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. Ramsey-Cass-Koopmans Model : Assumptions

Ll Firms

« There are a large number of identical firms with production function
Y(t) = F(K(t), A(t)L(t))

« The firms hire workers and rent capital in competitive factor markets
« The firms sell their output in a competitive output market

 The firms maximize profits
« The firms are owned by households, so any profits they earn occur on the households

Y — output
K — capital
L — labor

A — “knowledge” or “effectiveness of labor”




. Ramsey-Cass-Koopmans Model : Assumptions

*.l?iu--.?i'?

Households

There are a large number of identical household
The household divides its income (from the labor and capital it supplies and, potentially, from
the profits it receives from firms) at each point in time between consumption and saving so as

to maximize its lifetime utility

U= foo u(C(t))— dt
t=

0

U — household lifetime utility function
C(t) — consumption of each member of the household
u(-) — instantaneous utility function of each member of household
L(t) — total population of the economy
H — number of households
p — discount rate (the greater is p, the less

the household values future consumption relative to current consumption )
L(t)/H — number of members of the household

u(C(t)) L(t) /H — household’s total instantaneous utility



. Ramsey-Cass-Koopmans Model : Assumptions
M Households

The instantaneous utility function is
CRRA (constant-relative-risk-aversion) utility

C 1-6
u(cw) =52

The coefficient of relative risk aversion is defined as (Cu” (C))/u’ (C))
for CRRA utility function is equal 6 and is independent on C.

0> 0, p—n—(1-6)g>0

6 determines the household’s willingness to shift consumption between different periods

« If 8is small, marginal utility falls more slowly as consumption rises
(the household is more willing to allow its consumption to vary over time)

« If Bis close to zero (utility is almost linear in C), the household is willing to accept large swings in
consumption to take advantage of small differences between the discount rate and the rate of return on
saving

« The elasticity of substitution between consumption at any two points in time is 1/6?

« Clf9jsincreasing in C if 6<1 but decreasing if 6>1; but the marginal utility of consumption is positive
regardless of the value of 6 (since dividing C1-¢ by 1-6)

« If 8 — 1, the instantaneous utility function simplifies to In C

» the assumption that p - n -(1 - 6)g > 0 ensures that lifetime utility does not diverge:
the household cannot attain infinite lifetime utility
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Ramsey-Cass-Koopmans Model : Behavior
Behavior of Firms

Capital earns its marginal product dF (K,AL)/0K and because there is no depreciation,
the real rate of return on capital equals its earnings per unit of time

The real interest rate

rt) = f'(k@®))

Labor’s marginal product is 0 F (K,AL)/dL= A oF (K,AL)/6AL
The real wage

W) =A@ [ f(k@®) — k@) f'(k®)]

The wage per unit of effective labor

w(t) = f(k()) — k() f'(k(D))




Ramsey-Cass-Koopmans Model : Behavior
Households’ Budget Constraint

The present value of its lifetime consumption cannot exceed
its initial wealth plus the present value of its lifetime labor income
r may vary over time :

t
R(Y) =f r(r)dr
=0
If r is constant at some level r,, R(t) is simply ryt and the present value of 1 unit of output at t is e

The household’s budget constraint

f‘” Lo, () Lo

—R(t) C(t
OE= -

< +f e RO w(t) —=
0 H t=0

L(t)/H — number of members of the household
W() L(t) /H — labor income of the household
C(t)L(t)/H — consumption expenditures of the household




. Ramsey-Cass-Koopmans Model : Behavior

“ 8 Households’ Budget Constraint

foo ~R(¢) C(t)(—) dt < % +] e RO W (t) (—) dt
=0 t=0

K (0) L® 4
H

O - Co) de

J e ROW (D) — C(O)] 2 dt > 0

lim >0

S$— 00

[K(O s

K(s) oR(s )K(O) + ’ eREO-RO[W (f) — C(t)]%t) dt

H H t=0

The no-Ponzi-game condition

1i “R(s) 2>
Im e =

§$—00

A Ponzi game is a scheme in which someone issues debt and rolls it over forever.




. Ramsey-Cass-Koopmans Model : Behavior

Y  Households’ Utility Maximization Problem

We need to express everything in terms of amount per unit of effective labor :
objective function, budget constraint in terms of consumption and labor income per unit of effective labor

The household’s instantaneous utility

O™ A _ A | g gy €O

1-0 1-0 1—-0 1-0

c(t) — consumption per effective labor

The household’s objective function

o'} C(t)l—e L(t) o C(t)l_e L(t)
_ —pt _ —pt 1-60 (1—0)gt —
U Loe = dt Loe A(0)1% |
_ _pt -
_ B-[t—Oe L B = A(0)1-°L(0)/H |,

B=p-n—-(1-6)g>0




. Ramsey-Cass-Koopmans Model : Behavior

L8  Behavior of Households

The household’s problem is to choose the path of c(t) to maximize lifetime utility subject to the

budget constraint.
To solve this problem we set the Lagrangian

0.0) (00)

L = BJ e Bt i) 5 dt+7\[k(0) +f e R® e("+9)tw(t)dt—j e RO em+9)t ¢(p)dt
t=0 B t=0

t=0
‘ c’(t)_r(t)—n—g—ﬁ=

c(t) 0
_rt)—p—06g
N 2]
CW_AW® ¢®_  r®-p-0g_
co) A o 9 0 -
_r®)—-p

0
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. Ramsey-Cass-Koopmans Model :

LY  The Evolution of Consumption

From household’s utility maximization problem

c(t) rt)—p—0g
c(t) 0

From firm’s profit maximization problem
r@®) = f'(k®)
i .

¢ _f(k@®)-p-8g

8 c(t) 0 )

Let k+ denote the level of k when c'=0 or f ' (k) = p + g
When k exceeds kx, f ' (k) is less than p + 8g and ¢’ is negative,
when Kk is less than kx, ¢'is positive

Modeling




. Ramsey-Cass-Koopmans Model : Modeling
L The Evolution of Capital

Change in capital equals actual investment minus break-even investment
Since we are assuming that there is no depreciation, break-even investment equal (n+g)k

Actual investment is output minus consumption

k') = f(k(®) —c(t) — (n+ g) k()

k' = 0 when consumption = the actual output — break-even investment lines
The value of c is increasing in k until f (k) = n +g (the golden-rule level of k) and is then decreasing
When c exceeds the level that yields k '= 0, k is falling;

when c is less than this level, k is rising
For k sufficiently large, break-even investment exceeds total output and k'is negative for all positive values of ¢




. Ramsey-Cass-Koopmans Model : Modeling

LY System of Differential Equations

4 y = f(k) )

—

k() = f(k(®) —c@®) — (n+g) k()

c' (t) — f' (k(t))e_ p—0g C(t)

\ /

Production functions

Cobb-Douglas function : y = k“
CES function: y = (akf + (1 - a))l/p




System Dynamics Model

investment per unit
of effective labor
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|

S
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. Ramsey-Cass-Koopmans Model : Modeling

A System Dynamics Model

break-even investment

Ik

O &

v
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System Dynamics Model

investment per unit
of effective labor

@) ,\‘ |/ k ‘ break-even investment

L - ! R
. .., Capital per unit () SO
growth in capltalof effective labor
|

S

consumption consumption - n+g+d
growth drain saving rate break-even
from income ‘ utility cost investment rate
| c | =
O % Consumption per unit {L) DO . 2
N\ of effective labor / rho 0.1
L 020 discount [y growth rate @ d
. Output per unit of of labor d iati
of utility effective labor epreCIa. lon
g of capital
A g9 growth rate
theta 0'{_ o growth rate of knowledge
0.5( o elasticity of of knowledge
subtitution

productivity of a
capital elasticity
of capital

0,5

®

. production function is the Cobb-Douglas function

real interest rate — La <<l
rent of capital y k , O<a




Ramsey-Cass-Koopmans Model : Modeling
Equilibrium Conditions

K@ =0 fk®)-c®) -+ g)k®) =0

c®)=0: f'(k(t)) —p—0g=0

—

p+ eg>1/(a—1)

Cobb-Douglas function ‘ Kequi = k(.. 0,9) = ( a

= ka, O<a<l
y a Cequil = f(kequil) o (n + g)kequil

a=05; 6=05;p=02;n=01; g=0,1 keguy =((0,2+0,5%0,1)/0,5)05=4
Cequil = (4)0’5 - (011+011)*4 - 112




Ramsey-Cass-Koopmans Model : Modeling
Equilibrium

n rho
growth rate (:’—:)0,1 0'2““?) diSCOUﬂt
- of utilit
p + eg 1/(a-1) of labor ¢ equilibrium k equlibrium 0.5 y
— * — { o
kequil = k*(a,p,0,9) = -
a theta
elasticity of
L, = . — . subtitution
cequll f(kequll) (n + g)kequll o 3
N g a
Equilibrium growth rate elasticity
5 of knowledge of capital
1
o
4 g 2
Q 115
8 § 1
e 5
()
2 "'6 1,25 .
=
1 —
8 0,75
0 ,S 0,5
0 10 20 30 40 50 60 70 1
years g 0,25
(72
—— ¢ Consumption per unit of effective labor g 0
_ ) _ o 0 5 10 15 20 25 30
k Capital per unit of effective labor o k Capital per unit of effective labor




The Ramsey — Cass — Koopmans Model

1. Assumptions
» Firms
» Households

2. The Behavior of Households and Firms
Behavior of Firms

Households’ Budget Constraint

Households’ Utility maximization Problem
Behavior of Households

3. Two Types of Modeling
» System of Differential Equations
» System Dynamics Model

4. The Dynamics of the Economy
> Dynamic of c
> Dynamic of k

5. The Effect of a Fall in the Discount Rate
» The Rate of Adjustment and the Slope
» The Speed of Adjustment

VWV WV WV




. Ramsey-Cass-Koopmans Model : Dynamic

c'(t)
c(t)

L  Dynamics of c

_f'(k®) —p—bg

0

c=0
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o
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(O]
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o
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c
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(@]
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. Ramsey-Cass-Koopmans Model : Dynamic

%,| f?

Dynamics of k

k') = f(k(®) —c@®) —(n+g) k(t) =0
c=f(k)~ (n+g)k

Cobb-Douglas function
y =k% 0O<a<l

c(k)=0: k*—(n+g)k=0

k=0, ky=(—)"

n+g
c(k) >max: ak* 1 —(n+g) =0
1

N =
km_<n+g)

a=05; 6=05;p=02;n=0,1; g=0,1
k, =(1/(0,1+0,1))2= 25 k capital per unit of effective labor
k., =(0,5/0,2)? = 6,25

cn=(6,25)%°-(0,2)*6,25=2,5-1,25=1,25

N

k'<O0
k decrease

«—

—_—

k constant

k' >0
k increase

o

o

5 10 15 20 25 30

c consumption per unit of effective labor




. Ramsey-Cass-Koopmans Model : Dynamic

L8 The Phase Diagram

= kK'<O0 L
S c =0 equilibrium k* =4, ¢*=1,2
@® 2 -7
02) // kK'<o0
O
D
o
©
c 1
-]
®
(@
c
o
a
=
-]
® 0
S 0 5 10 15 20 25 30
&) . . .
k k capital per unit of effective labor




. Ramsey-Cass-Koopmans Model : Dynamic

\  Initial value : Simulation — point A, A’

N

equilibrium k*=4,c*=1,2
”’

-

c consumption per unit of effective labor

o
@) W""

5 10 15 20 25 30

k capital per unit of effective labor




. Ramsey-Cass-Koopmans Model : Dynamic

98  Initial value : Simulation — point A, A’

N

equilibrium k*=4,c*=1,2
v

Point A": k(0)=2; ¢c(0)=1,3

-

c consumption per unit of effective labor

@]
@] W".'

5 10 15 20 25 30

k capital per unit of effective labor




Initial value : Simulation — point A, A’

c Consumption per unit of effective labor k Capital per unit of effective labor
100 3

Point A’ : k(0) = 2; ¢(0) = 1,3

50 1,5
0 0
0,0 12,5 25,0 37,5 50,0 0,0 12,5 25,0 37,5 50,0
years years
= k(0)=3; ¢(0)=1,3 —k(0)=2; c(0)=1,3 ——— k(0)=3; c(0)=1,3 —— k(0)=2; c(0)=1,3
-§ r real interest rate rent of capital
° ¢ y Output per unit of effective labor 10
> L ]
g .
s o:.
E v 1 5
g ‘.‘.....
: &_
2
g u..ooo‘......:.o..ooooooooonu— 0
0

§ e o o2 3 00 12,5 25,0 375 50,0 00 125 250 378 500
° k Capital per unit of effective labor years years

—k(0)=3; ¢(0)=1,3 —k(0)=2; c(0)=1,3 e (0)=3: o(0)=1.3 —— K(O)=2: S(O)=1.3 —— K(0)=3; c(0)=1,3 —— K(0)=2; c(0)=1,3




. Ramsey-Cass-Koopmans Model : Dynamic

L |nitial value : Simulation — point B

equilibrium k*=4,c*=1,2

Point B : k(0) =2; ¢c(0)=1,014

c consumption per unit of effective labor

@)

5 1N 1= DN 25 30
k capital per unit of effective labor




. Ramsey-Cass-Koopmans Model : Dynamic

N

- Point B : k(0) =2; ¢c(0)=1,014
Point C : k(0) =2; c(0)=0,7

-

c consumption per unit of effective labor

@]
Ml idddddd L[ T TTH

25 30

® Kk capital per unit of effective labor



¢ Consumption per unit of effective labc¢

Ramsey-Cass-Koopmans Model : Dynamic
Initial value : Simulation — point A, B, C

k Capital per unit of effective labor

3
1,5
0
0,0 12,5 25,0 37,5 50,0
years
10 KN
e
o0

®en

® o0

[ ] o0

o9 O‘
oo
o0
5 % ..‘O‘
.. .0.'0"‘
"o,
l..“'.
90000e3%%%0 200
"'0%‘.”‘”“""'
0
0 0,75 1,5 2,25 3

k Capital per unit of effective labor
~——k(0)=3; c¢(0)=1,3 —k(0)=2; c(0)=1,014
—k(0)=2; c¢(0)=0,7

¢ Consumption per unit of effective labor
100

50 Point B : k(0) =2; ¢c(0) =1,014
Point C : k(0) =2; ¢(0) = 0,7

0,0 12,5 25,0 37,5 50,0

years
———k(0)=3; ¢(0)=1,3  ——k(0)=2; ¢(0)=1,014

——Kk(0)=2; ¢(0)=0,7

y Output per unit of effective labor r real interest rate rent of capital

2 10
1 5
0 0
0,0 12,5 25,0 37,5 50,0 0,0 12,5 25,0 37,5 50,0
years years

——K(0)=3; c(0)=1,3
——k(0)=2; ¢(0)=0,7

—k(0)=2; c(0)=1,014 ~—k(0)=3; ¢(0)=1,3

——Kk(0)=2; c(0)=0,7

——k(0)=2; ¢(0)=1,014




. Ramsey-Cass-Koopmans Model : Dynamic

o)
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. Ramsey-Cass-Koopmans Model : Dynamic

“  [nitial value : Simulation — point F

equilibrium k*=4,c*=1,2

N

- Point B : k(0) =2; ¢c(0)=1,014
Point C : k(0) =2; c(0)=0,7

‘ Point F : k(0) =8; ¢(0) =0,7

—_—

o
““"«

c consumption per unit of effective labor

0 5 10 15 20 25 30

k capital per unit of effective labor




. Ramsey-Cass-Koopmans Model : Dynamic

A |nitial value : Simulation — point G

[ J equilibrium k*=4, ¢*=1,2

- Point B : k(0) =2; ¢c(0)=1,014
s Point C : k(0) =2; c(0)=0,7

‘ Point F : k(0) =8; ¢(0) =0,7

Point G : k(0)=7; c(0)=2,0

c consumption per unit of effective labor

5 10 15 20 25 30

k capital per unit of effective labor




. Ramsey-Cass-Koopmans Model : Dynamic

L8 Initial value : Simulation — point G, G', G"

2 2 ,G equilibrium k*=4, ¢*=1,2

”
”
- - oC l Point B : k(0) = 2; ¢(0) = 1,01

Point C : k(0) =2; c(0) =0,7

Point F : k(0) =8; c(0) =0,7
Point G: k(0) =7; c(0)=2,0
Point G": k(0) =15; c(0)=1,5

0 5 10 15 20 25 30

k capital per unit of effective labor
L (D)=3" o o - 10)=2"- c(0)=0 4

c consumption per unit of effective labor




. Ramsey-Cass-Koopmans Model : Dynamic

Initial value : Simulation — point G, G', G"

y Output per unit of effective labor

r real interest rate rent of capital /

)
2,5
0,5
0
0,0 14,5 29,0 43,5 58,0
years
/\\\ k(0)=3; c(0)=1,3 — k(0)=2; ¢(0)=1,014 —— k(0)=2; ¢(0)=0,7 —— k(0)=2; c(0)=0,4
—— ——— ——— ——k(0)=8; ¢(0)=0,7  ——k(0)=7;¢(0)=2,0  —— k(0)=15; ¢(0)=1,5 k(0)=21; c(0)=1,5
0
0,000 6,000 12,000 18,000 24,000 30,000
years
k(0)=3; c(0)=1,3  =——k(0)=2; ¢(0)=1,014 =—— k(0)=2; ¢(0)=0,7  —— k(0)=2; ¢(0)=0,4
——k(0)=8; ¢(0)=0,7 ——k(0)=7;¢(0)=2,0  ——k(0)=15; c(0)=1,5 k(0)=21; ¢(0)=1,5

- k capital per unit of effective labor



. Ramsey-Cass-Koopmans Model : Dynamic

fa)

c consumption per unit of effective labor

o
o """""';“““

Initial value : Simulation — point H

N

-_

equilibrium k*=4,c*=1,2

- Point B : k(0) =2; ¢(0) =1,014
®C Point C : k(0) = 2; ¢(0) = 0,7

Point F : k(0) =8; c(0) =0,7
Point G: k(0) =15; ¢c(0)=1,5

- - T 25 30
k capital per unit of effective labor




. Ramsey-Cass-Koopmans Model : Dynamic

Initial value : Simulation — point E;, E, - convergence

c consumption per unit of effective labor

E equilibrium k*=4,c*=1,2
2 7’
”’
v
7 — .
e Point B : k(0) =2; ¢(0) =1,014
- @G Point C : k(0) = 2; ¢(0) = 0,7
P .

Point F : k(0) =8; c(0) =0,7
Point G: k(0) =15; ¢c(0)=1,5

Point E, : k(0) =2; c(0) =0,6

k(0)=3; c(0)=0,9
Point E, : k(0) =5;c(0)=1,5
k(0)=6;c(0)=1,8

10 15 ] 2 25 30
k capital per unit of effective labor




. Ramsey-Cass-Koopmans Model : Dynamic

Initial value : Simulation — convergence to steady state

c consumption per unit of effective labor

k capital per unit of effective labor

30

0,0

14,5 29,0 43,5
15
years

k(0)=3; c(0)=1,3 ——k(0)=2; c(0)=1,014 ——k(0)=2; c(0)=
——Kk(0)=2; ¢(0)=0,4 ——k(0)=8; c(0)=0,7 ——k(0)=15; c(0)
k(0)=5,5; ¢(0)=1,7 ——k(0)=2; c(0)=0,6 ——k(0)=6; c(0)=

0

0,0 14,5 29,0 43,5 58,0
years
k(0)=3; c(0)=1,3 ——k(0)=2; ¢(0)=1,014 ——k(0)=2; c(0)=0,7
——Kk(0)=2; ¢(0)=0,4 ——k(0)=8; ¢(0)=0,7 ——k(0)=15; c(0)=1,5

k(0)=5,5; c(0)=1,7 ——k(0)=2; c(0)=0,6 ——k(0)=6; c(0)=1,8




. Ramsey-Cass-Koopmans Model : Dynamic

fig, !

Initial value : Simulation — convergence to steady state

y output per unit of effective labor

r real interest rate (MPK —rent of capital)

0,0 14,5 29,0

43,5 0,5
years
———k(0)=3; ¢(0)=1,3 ——k(0)=2; c(0)=1,014 —— K(0):
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Ramsey-Cass-Koopmans Model : Welfare
The Saddle Path, The Balanced Growth Path

Although this discussion has been in terms of a single value of k, the idea is
general. For any positive initial level of k, there is a unique initial level of ¢
that is consistent with households’ intertemporal optimization, the dynam-
ics of the capital stock, households’ budget constraint, and the requirement

that k not be negative. The function giving this initial c as a function of k is
known as the saddle path; it is shown in Figure 2.5. For any starting value

for k, the initial ¢ must be the value on the saddle path. The economy then
moves along the saddle path to Point E.

Properties of the Balanced Growth Path

The behavior of the economy once it has converged to Point E is identical
to that of the Solow economy on the balanced growth path. Capital, output,
and consumption per unit of effective labor are constant. Since y and ¢ are
constant, the saving rate, (v — ¢)/y, is also constant. The total capital stock,
total output, and total consumption grow at rate n + g. And capital per
worker, output per worker, and consumption per worker grow at rate g.
Thus the central implications of the Solow model concerning the driving
forces of economic growth do not hinge on its assumption of a constant
saving rate. Even when saving is endogenous, growth in the effectiveness of

labor remains the only source of persistent growth in output per worker.
And since the production function is the same as in the Solow model, one
can repeat the calculations of Section 1.6 demonstrating that significant
differences in output per worker can arise from differences in capital per

worker only if the differences in capital per worker, and in rates of return
to capital, are enormous.

k* k
FIGURE 2.5 The saddle path




Ramsey-Cass-Koopmans Model : Welfare
The Golden Level
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Ramsey-Cass-Koopmans Model : Welfare
The Saving Rate

s saving rate

0.5 S balanced growth path — 0,4
0 \
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. Ramsey-Cass-Koopmans Model : Effects

The Effect of a Rise In the Discount Rate
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Ramsey-Cass-Koopmans Model : Effects
The Effect of a Fall in the Discount Rate
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Ramsey-Cass-Koopmans Model : Effects
The Effect of a Change in the Discount Rate

The Speed of Adjustment

To understand the implications of (2.37) for the speed of convergence to the
balanced growth path, consider our usual example of Cobb-Douglas pro-
duction, f(k)= k® This implies ["(k*)= alex— 1)k**Z, Since consumption
on the balanced growth path equals output minus break-even investment,
consumption per unit of effective labor, c*, equals k*® — (n + g)k*. Thus in
this case we can write the expression for y, as

: 1/2
o= (ﬁ— {ﬁﬁ - Saar= DRE2AR — (1 g}k*l} ) . (238)
Recall that on the balanced growth path, f'(k) equals p + Og (see [2.24]).
For the Cobb-Douglas case, this is equivalent to ak**! = p + 0g, or k* =
[{p + 0g)/e]'/"*=1), Substituting this into (2.38) and doing some uninterest-
ing algebraic manipulations vields

1 » 41- o
u1=;(ﬁ—{ﬁ“+ﬁ T“{p+ﬂg1[p+ﬂg—u{n+gl]} ) (2.39)

Equation (2.39) expresses the rate of adjustment in terms of the underlying
parameters of the model.

To get a feel for the magnitudes involved, suppose o = % g = 4%, n = 2%,
g = 1%, and @ = 1. One can show that these parameter values imply that on
the balanced growth path, the real interest rate is 5 percent and the saving
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. Ramsey-Cass-Koopmans Model : Goverment
The Effect of Government Purchases

Investment is now the difference between output and the sum of private
consumption and government purchases. Thus the equation of motion for
k, (2.25), becomes

k(1) = f(k(t) = c(t) = G(t) = (n + g)k(t). (2.40)

A higher value of G shifts the k = 0 locus down: the more goods that are
purchased by the government, the fewer that can be purchased privately if
k is to be held constant.

FIGURE 2.8 The effects of a permanent increase in government purchases
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