Macro Topics: Introduction to Matlab
Fall 2016

Instructor: Olga Bychkova

Date: 18/11/2016

Exercise Session #2

Suggested Solutions

Problem 1. (Habit Persistence) Consider the problem of consumer who seeks to solve

{m}ax Z/Bt(log(ct) +ylog(ci—1)) with 0 <y <1
“t}iZo 120

subject to the following constraints:
kt+1+ct§Akta’ A>07 aG(O,l),

¢ >0, k>0, ko,c_q given.

(1) Clearly identify state and control variable(s).

(2) Set up the Bellman Equation for the problem (that is write the problem in the recursive
form). Hint: Value function for the consumer will be the function of two variables.

(3) Derive FOC, ET and EE.

(4) Derive expression for steady state level of capital and consumption in terms of para-
meters of the model.

Solution:

(1) The state and control variables are:
e states: k;, ¢;_1;
e controls: ¢, kiiq.
(2) The Bellman Equation has the following form:

V(k,c_y) = max{u(c) + BV (k,c)} st ¢= Ak* — k.

k,c

Or after substitution:

V(k,cq) = mgx{u(Ak“ — k) + BV(k,c)} = mgx{log(c) +vlog(c_1) + BV (k,c)}.

(3) We proceed as usually:

1 - -
FOC: —E—Fﬁ[‘/l(k',C)—‘/Q(k,C)]:O,
ET w.r.t. k: M = 1OzAkail + ﬂM&AkO‘A,
ok c oc
ET wrt.cq: M = fyi.
(9c_1 C_1



Since we have partial of future value function w.r.t. ¢ in the first envelope condition,
we have to substitute it there (after forwarding it one period) before substituting that
envelope condition into FOC:

OVik,ca) = 1OzAko‘*l + ﬁ”ylaAk“’l.
ok c c

Substituting both envelope conditions (in correct timing) into the FOC yields:
1 1 - 1 - 1
-=0 {jaAko‘l + By=aAk* !t — 7—} .
c ¢ ¢ c

Now rearranging to obtain ¢ on the left hand side and ¢ on the right hand side we

obtain Euler Equation:

L1+ 67) = (14 By)fpadie,

1 1 -
- = ﬂjaAka_l.
C c

(4) Now to derive the steady state values of capital and consumption in terms of the
parameters of the model, we have to set ¢ = ¢ = ¢ and k = k = k and plug them into
Euler Equation and the budget constraint:

1 1 T.00—1 1. /-
- = /BjOéAk = k= (AOC/B) ¢ Q).
¢ ¢

For consumption we use the transiton law:

¢ = Ak® — k = (Aap)/0- (a—lﬁ - 1> :

Problem 2. Consider social planner’s problem of mazximizing lifetime utility of the re-
presentative consumer:

i Bru(ce, 1 —13)
=0

subject to the following constraints:
Yt =t + i,

Yt = f(kt; lt>7
ki1 = (1 —90)ki + 1y,
kiy1 >0, ¢ >0,
ko is given,

where ¢ 1s consumption, 1 1s investment, k is capital, | is labour input, and output y is
produced from capital and labour using production function f(-,-), 0 is the depreciation
rate of capital.

(1) Clearly identify state and control variables. Set up the Bellman Equation for the pro-
blem (that is write the problem in the recursive form,).
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(2) Derive First Order Conditions and Envelope Theorem conditions.

(3) Using the equations from above derive Euler Equation and calculate steady state values

of c, k, and .

Solution:

(1) The state and control variables are:

e states: k;;
e controls: ¢, iy, ki1, I

We can combine given constraints into one to get:
Ct = f(kft, lt) — kt+1 + (1 — (S)kt

Now objective function transforms to
Zﬁt Flhi ) =k + (1= )k, 1= 1y).

Denote k; =k, ki = /~c, ly =1, and l;4, = I. We can set up the Bellman Equation:

V(k) = rr;ﬁx{u(f(k, D4+ (1—0)k—k1—1)+p8V(k)}

In order to simplify notation, denote by u;(xy, ..., z,) = %u@12n)/oz, ¢ = 1..n for
some function wu.

Then, FOC for k becomes
—r (f (kD) + (1= )k — ks 1= 1) + BV'(R) = 0

and for [ )
ET condition (the derivative of the Bellman Equation w.r.t. k) is

V/(k) = ui(f(k, )+ (1 =8k —k,1—=1)- (fi(k,1)+1—0).

We can shift the last equation one period ahead and plug into the first FOC. After
rearranging we get Euler Equation:

uy (f (k1) + (1= 6)k —
uy (f(k, 1) + (1= 8)k —

‘2 B D) + 1),

?T‘?I wl

In steady state we have [ = [= [, k= k=Fk= k, and ¢ = & We can use the following
equations to determine the steady state values:

fl(%v )+1_6:%7

¢+ o0k = f(k,1),

l
ul(é,l—l_)fg(l;:,l_)—w( ) 0



