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Endogenous Growth: Assumptions
Specifics — RD (Research and Development) Sector

a; — fraction of labor force that is used in the RD sector

1 —a; — fraction of labor force that is used in the goods-production sector
ax — fraction of capital stock that is used in the RD sector

1 —ax— fraction of capital stock that is used in the goods-production sector

Y = [(1 - ap)K®]* [A®A - a) L]
A'(t) = BlagK®)1f [a, L(OIYA®)? , B>0, pg=0, y=0

K'(t) = sY(t)
L'(t) =nL(t)

B - shift parameter
a; and ay are exogenous and constant
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Endogenous Growth: SD Model

System Dynamics Model
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Endogenous Growth: SD Model

System Dynamics Model
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Endogenous Growth: SD Model

System Dynamics Model : Behavior

gA growth rate of knowledge

growth rate K/L

3,5

13 25 38 50
years
——a A=0,5 —a_A=0,7 —a_A=0,2 . -
0 13 25 38 50
years

——a A=0,5 —a_A=0,7 —— a_A=0,2
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Endogenous Growth : Without Capital

The Dynamics of Knowledge Accumulation

Y(t) = A()(1 — ap)L(t)
A(t) = Bla; LIO”A(t)°.

(t) = @
gall) = A0

= Ba} L(t)” A(t)?-1.

gal(t)

=yn+(0—1)gal(t).
g4 () yn+( )gal(t)

ga(t) = ynga(t) + (0— Dga(0)]>.




Endogenous Growth : Without Capital
TheCasel: 0<1 s

ga(t) = ynga() + (60— DIga(O. .

94

A ay

FIGURE 3.2 The effects of an increase in a; when # <1

lm A

(=]
SIGURE 3.3 The impact of an Increase In a;. on the path of A when & < |



Endogenous Growth : Without Capital
TheCase2:0>1

ga(t) = ynga(t) + (0— Dga(D)]°.

i

Puc. 13: Booms spocranas wactkn pobonol ciwm, safimarol v RED, kom # > 1.

L]
ay

FIGURE 3.4 The dynamics of the growth rate of knowledge when # = |




Endogenous Growth : Without Capital
TheCase3:0=1

galt) = Baf L(t),

galt) = ymg,lr).

it

Puc. 14: Ipsasika Tesmnis spoctanns 3pans upn # = 1 ma n > 0.




Endogenous Growth : Without Capital

Problem 1, 2

1.

Consider the model of Section 3.2 with @ < 1.

(a) On the balanced growth path, A = g* A(t), where g* is the balanced-
growth-path value of g,. Use this fact and equation (3.6) to derive an
expression for A(t) on the balanced growth path in terms of B, a;, y, 6,
and L(t).

(b) Use your answer to part (a) and the production function, (3.5), to obtain
an expression for Y(t) on the balanced growth path. Find the value of a;
that maximizes output on the balanced growth path.

ansider two economies (indexed by i = 1,2) described by Y;(t) = K;(t)? and
K;(t) = s;Y;(t), where 0 > 1. Suppose that the two economies have the same
initial value of K, but that s; > s». Show that Y;/Y> is continually rising.
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Endogenous Growth : General Case
The Dynamics of Knowledge and Capital Growth Rates

A = BlagK)P(a,L)" A°, K(t) = s(1 — ag)®(1 — ap)"~“K(t)*A(t)'~*L(t)'~*.

ga(t) = caK(PL(t) A(0)*, ck = S(1 —ag)*(1 —ap)'—*

K(t) AL
— ﬁ }' o = — p— i .
Ca = Bagaj. gk(t) = K0 fﬁ[ K@ ]

A _ po(t)+ yn+ (0 — 1)ga(t). gk()
gal(t) g (1)

= (1 — e)[ga(t) + n— gk(t)].




Endogenous Growth : General Case
SD Model for Knowledge and Capital Growth Rates
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. Endogenous Growth : General Case
S SD Model for Knowledge and Capital Growth Rates
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. Endogenous Growth : General Case
S SD Model for Knowledge and Capital Growth Rates
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Endogenous Growth : General Case

TheCasel: p+06<1

gK growth rate of capital
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Endogenous Growth : General Case
TheCasel: p+06<1
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Endogenous Growth : General Case
TheCasel: p+06<1
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Endogenous Growth : General Case
TheCasel: p+06<1
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. Endogenous Growth : General Case
TheCasel(p+6<1):Problem3, 4

3. Consider the economy analyzed in Section 3.3. Assume that € + f§ < 1 and
n > 0, and that the economy is on its balanced growth path. Describe how

each of the following changes affects the g4 = 0 and gx = O lines and the
position of the economy in (g4, gx) space at the moment of the change:

(a) An increase in n.
(b) An increase in ag.
(c) An increase in 0.

4.  Consider the economy described in Section 3.3, and assume § + € <1 and
n > 0. Suppose the economy is initially on its balanced growth path, and that
there is a permanent increase in s.

(a) How, if at all, does the change affect the g4 = 0 and gx = 0 lines? How,
if at all, does it affect the location of the economy in (g.,gx) space at the
time of the change?

(b) What are the dynamics of g4 and gk after the increase in s? Sketch the
path of log output per worker.

(c) Intuitively, how does the effect of the increase in s compare with its effect
in the Solow model?




Endogenous Growth : General Case
TheCase2:+0=1, n=0

(@)




Endogenous Growth : General Case
The Case2(f+60=1, n=0): Problem 5

O. Consider the model of Section 3.3 with B+ 60 =1 and n= 0.

(a) Using (3.14) and (3.16), find the value that A/K must have for gx and g
to be equal.

(b) Using your result in part (a), find the growth rate of A and K when gx = ga.
(c) How does an increase in s affect the long-run growth rate of the economy?

(d) What value of ay maximizes the long-run growth rate of the economy?
Intuitively, why is this value not increasing in f, the importance of capital
in the R&D sector?




Endogenous Growth : General Case
The Case3:p+60>1

Ik gg =0

-~

e
n /
0 o
I8

i

Puc. 18: Jlunasmika TeMnis 3pocTanus KANITATY TA 3HANL ¥V HHOAAKY, kKo 3+ 6 > 1




Endogenous Growth : General Case
The Case3(f+6>1, n>0): Problem©6

6. Consider the model of Section 3.3withf+6 >1and n=> 0.
(a) Draw the phase diagram for this case.

(b) Show that regardless of the economy’s initial conditions, eventually the

growth rates of A and K (and hence the growth rate of Y) are increasing
continually.

(c) Repeat parts (a) and (b) for the case of §+60 =1, n > 0.
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Endogenous Growth
Learning - by - Doing

Y(t) = K(O[A(t) L(D)]* .
A()=BK(t)* ~ B>0, ¢=>0.
Y(t) = K(£)*B*K(t)P1-® [ (¢)1-«.

K(t) = sBI K (t)*K(t)P1- ()1,

Y(t) = bK(1), b= Bl-opl-«

K(t) = sbK(t).

. Nature of Knowledge




. Endogenous Growth : Nature of Knowledge
L Learning - by - Doing : Problem 7

[. Learning-by-doing. Suppose that output is given by equation (3.22), Y(1) =
K(t)*[A(t)L(t)]'—=; that L is constant and equal to 1; that K(t) = sY(t); and that
knowledge accumulation occurs as a side effect of goods production: A(t) =
BY (1).

(a) Find expressions for ga(t) and gg(t) in terms of A(t), K(t), and the
parameters.

(b) Sketch the g4 = 0 and gx = 0 lines in (g4, gx) space.

(c) Does the economy converge to a balanced growth path? If so, what are the
growth rates of K, A, and Y on the balanced growth path?

(d) How does an increase in s affect long-run growth?




. Endogenous Growth : Nature of Knowledge

Consumption and Capital Goods: Problem 8
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canly i prrocdoacinge comnsurmpricon good s, Specacocalily, the prrosduoectiosrm fuanceiores
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simplicity.
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. Endogenous Growth : Nature of Knowledge

Two World Region - North and South: Problem 9

Grossman and Helpman (1991)

Suppose the world consists of two regions, the North and the South.
Output and capital accumulation in region i (i = N,S) are given by
Y =K OTA® L-a)L ¥ and  Ki(t) =s)Y,(1).
New technologies are developed in the North
An () =BaLyAy(1).
Improvements in Southern technology are made by learning from Northern technology:
As(O) =pasls [Ay(O)-As ()] 1If Ay () >Ag (1)

As(t)=0 if Ay () < Ag (1).
Here a,\ is the fraction of the Northern labor force engaged in R&D, and a, g is the fraction of the
Southern labor force engaged in learning Northern technology.
The L and Lg are assumed constant.

(a) What is the long-run growth rate of Northern output per worker?

(b) Define Z(t) = A 5 (t)/A \ (t). Find an expression for Z" as a function of Z and
the parameters of the model. Is Z stable? If so, what value does it converge to?
What is the long-run growth rate of Southern output per worker?




. Endogenous Growth : Nature of Knowledge

8 Delay in Knowledge to Poor Countries : Problem 11

Delays in the Transmission of Knowledge to Poor Countries

(a) Assume that the world consists of two regions, Poor and Reach.
The Reach North is described by
Yr (1) = Az ()(1-a) Lg and A’z () = a, Lg Ag (D).
The Poor does not do R&D but simply uses the technology developed in the Reach;
the technology used in the Reach lags the Poor’s by 1 years.
Yo (t) = Ap ()Lp and Ap (t) = A (t- 7).
If the growth rate of output per worker in the Reach is 3 percent per year, and if a, is close to O,
what must 7 be for output per worker in the Reach to exceed that in the Poor by a factor of 10?

(b) Suppose instead that both the Reach and the Poor are described by the model:
yi(t) = f (ki (), where y; (t) = Y; ()/[A; ()L (1)] and k; (t) = K; (©)/[A; (OL; ()] (1 = N,S).
Ki(t) = sY, (t) - 6K, (t) and L' (t) = nL (1)
the two countries are assumed to have the same saving rates and rates of population growth.
AR () =0gAg (1) and Ap (1) = Ag (t-T)

(i) Show that the value of k on the balanced growth path, k*, is the same for the two countries
(i1) Does introducing capital change the answer to part (a)? Explain. (Continue to assume g = 3%.)
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