Macro Topics: Introduction to Matlab
Fall 2016

Instructor: Olga Bychkova

Date: 29/11/2016

Midterm Exam

Suggested Solutions

Problem 1. Consider the modification of Inventory Control problem, where

e 1, — stock of a good available at the beginning of k—th period
e u, — stock ordered at the beginning of k—th peroiod
e w, — demand during the k—th period (possibly random variable)

The stock evolves according to the discrete time equation:
xk+1:xk—uk+wk, k’:O,l,...,N.

The purchasing costs in every period are equal xiuy and penalty for non—zero stock is
equal (xy, — ug + wy)?, thus, costs incurred in period k are sum of those two. Suppose that
there are no costs at the last period, i.e. g(xy) = 0. Suppose also that wy is a random
variable with mean 1 and variance 2 (E[wy] = 1, Elw?] — (E[w])? = 2).

Solve the problem for N = 2, i.e. find optimal policies in both periods and cost-to—go

functions (which should look as second—order polynomials).

Solution: Since there is no cost in the last period, cost-to-go function in the end of the
second period Jo(x2) = 0. Using the principle of optimality, consider the problem, where
firm solves the following problem in the beginning of the period one:

Ji(xy) = IriilnEwl{gl(xl,ul) + Jo(xe)} = I%iln]Ewl{gl(l'l,Ul)} =
= Hqilln Ey, {z1u1+ (21 —us +wy)?} = Hiiln{xlul + (21 —u1)? +2(21 —uy) E(wy) +E(w])} =
- HzlLiln{xﬂ“ + (21 — u1)? + 2(21 — uy) + 3}
Taking FOC with respect to u; (assuming u; can be any real number), we get:
r1—2(x —uy) —2=0,
and after some rearranging

Plugging this policy function back into the firm’s problem, we obtain:

2 3
Jl(l’l):l’l(l—i‘%)—i‘(l’l—l—%) +2<l’1—1—%>+3:1$%+1’1+2

Now we have cost—to—go function for the period one and we can solve the firm’s problem
in the period zero:

Jo(xg) = rrinEwo{go(xg,uo)%—Jl(xl)} = H}L%)nEwo{x0u0+($0—u0+w0)2~|—J1(:vo—u0+w0)} =

1



. 3
= minE,, {x0u0+(x0—u0+w0)2+Z(xo—uo—i-wo)Q—Fxg—uo—i-wg—i-Q} =

uo

= min < Tou —|—Z(x —u)2—|—g(x —u)—l—ﬁ
- e 00 4 0 0 2 0 0 4 .

Again, take the FOC and obtain:
7 9

$0—Z-2(m0—u0)—§:0
or
9 5
Uy = = + ?xo.
Plugging this result back to the cost function, we obtain cost function for the firm:
Jo(zg) = gxg + gxo + %

Problem 2. Consider the following problem of the optimal harvesting of the renewa-
ble resource. A social planner wants to mazimize the present value of the utility of the
representative consumer

> Bu(Cy)

subject to
Zigy1=Zy+ M(1 — e K%) - 8,

Zy 20, 5 =20,

where Zy is the current stock of renewable resource and Sy is the harvesting rate. K
and M are some positive constants. There is no uncertainty and no population growth.
Representative consumer receives utility from consumption Cy. Non—storable consumption
good is produced using Sy as the only input:

C,=Y, =5 a<l.

Utility function u is twice differentiable and concave.
(a) Clearly identify state and control variables. Rewrite the problem in the following form:

o0

mﬁx Z 5tu($t, Ti11),
=0
where x; is the state variable.
(b) Write Bellman equation for the problem.
(¢) Derive FOC and the Envelope Theorem conditions.
(d) Substitute ET into FOC and obtain Fuler equation for the problem.

(e) Derive the steady state value of stock of resources Z* and extraction rate S*. What
happens to Z* and S* as representative agent becomes more (higher ) or less (lower
B) “patient”?



Solution:

(a) e states: 7,
e controls: C;, Sy, Z;,1, Ys.
Using the equations for C; we can eliminate S; and Y; to get

Cy = (Zy — Zpy1 + M(1 — e B2)),

Choosing Z; as our state, we can now rewrite our problem in the form
o
t
max u(xy, Teg1),
12 ; Blu(ar, 1)
by plugging equation for C; into the objective. We get:

Z ﬁtu(Ct(Zt, Zi1))-
t=0

(b) We can now rewrite the problem in the recursive form. Denote Z;, = Z and 7,1 = Z.
Then Bellman equation is

V(Z) = max {u(C(Z, 7)) + m/(Z)} .

Z

(c) For simplicity denote Cj(xy, z9) = 9C@1.22)/04;, 1 = 1, 2.
FOC (derivative with respect to Z) for Bellman equation is

W(C(Z,2))-Co(Z,Z)+ BV'(Z) = 0.
ET condition (derivative with respect to Z) is given by the equation
VI(Z)=4'(C(Z,2))-C\(Z,Z).
(d) As usually, we shift the above equation one period ahead to get
VI(Z) =(C(Z,2)) - Ci(Z, Z).
Plugging this into the FOC we can get Euler Equation
W(C(Z,2)) - Co(Z, Z) + B (C(Z, 2)) - CL(Z, Z) = 0.

Since we know that ) N
C= (Z—Z+M(1 —e_KZ)> ,

we can calculate all the derivatives in EE:

a—1

C\(Z,2) = a(l + MKe57) (z —Z+M(1- e*KZ)) ,

CZ.2) = ~a (2~ Z+M(1~ e-KZ)>a1 ,

and we can plug these into the equation.
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(e) In steady state Z = Z = Z = Z*. We have the following equations to determine the
steady—state values:

—K2Z* . BMK
B(l+ MKe )=1 = Z:Eln(m),
_ BMK—-1+8
= s 7
where the first equation is the Euler Equation evaluated at steady—state values of Z*.

Z*=7"+ M1 —-e57) -8 = S*=M(1-e*)

When 5 increases, Z* and S* increase too (because In is an increasing function).

Problem 3. Consider a consumer with utility function

1—0o

S Blule) =Y Bt—, 0<Bf<1, o>0.
t=0 0

l1—0
t=

The consumer is endowed with a cake of size xy at time t = 0. Fach period, she has cake
xy and can either consume some, ¢;, or hold some cake over to next period, x4 1.

Guess that the value function V (xy) is of the following form:

-0
Ty

V(z) =«

1—0’

for some unknown coefficient o > 0. Solve for the unknown coefficient. Given your value
function, calculate the optimal policy. (Hint: You will need to derive both FOC and ET to
solve this problem.)

Solution: The budget constraint for this problem has the following form:
Ti41 = Ty — G-
e states: xy,

e controls: ¢;, r4,1.

Bellman equation is

V(zy) = max{u(z; — x441) + BV (z411) }-

Tt+1

FOC (derivative with respect to x4y1) for Bellman equation is
—u' (v — 2441) + BV (2441) = 0.
Substituting our guess for value function, we get
T
1+ (Ba)="

ET condition (derivative with respect to z;) is given by the equation

—(x —ap41) T+ Pax ;=0 = 3 =

V'(xy) = ' (2y — w441).
Substituting our guess for value function, we get
ar;’ = (1 —21) 7 = T = (1 - ofl/") .

Equalizing z;,, derived from FOC and ET, we get
1

TG -l-o " = a=(-8")" = @n=p8"



