Macro Topics: Introduction to Matlab
Fall 2016
Instructor: Olga Bychkova

Homework #5
Suggested Solutions

Problem 1. Consider social planner that seeks to maximize lifetime utility of a represen-
tative agent:

Eo Z 5tu(0t, lt)
t=0
subject to

b
¢+ —gl + ki = wi(1 — 1)l + 1k + (1= 0)ke + b, R >0,
where ¢; is consumption, by is money holdings (bonds), k; is capital, l; is labour input.
FEvery period household allocates its resources between consumption, money and capital.
Household receives wage wy (taxed by rate ) from work, and rent from capital ry it allocates

to firms. Household takes tax T, wage wy, and rent ry as given.

There is a continuum of firms, that produce single output using Cobb—Douglas production
function of the form:
yo = Akl

where Ay = A} v, Elog(v;) = 0. Firms pay wage and capital rent to the household.
Market for bonds clears.

(1) Clearly identify state and control variables (pay attention to all given conditions).

(2) Write down the Bellman equation for the problem (that is, write the problem in a
recursive form).

(3) Derive First Order Conditions and Envelope Theorem Conditions.

(4) Derive the Euler Equation for the problem.

(5) Solve firm’s mazimization problem to get the wage and the capital rent. (Hint: Set
wage and rent equal to marginal product of labour and capital respectively.)

(6) Assume that utility function is of the form:

— 1
Cg o lt +é

-0 1+4¢

Rewrite Fuler FEquation, FOCs, and resource constraint using the above functional
form for w and firm’s FOC' (derived equations for w, and ry).

U(Ct, lt) =

(7) Log-linearize the above equations using Taylor series approrimation.

(8) Use Uhlig’s method to log-linearize equations from (6). Compare two methods, com-
ment.

Solution:



(1) Since market for bonds clears in the representative agent framework we have that V¢
b; = 0. Therefore we can rewrite budget constraint as

Ct + kt+1 = wt<1 — T)lt + Ttkt + (1 — 5)kta
or solving for ¢; we get
Ct = wt(l — T)lt -+ (1 ) -+ Tt)kt — kt+1-

We take k; and A; as state variables and ¢, [}, ki1, and y; as controls.

(2) The Bellman equation is (we will keep ¢; in the equation for now, but we actually
eliminate it using the above equation):

V(k, Ar) = max{u(ct, l;) + BEV (kig1, Aeir) s

ki1l

where ¢; = wi(1 — 1)l + (1 — 0 4+ ry) ke — Kiq.
(3) FOCs (derivatives with respect to k11 and ;) are:

—u(c, ) + PEV (kigr, Aia) = 0,

wt(l — T)ul(Ct, lt) + Uz(Ct, lt) = 0.

ET condition (derivative with respect to k; only, A; is predetermined state) is:
Vi(ke, Ap) = up (e, L) (1 — 0 + 7).
(4) To get the Euler Equation we shift ET condition one period ahead
Vi(kerr, Aerr) = wi(cepn, lpa ) (1 = 0 + 1ep1)
and substitute it to the first FOC:
u(ct, ly) = BEug (e, lipr) (1 — 0 4 re41)]

(5) Since there are many firms, they act competitively and set wage and rent equal to
marginal product of labour and capital respectively. Therefore,

wy = g—?lf = (1 — a)Aky1 7,
re = g—z = Ak
(6) Using the fact that
e 1o
uler,l) = 1t— o 1t+ o)
and the above equations we get:

;7 = BB (1 = 6 + A k20 )], (1)
(1—=7)(1 — @) AkPl; %7 =12, (2)
a=(1—a)1—7)+)Ak§l;* + (1= 6)ky — kyya, (3)
Ay = Al v (4)
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(7) Now we can proceed with log-linearization of the above equations. Let’s start with
equation (1). We have

¢ = BB (1= 0+ adr k2 )]
In the steady state the equation becomes
¢ 7 =pc7(1—0+adk> ).
Subtracting this expression from both sides of the equation above we get
7 == BE(efy — 7)1 = 0) + a(An ki L e — AR ET))

We start by linearizing left side of the equation. Using Taylor series approximation
around steady—state we get:

o ——0 o o~

;7 =¢7—0c 7 e, —¢)=¢ 7 —oc ¢,

where

Ct—é

Ct =

c
Now we need to linearize the right side of our equation. Again, using Taylor series
approximation around steady-state we have:

A ke e = AR 0T T O A A+ (o — 1) AR O kg +

+ (1 — a) AR My + (—o) AR 0 egy, =
== A];fa_ll—l_aé_a + A];fa_ll—l_aé_a(ﬁt_;'_l — (1 — a)]%t+1 -+ (1 — Oé)it+1 — Uét+1).

Substituting everything to the original equation we get
—O'é_gét = /B]Et[—O'(]_—5)é_aét+1+QAEa_1p_a6_a(At_f_l—(1—Oé)i{(ft+1+(1—a)it+1—O'ét+1>] =

= O'ét == 50(1—5)Et5t+1—ﬂa/_l/;afllj*a(EtAHl—(1—a)Et/~€t+1+(1—a)Etl~t+1—UEt5t+1),
which is linear.

Now we need to linearize equation (2)
(1—7)(1 — @) AkSl %7 =19
Again, in the steady—state we get:
(1= 7)1 — ) AR T o7 = P,
Subtracting this expression from both sides of the equation above we get
(1 —7)(1 — a) (Al %7 — AR e ) =17 — 1°.
Right side of the equation can be approximated as:
12 =1°+4 ¢l* 1, = 19 + ¢l%l,,
and the left side after the approximation becomes
AkSlTocre = ARSI e + ARSI e (A + aky — aly — 0é).
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Therefore, we can rewrite original equation as
(1 —=7)(1 — ) AT (A, + ak, — al, — 0¢,) = ¢I°l,.
Now we need to linearize the budget constraint (3)
ci=((1—a)1—7)+ )K"+ (1= 0k — kiy1.
In the steady—state we have
c=(1-a)1—7)+a)AkT" >+ (1 -6k — k,
and thus
co—c=((1—a)(l—7)+a)( Ak — AT + (1 = 6)(ky — k) — (key1 — k).

The only non-linear term is in the right side of the equation, and so using Taylor
series approximation around the steady—state we have:

ARSI = ARCT  ARCT (A, + oy + (1 — a)ly).
Thus we have
Eét = ((1 — Oé)(l - ’7') + Oé)zzl];?al—lia(zit + Oé]:?t + (1 - Oé)it) + (1 - 5)];3]:315 - ]zflzft+1.

We are left with equation (4)
At = Atpflvl&

In this case it is better to rewrite it as
log A; = plog A;_1 + log v,.

Since
Ay -
Ay = logz = log A; — log A

above equation becomes
A, +log A= p(Ai_y +1og A) + &, + log .
In the steady-state we get:
A=A’ = logA=plogA+logu.
Therefore, we can rewrite original equation as
flt = pflt_l + 0.

¢, = eett, Ay = AeM ky = keFt, 1, = lelt, v, = ve™.
We start with equation (1):

F 0 % — BEt[E—UG—UétH(l 6+ aA%a—ll_l—aefltﬂ—(1—a)/~€t+1+(1—a)ft+1)] =
— % — ﬂEt[(l _ 5)6—05t+1 + Ouzllga—ll_l—aefitﬂ—(1—a)/~€t+1+(1—a)l~t+1—05t+1].
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Using approximation e* ~ 1 + x, we get:
1—0¢, = BE[(1—6)(1=0¢41 )+ AR (14 A1 — (1—a)kpp1 +(1— )iy — 0G4
Using EE in steady states:
1=8(1—-08+adk* '),
we get
06 = Bo(1—0)Eyéryy — BaAk (B Ay — (1— ) Eikysy +(1— @) Eilyyy — 0By iq),

which is linear.

Now we proceed with equation (2):
(1—7)(1 — a) Akl og o ehrtohi—ali—ot _ (ool
Using approximation e* ~ 1 + x, we get:
(1 —7)(1— @) AkTE (14 A, + aky — al, — 0¢) = 1°(1 4 ¢ly).
Using equation (2) in steady states
(1—7)1—a)Ak*T e =1°,

we get - ) i i -
(1 - 7—)(1 - 05>Akaliaéia(14t + Oékt — Oélt — O'ét) = ¢l¢lt

Now we proceed with equation (3):
ce® = (1 — a)(1 — ) + @) Ak oAtk (=l 4 (1 _ g)kek — fefr,
Using approximation e* ~ 1 + x, we get:
&(14¢) = (1—a)(1—7)+a) ARCT = (1+ A+ aky+(1—a) )+ (1=0)k(1+k,) = k(1 4k 41).
Using equation (3) in steady states
c=(1-a)1—7)+a)AkT >+ (1 -6k — k,
we get
e = ((1—a)(1=7) + a) AR T (A, + aky 4+ (1 — a)ly) + (1 — 8)kky — kkyyr.

Now we proceed with equation (4):

At = ApperAritin,
Using approximation e* ~ 1 + x, we get:

A1+ A) = A65(1 + pAi_1 + ).
Using equation (4) in steady states
A= APy,

we get R 5
Ay = pAs_1 + Uy

As we can see, we receive exactly the same equations as in part (7).



