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Specifics – RD (Research and Development) Sector

𝐘(𝐭) = 𝟏 − 𝒂𝑲 𝑲(𝒕) 𝜶 𝑨(𝒕) 𝟏 − 𝒂𝑳 𝑳(𝒕)
𝟏−𝜶

Endogenous Growth: Assumptions

𝐀′ 𝐭 = 𝐁 𝒂𝑲𝑲 𝒕 𝜷 𝒂𝑳𝑳(𝒕)
𝜸𝑨(𝒕)𝜽 , 𝑩 > 𝟎, 𝜷 ≥ 𝟎, 𝜸 ≥ 𝟎

𝒂𝑳 – fraction of labor force that is used in the RD sector

𝟏 − 𝒂𝑳 – fraction of labor force that is used in the goods-production sector

𝒂𝑲 – fraction of capital stock that is used in the RD sector

𝟏 − 𝒂𝑲 – fraction of capital stock that is used in the goods-production sector

𝑩 – shift parameter 

𝑎𝐿 and  𝑎𝐾 are exogenous and constant 

𝑲′ 𝒕 = 𝒔𝒀 𝒕

𝑳′ 𝒕 = 𝒏 𝑳 𝒕
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System Dynamics Model

Endogenous Growth: SD Model
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System Dynamics Model : Behavior
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The Dynamics of Knowledge Accumulation
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The Case 3 : 𝜽 = 𝟏
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Problem 1, 2

Endogenous Growth : Without Capital
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Endogenous Growth : General Case



SD Model for Knowledge and Capital Growth Rates
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The Case 1 : 𝜷 + 𝜽 < 𝟏
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The Case 1 : 𝜷 + 𝜽 < 𝟏
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Endogenous Growth : General Case
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The Case 2 : 𝜷 + 𝜽 = 𝟏, 𝒏 = 𝟎
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The Case 2 ( 𝜷 + 𝜽 = 𝟏, 𝒏 = 𝟎 ) : Problem 5

Endogenous Growth : General Case
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The Case 3 : 𝜷 + 𝜽 > 𝟏
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The Case 3 ( 𝜷 + 𝜽 > 𝟏, 𝒏 > 𝟎 ) : Problem 6
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Consumption and Capital Goods: Problem 8 
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Two World Region - North and South: Problem 9 

Endogenous Growth : Nature of Knowledge

Grossman and Helpman (1991) 

Suppose the world consists of two regions, the North and the South.

Output and capital accumulation in region i (i = N,S) are given by 

Yi(t) = Ki (t)
α [ Ai (t) (1 - aLi)Li  ]

1-α and     K′i (t) = siYi (t). 

New technologies are developed in the North

A′N (t) = B aLN L N A N (t). 

Improvements in Southern technology are made by learning from Northern technology:

A′S (t) = μ aLS LS [ AN (t) - AS (t) ]   if   AN (t) > AS (t); 

A′S (t) = 0         if   AN (t) < AS (t).

Here aLN is the fraction of the Northern labor force engaged in R&D, and aLS is the fraction of the 

Southern labor force engaged in learning Northern technology. 

The LN and LS are assumed constant. 

(a)  What is the long-run growth rate of Northern output per worker? 

(b)  Define Z(t) = A S (t)/A N (t). Find an expression for Z˙ as a function of Z and

the parameters of the model. Is Z stable? If so, what value does it converge to? 

What is the long-run growth rate of Southern output per worker? 



Delay in Knowledge to Poor Countries : Problem 11 

Endogenous Growth : Nature of Knowledge

Delays in the Transmission of Knowledge to Poor Countries

(a) Assume that the world consists of two regions, Poor and Reach.

The Reach North is described by 

YR (t) = AR (t)(1-aL) LR and A′R (t) = aL LR AR (t).

The Poor does not do R&D but simply uses the technology developed in the Reach; 

the technology used in the Reach lags the Poor’s by τ years. 

YP (t) = AP (t)LP and AP (t) = AP (t - τ). 

If the growth rate of output per worker in the Reach is 3 percent per year, and if aL is close to 0, 

what must τ be for output per worker in the Reach to exceed that in the Poor by a factor of 10? 

(b) Suppose instead that both the Reach and the Poor are described by the model: 

yi(t) = f (ki (t)), where yi (t) ≡ Yi (t)/[Ai (t)Li (t)] and ki (t) ≡ Ki (t)/[Ai (t)Li (t)] (i = N,S). 

K′i(t) = sYi (t) - δKi (t) and L′i (t) = nLi (t); 

the two countries are assumed to have the same saving rates and rates of population growth. 

A′R (t) = gAR (t) and AP (t) = AR (t - τ) 

(i) Show that the value of k on the balanced growth path, k∗, is the same for the two countries 

(ii) Does introducing capital change the answer to part (a)? Explain. (Continue to assume g = 3%.) 
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