

for 𝒔𝟑 = 𝟎, 𝟑

actual investment

𝐢 = 𝐬𝒇 𝒌 = 𝒔 𝒌𝜶

Inflow

break-even investment

𝒅 + 𝒏 + 𝒈 𝒌
𝒌′ 𝒕 = 𝒔𝒇(𝒌 𝒕 ) − (𝜹 + 𝒏 + 𝒈)𝒌 𝒕

Outflow



The Solow Growth Model : Change in Saving

Impact on Output

k capital per unit of effective labor
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stable equilibrium

𝒌∗ for s = 0,2

𝒌∗ for s = 0,3

Phase Diagram – Structure Graph



The Solow Growth Model : Change in Saving

Impact on Output

stable equilibrium

k capital per unit of effective labor

𝒌∗ = 3,7  for s = 0,3

𝒌∗ = 2,07  for s = 0,2

𝒌∗ = 2,85  for s = 0,25



The Solow Growth Model : Change in Saving

The Effect of the Saving Rate on Steady State

a permanent increase in the saving rate produces 

a temporary increase in the growth rate of output per worker



The Solow Growth Model : Change in Saving

The Effect of the Saving Rate on Steady State

𝒔 = 𝟎, 𝟐 + 𝑺𝑻𝑬𝑷 𝒔𝒕𝒆𝒑; 𝟓𝟎

k capital per unit of effective laborIn
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k capital per unit of effective labor
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In the Solow model only changes in the rate of technological progress have growth effects; 

all other changes have only level effects.



The Solow Growth Model : Problems

Problem 3 – solve by System Dynamic Approach

Sensitivity analysis.

3. Describe how each of following development affects the break-even and actual 

investment lines in our basic diagram for the Solow model:

a) The rate of depreciation falls.

b) The rate of technological progress rises.

c) The production function is Cobb-Douglas and capital share rises.

d) Workers exert more effect, so that output per unit of effective labor for given 

value of capital per unit of effective labor is higher than before.



The Solow Growth Model : Problems

Problem 4 – solve by System Dynamic Approach

Impulse response analysis.

4. Consider an economy with technological progress but without population growth that 

is on its balanced growth path. Now suppose there is one-time jump in the number 

of workers.

a) At the time of the jump, does output per unit of effective labor rise, fall, or stay 

the same? Why?

b) After the initial change in output per unit of effective labor when the new 

workers appear, is there any further change in output per unit of effective 

labor? If so, does it rise or fall? Why?

c) Once the economy has again reached a balanced growth path, is output per 

unit of effective labor higher, lower, or the same as it was before the new 

workers appeared? Why? 
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The Solow Growth Model : Change in Saving

The Effect on Consumption in Steady State

?

𝒄(𝒕) = 𝒇(𝒌 𝒕) − 𝒊 𝒕 = (𝟏 − 𝒔)𝒇 𝒌(𝒕)

𝑐∗ = 𝒇 𝒌∗ − δ + 𝒏 + 𝒈 𝒌∗

Whether consumption eventually 

exceed its level before the rise in s

is not immediately clear



The Solow Growth Model : Change in Saving

The Effect on Consumption in Steady State

𝒔 = 𝟎, 𝟐 + 𝑺𝑻𝑬𝑷 𝒔𝒕𝒆𝒑; 𝟓𝟎 𝑐∗ = 𝒇 𝒌∗ − δ + 𝒏 + 𝒈 𝒌∗



The Solow Growth Model : Consumption

The Maximization of Consumption in Steady State

𝒄∗ = Output per unit of effective labor − Investment per unit of effective labor =

= 𝒇 𝒌∗ − 𝒊∗ = 𝒇 𝒌∗ − 𝒔𝒇 𝒌∗

c* – consumption per unit of effective labor on balanced growth path

On balanced growth path, actual investment equals break-even investment (n + g + δ) k* 

𝒄∗ = 𝒇 𝒌∗ − 𝒏 + 𝒈 + δ 𝒌∗

k* is determined by s and other parameters of the model n, g  and δ

𝒌∗ = 𝒌∗ 𝒔, 𝒏, 𝒈, δ

𝝏𝒄∗

𝝏𝒔
= [𝒇′ 𝒌∗ 𝒔, 𝒏, 𝒈, δ − 𝒏 + 𝒈 + δ ]

𝝏𝒌∗ 𝒔,𝒏,𝒈,δ

𝝏𝒔

max
s



The Maximization of Consumption in Steady State

𝝏𝒄∗

𝝏𝒔
= [𝒇′ 𝒌∗ 𝒔, 𝒏, 𝒈, δ − 𝒏 + 𝒈 + δ ]

𝝏𝒌∗ 𝒔,𝒏,𝒈,δ

𝝏𝒔

If s increase → k* increase → ∂k*/ ∂s >0 , 

f(k*) increase, (n+g+δ) k* increase, f′(k*) – (n+g+δ) k*  – ?

If   f′(k*) > (n+g+δ) →   [ f′(k*) – (n+g+δ) ] > 0   →   c* increase

If   f′(k*) < (n+g+δ)   →   [ f′(k*) – (n+g+δ) ] < 0   →   c* decrease

𝒄∗ = 𝒇 𝒌∗ − 𝒏 + 𝒈 + δ 𝒌∗ →  max

If   f′(k*(s,n,g, δ) = (n+g+δ) →   c* is at its maximum possible level among balanced growth path

This k* is known as the golden level of the capital stock  – 𝒌𝒈𝒐𝒍𝒅
∗

Conclusions:

1)  If economy is in steady state k* that is less than 𝑘𝑔𝑜𝑙𝑑
∗ , we can increase saving rate s

In results we will have much more consumption in long run (future generations)

but less consumption in short run (current generation) – choice of policy ! 

2)  If economy is in steady state k* that is greater than 𝑘𝑔𝑜𝑙𝑑
∗ , we can decrease saving rate s

In results we will have greater consumption in short run as well as in long run

The Solow Growth Model : Consumption



𝒄∗ = 𝒇(𝒌∗) − 𝒊∗ → max

𝐒𝐭𝐚𝐫𝐭

𝐑𝐮𝐧

Sensitivity Analysis in STELLA

The Solow Growth Model : Consumption



Sensitivity Analysis in STELLA

𝒄∗ = 𝒇 𝒌∗ − 𝒊∗ = 𝒇 𝒌∗ − 𝒏 + 𝒈 + δ 𝒌∗
maximum of consumption

𝐑𝐮𝐧 4

Run 4

Run 4

less capital

The Solow Growth Model : Consumption



Sensitivity Analysis in STELLA : choice of golden rule 

The Solow Growth Model : Consumption



𝐦𝐚𝐱𝐢𝐦𝐮𝐦 𝒄∗ − 𝐟𝐨𝐫 𝒔 = 𝟎, 𝟑

Sensitivity Analysis in STELLA : choice of golden rule 

The Solow Growth Model : Consumption
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Saving rate

𝒔𝑮𝒇 𝒌

𝒅 + 𝒏 + 𝒈 𝒌

𝒇 𝒌

𝒌𝑳
∗ 𝒌𝑮𝒐𝒍𝒅

∗ 𝒌𝑯
∗

𝒔𝑳𝒇 𝒌

𝒔𝑯𝒇 𝒌

𝒔𝑯𝒊𝒈𝒉 = 𝟎, 𝟒𝒔𝑮𝒐𝒍𝒅 = 𝟎, 𝟑𝒔𝑳𝒐𝒘 = 𝟎, 𝟐

𝒌𝑳
∗ = 𝟐, 𝟎𝟕 𝒌𝑮𝒐𝒍𝒅

∗ = 𝟑, 𝟕 𝒌𝑯
∗ = 𝟓, 𝟔

𝒄𝑳
∗

𝒄𝑮𝒐𝒍𝒅
∗

𝒄𝑳
∗

𝒄𝑳
∗ = 𝟎, 𝟗𝟖 𝒄𝑮𝒐𝒍𝒅

∗ = 𝟏, 𝟎𝟒 𝒄𝑯
∗ = 𝟏, 𝟎𝟎

The Solow Growth Model : Consumption

𝝏𝒄∗

𝝏𝒔
= [𝒇′ 𝒌∗ 𝒔, 𝒏, 𝒈, δ − 𝒏 + 𝒈 + δ ]

𝝏𝒌∗ 𝒔,𝒏,𝒈,δ

𝝏𝒔



The Solow Growth Model : Problems

Problem 5 – solve by System Dynamic Approach

Sensitivity analysis.

5. Consider the Solow economy and assume for simplicity that there is no technological 

progress. Now suppose that the rate of population growth falls.

a) What happens to the balanced-growth-path values of capital per worker, output 

per worker and consumption per worker? Sketch the paths of these variables 

as the economy moves to its new balanced growth path. 

b) Describe the effect of the fall in population growth on the path of output that is, 

total output, not output per worker.
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The Solow Growth Model : Quantitative 

To obtaining exact quantitative results we need to specify functional forms and values of the parameters. 

But in many cases, it is possible to learn a great deal by considering 

approximations around the long-run equilibrium

𝝏𝒚∗

𝝏𝒔
= 𝒇′ 𝒌∗

𝝏𝒌∗ 𝒔,𝒏,𝒈,δ

𝝏𝒔 𝒔 𝒇 𝒌∗ 𝒔, 𝒏, 𝒈, δ = 𝒏 + 𝒈 + δ 𝒌∗ 𝒔, 𝒏, 𝒈, δ

k* is defined by the condition that k’ = 0

elasticity of the balanced-growth-path level of output 

with respect to the saving rate 

The Effect on Output in the Long Run

𝒔𝒇′ 𝒌∗
𝝏𝒌∗

𝝏𝒔
+ 𝒇(𝒌∗) = (𝒏 + 𝒈 + δ)

𝝏𝒌∗

𝝏𝒔

𝝏𝒚∗

𝝏𝒔
=

𝒇′ 𝒌∗ 𝒇 𝒌∗

𝒏 + 𝒈 + δ − 𝒔𝒇′ 𝒌∗

𝝏𝒌∗

𝝏𝒔
=

𝒇′ 𝒌∗

𝒏 + 𝒈 + δ − 𝒔𝒇′ 𝒌∗

𝒔

𝒚∗
𝝏𝒚∗

𝝏𝒔
=

𝒔

𝒇 𝒌∗
𝒇′ 𝒌∗ 𝒇 𝒌∗

𝒏 + 𝒈 + δ − 𝒔𝒇′ 𝒌∗

=
𝒏 + 𝒈 + δ 𝒌∗𝒇′ 𝒌∗ 𝒇 𝒌∗

𝒇 𝒌∗ [ 𝒏 + 𝒈 + δ − 𝒏 + 𝒈+ δ 𝒌∗𝒇′ 𝒌∗ /𝒇 𝒌∗ ]

=
𝒌∗𝒇′ 𝒌∗ /𝒇 𝒌∗

𝟏 − [𝒌∗𝒇′ 𝒌∗ /𝒇 𝒌∗ ]

𝒔

𝒚∗
𝝏𝒚∗

𝝏𝒔
=

𝜶𝑲 𝒌∗

𝟏 − 𝜶𝑲 𝒌∗



The Solow Growth Model : Quantitative 

The Effect on Output in the Long Run

elasticity of the balanced-growth-path level of output 

with respect to the saving rate 

• if markets are competitive and there are no externalities, capital earns its marginal product 

• marginal product of capital 𝜕𝐹(𝐾, 𝐴𝐿)/𝜕𝐾 = 𝐴𝐿 𝑓′ (𝐾/𝐴𝐿)/ 𝐴𝐿 = 𝑓′(𝑘)
• the total amount earned by capital (per unit of effective labor) on the balanced growth path is k∗ f’(k∗). 

• the share of total income that goes to capital on the balanced growth path is then

k∗ f’(k∗)/f (k∗), or αK(k∗).

if the assumption that capital earns its marginal product is a good approximation, 

we can use data on the share of income going to capital to estimate the elasticity of output with 

respect to capital, αK(k∗) =1/3 for most countries

elasticity of the balanced-growth-path level of output with respect to the saving rate = 1 / 2

significant changes in saving have only moderate effects on the level of output on the balanced growth path

for two reasons:   actual investment curve, sf (k), bends fairly sharply; impact of a change in s on k∗ is small; 

for value of αK(k∗)=1/3 the impact of a change in k∗ on y∗ is small 

𝒔

𝒚∗
𝝏𝒚∗

𝝏𝒔
=

𝜶𝑲 𝒌∗

𝟏 − 𝜶𝑲 𝒌∗



The Solow Growth Model : Quantitative 

The Speed of Convergence

Our goal is to determine how rapidly k approaches k∗

𝒌′ 𝒕 = 𝒔𝒇(𝒌 𝒕 ) − (𝜹 + 𝒏 + 𝒈)𝒌 𝒕 𝒌′ = 𝒌′(𝒌) for k=k∗ : 𝒌′=0

A first-order Taylor-series approximation of k˙(k) around k = k∗

Since k˙ is positive when k is slightly below k∗ and 

negative when it is slightly above, ∂k˙(k)/∂k|k=k∗ is 

negative. Equivalently, λ is positive 

k moves toward k∗ at a speed approximately proportional to its distance from k∗. 
The growth rate of k(t) - k∗ is approximately constant and equal to -λ. 

Typically, n+g+δ is about 6 percent per year (1 to 2 percent 

population growth, 1 to 2 percent growth in output per worker, 

and 3 to 4 percent depreciation).

λ = (1 - αK)(n + g + δ) is roughly 4 percent. 
k and y move 4% of the remaining distance toward k∗ and y∗

each year, and take approximately 70/(4%/year) 

17 years to get halfway to their balanced-growth-path values.

𝝀 denote −𝝏𝒌′ 𝒌 /𝝏𝒌|𝒌=𝒌∗

𝒌 𝒕 ≈ 𝒌∗ + 𝒆−λ𝒕 𝒌 𝟎 − 𝒌∗

𝒌′ ≈ ቤ
𝝏𝒌′ 𝒌

𝝏𝒌
𝒌=𝒌∗

(𝒌 − 𝒌∗)

𝒌′ 𝒕 ≈ −λ 𝒌 𝒕 − 𝒌∗

λ = − ቤ
𝝏𝒌′ 𝒌

𝝏𝒌
𝒌=𝒌∗

=

= − [𝒔𝒇′ 𝒌∗ − 𝒏 + 𝒈+ δ ]     =

= 𝒏 + 𝒈 + δ − 𝒔𝒇′ 𝒌∗ =

= 𝒏 + 𝒈 + δ −
𝒏+𝒈+δ 𝒌∗𝒇′ 𝒌∗

𝒇 𝒌∗
=

= [𝟏 − 𝜶𝑲 𝒌∗ ] 𝒏 + 𝒈 + δ
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The Solow Growth Model : Environment 

Natural Resources and Land

R – resources, used in production

T – amount of land

The production function 𝐘 = 𝑭 𝑲,𝑹, 𝑻, 𝑨𝑳

𝒀 𝒕 = 𝑲 𝒕 𝜶 𝑹(𝒕)𝜷 𝑻(𝒕)𝜸 (𝑨𝑳)𝟏−𝜶−𝜷−𝜸

𝛼 > 0, 𝛽 > 0, 𝛾 > 0, 𝛼 + 𝛽 + 𝛾 < 1

Dynamics of inputs :

• Resources - the amount of natural resources is fixed,

the resources are used in production, this imply that resources decline

𝑹′ 𝒕 = −𝒃 𝑹 𝒕 ,    𝑏 > 0

• Labor and Knowledge            𝑳′ 𝒕 = 𝒏 𝑳 𝒕 , 𝑨′ 𝒕 = 𝒈 𝑨 𝒕

• Capital                                        𝑲′ 𝒕 = 𝒔 𝒀 𝒕 − 𝜹 𝑲 𝒕

b – depleting rate of resources 

α – elasticity of capital 

β – elasticity of resources

γ – elasticity of land

1- α - β - γ – elasticity of 

effective labor

• Land – the amount of land on earth is fixed,

in long run the quantity of land used in production can not be growing                   

𝑻′ 𝒕 = 𝟎



b = 0,005

𝑹′ 𝒕 = −𝒃𝑹(𝒕)

B

The Solow Growth Model : Environment 

Dynamics of Natural Resources and Land

𝑻′ 𝒕 = 𝟎



The Solow Growth Model : Environment 

System Dynamics Model

R

R

B

R B



The Solow Growth Model : Environment 

Natural Resources and Land

𝐘 𝐭 = 𝑲 𝒕 𝜶 𝑹(𝒕)𝜷 𝑻(𝒕)𝜸 (𝑨𝑳)𝟏−𝜶−𝜷−𝜸

𝐥𝐧 𝐘 𝐭 = 𝜶 𝐥𝐧 𝑲 𝒕 + 𝜷 𝐥𝐧 𝑹 𝒕 + 𝜸 𝐥𝐧 𝑻 𝒕 + (𝟏 − 𝜶 − 𝜷 − 𝜸)( 𝐥𝐧 𝑨 𝒕 + 𝐥𝐧 𝑳 𝒕 )

𝒈𝒀 𝐭 = 𝜶 𝒈𝑲 𝒕 + 𝜷 𝒈𝑹 𝒕 + 𝜸 𝒈𝑻 𝒕 + (𝟏 − 𝜶 − 𝜷 − 𝜸)(𝒈𝑨 𝒕 + 𝒈𝑳 𝒕 )

𝒈𝒀 𝐭 = 𝜶 𝒈𝑲 𝒕 − 𝜷 𝒃 + (𝟏 − 𝜶 − 𝜷 − 𝜸)(𝒏 + 𝒈)

𝒈𝒀
𝒃𝒈𝒑

=
(𝟏 − 𝜶 − 𝜷 − 𝜸)(𝒏 + 𝒈) − 𝜷 𝒃

𝟏 − 𝜶

On balancing growth path for the growth rate of K to be constant,

Y/K must be constant  

the growth rate of Y and K must be equal

The growth rate of Y on the balanced growth path is

From 𝑲′ 𝒕 = 𝒔 𝒀 𝒕 − 𝜹 𝑲 𝒕 we obtain
𝑲′ 𝒕

𝑲(𝒕)
= 𝒔

𝒀 𝒕

𝑲(𝒕)
− 𝜹

Using the fact that the time derivative of the log of a variable equals the variable’s growth rate



The Solow Growth Model : Environment 

Natural Resources and Land

𝒈𝒀 𝐭 = 𝜶 𝒈𝑲 𝒕 − 𝜷 𝒃 + 𝟏 − 𝜶 − 𝜷 − 𝜸 𝒏 + 𝒈 ,

If 𝒈𝑲 exceeds its balanced-growth-path value, 𝒈𝒀 exceeds also, 

but 𝒈𝒀 less than 𝒈𝑲 𝒀/𝑲 is falling              𝒈𝑲 is falling also 

We have not determined 

whether the economy in fact converges to this balanced growth path

𝑲′ 𝒕

𝑲(𝒕)
= 𝒔

𝒀 𝒕

𝑲(𝒕)
− 𝜹

𝒈𝑲 converges to its balanced-growth-path value 

so the economy converges to its balanced growth path

𝒈𝒀
𝒃𝒈𝒑

=
(𝟏 − 𝜶 − 𝜷 − 𝜸)(𝒏 + 𝒈) − 𝜷 𝒃

𝟏 − 𝜶



The Solow Growth Model : Environment 

Model in Intensive Form

𝒚 =
𝒀

𝑨𝑳
– output per unit of effective labor,  𝒌 =

𝑲

𝑨𝑳
– capital per unit of effective labor 

Production function in   intensive form

𝒓 =
𝑹

𝑨𝑳
– resources per unit of effective labor,  𝒍 =

𝑻

𝑨𝑳
– land per unit of effective labor 

𝒀 𝒕

𝐀(𝐭)𝐋(𝐭)
=

𝑲 𝒕

𝑨(𝒕)𝑳(𝒕)

𝜶
𝑹 𝒕

𝑨(𝒕)𝑳(𝒕)

𝜷
𝑻 𝒕

𝑨(𝒕)𝑳(𝒕)

𝜸

𝒚(𝒕) = 𝒌(𝒕) 𝜶 𝒓(𝒕) 𝜷 𝒍(𝒕) 𝜸

𝒀 𝒕 = 𝑲 𝒕 𝜶 𝑹(𝒕)𝜷 𝑻(𝒕)𝜸 (𝑨𝑳)𝟏−𝜶−𝜷−𝜸

𝛼 > 0, 𝛽 > 0, 𝛾 > 0, 𝛼 + 𝛽 + 𝛾 < 1



The Solow Growth Model : Environment 

Assignment : Environment SD Model in Intensive Form
1) Derive the dynamic of k

2) Derive the dynamic of r

3) Derive the dynamic of l

4) Build System Dynamics model for variables per unit of effective labor

5) Show the dynamics of capital, resources and land per unit of effective labor

6) Does the system converge to steady state? Investigate 2 cases – with low and big initial 

value of capital 

7) Build phase diagrams (structure graphs) for capital, resources and land per unit of 

effective labor

8) Determine the steady state levels of all stocks for saving rate s=0,2

9) Investigate impact of increase in saving rate from 0,2 to 0,3 on the amounts of variables   

10) Shows the comparative graphs for different initial conditions and shifts steps in s

11) Show the dynamics of capital, resources and land per unit of labor; derive their growth 

rate

12) Show the dynamics of capital, resources and land; derive their growth rate

13) Determine the transient period and balanced growth path

14) Shows the dynamic of consumption per unit of effective labor for s=0,2, s=0,3; s=0,5 



The Solow Growth Model
2.  Assumptions   

› Input and Output

› Production Function

› Evolution of the Inputs into Production

3.  The Dynamics of the Model

› The Dynamics of k

› The Balanced Growth Path

4.  The Impact of a Change in the Saving Rate

› The Impact on Output

› The Impact on Consumption

5.  Quantitative Implications 

› The Effect on Output in the Long Run

› The Speed of Convergence

6. The Solow Model and the Central Questions of Growth Theory

7. Empirical Implication

8.  The Environment and Economic Growth 

› Natural Resources and Land : A baseline Case

› An Illustrative Calculation

› A Complication

› Pollution
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