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Suggested Solutions

Problem 1 (Guess-and-Verify Method: Lucky Guess) Consider the problem of con-
sumer who seeks to solve

max Zﬁt(log ¢ +vylogeiq), 0<vy<1

{ee}2o =0
subject to the following constraints:
kt+1+Ct SAkta, A>O, o € (0,1),

¢ >0, k>0, ko, c_q given.

1. Clearly identify state and control variable(s). Set up the Bellman equation for the
problem (that is write the problem in the recursive form). Hint: Value function for
the consumer will be the function of two variables.

2. Guessing that the value function is of the form:
V(ky,ci1) = E+ Flogk, + Gloge_q,

derive constants E, F' and G. Calculate the optimal policy given your value function.
Solution: We start by identifying state and control variables:

e states: ki, ¢,

e controls: k; 1,¢

We eliminate one control using the equation
Ct = Akf — kg1,
and the Bellman equation becomes

V(k,c_) = max {log(Ak:O‘ — k) +vlog(c_) + BV (k, Ak* — l;:)} ,
F
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where k = ki, k= ki1, ¢ = ¢;_1. We make a guess that
V(k,c_) = E + Flog(k) + Glog(c-).

Now substituting for V' into the Bellman equation we get

E+Flog(k)+Glog(c-) = max {log(Aka — k) +~ylog(c_) + B (E + Flog(k) + Glog(Ak™ — l%))} :

The F.O.C. (derivative with respect to k) is:

1 1 1 ~ BF Ak
- 4+ pPF- - G———=0—= k= ——— ——.
Ak> — k b k b Ake — k B(F+G)+1
E.T. condition with respect to c_ is
G
= = G =1.
. c_
E.T. condition with respect to k is
F Akt Akt
N T ik M
ko Ake — k Ak — k
F aAke! a Ak
— = + BG
a BF Ak o BFAk>
koo AR = 5o Ak — gErem
F aAke1 aAke! a(l+ By)
- — a —I— /8’7 e — F = :
o BF Ak o BF Ak _
k Ake — BF+~)+1 Ake — B(F+7)+1 1-of

Substituting for G, F' and k into the Bellman equation and solving for F (omitting tedious
algebra here) we get:

1 1+ By af
E—1_6(1_&ﬁloga5/1—(1—5’}’)10g1_a6>.

Also we can solve for k 3
k= aBAk”.

Problem 2 ( Guess-and-Verify Method: Failure) Consider the household that seeks
to maximize his lifetime utility

oo —
o 71
max g 15} ,
{ec}iZo = 1—0

subject to the following constraint:
k‘t+1+ct:Ak:f—i—(1—(5)k‘t, 0<d<l1.

Show that guessing that policy function is



e constant, that is V(k;) = C,

e linear in state (excluding constant), that is V(k;) = Ck;
does not work.

Solution: First assume that our guess is V' (k;) = C, where C' is some constant. Then, the
Bellman equation is

V (k) = max

k41

{ (AkS + (1 — 8)ky — k)7

l1—0

-1
+ BV(kt+1)} )
Taking the F.O.C. (the derivative with respect to l;:) we get:

(—1) (Ak7 + (1= 0) — k7) =0,

which has unique solution when ¢ = 0. However, this is not optimal, and thus we conclude
that our guess was wrong.

Now assume that our guess is that V(k;) = Ck,. Again, the Bellman equation is

{ (AkP 4+ (1 — 0)ky — k)7

l1—0

V (k) = max

kt41

—1 5V(kt+1)} ~
Taking the F.O.C. and substituting for V' we get
(AR + (1= 08) = k) T+ CB=0 = k= Ak} + k(1 —8) — (BC) 7.
Plugging this back the Bellman equation, and equating terms next to k“ we get that
BAC =0,

which is not possible since 5 € (0,1) and A > 0. Again, our guess was wrong. n

Problem 3 (Value Function Iteration: Analytical Solution) A planner chooses a

sequence {cq, key1 172, to maximize
[e.e]
Z ﬁt ln(ct)
=0

subject to a given value for ky and a transition law
ktJrl +c = Akta,

where A >0, o € (0,1), g € (0,1). Solve this problem using value function iterations.

Solution:



e iteration 1. Let’s start with V(z) = 0. The problem that we want to solve is

Vi(k) = n%ix{lncwvo@)}

st. c+ k= Ak®
or

Vi(k) = max {In(are =)+ 8vo (k) } = max {m(ak" )}

since In(-) is increasing function, maximum is reached when k=0 and thus ¢ = Ak®

and Vi(k) = In(Ak*) =In A+ alnk.

e iteration 2. We plug Vi(k) into the Bellman equation, so the problem that we are
solving now is

Va(k) = max {Inc + SV (F)}

k,c
st. c+ k= Ak®

or
Vo (k) = max {ln(AkO‘ —k)+ BVl(E)} = max {ln(Ako‘ —k)+B(n A+ aln%)}
k k
the FOC is
(k] : %{ln(Aka—E)+ﬁ(lnA+alnE)} =0
so we have

1 1
— ~+Oéﬁ::()
Ak> — k k

k= aB(AK" — k)
thus we have as the updated optimal policies

- Ak Ak
(k) = (ﬁ o5 B =143

and the updated approximation of value function

B Ak afAk*Y Ak affAk”
Vo(k) = ln(1+aﬁ) + V) <1+aﬁ) _ln(1+aﬁ) +ﬁlnA+aﬁln(l+aﬁ>
afA

— I (1+Aa5) 4 BInA+afn (1—1—(16) +a(l+aB)nk




e iteration 3. We plug V5(k) into the Bellman equation, the problem that we are solving
is

Vi(k) = max {Inc + #V4(F)

k,c
st. c+k=Ak®

Vi(k) = max{ln(Ako‘—E)JrﬁVQ(E)}

k

B o A afBA ~
= mgx{ln(Ak: k’)+5[1n<1+a6)+BlnA+aﬁln(1+a6>+a(1+aﬁ)lnk}}
the FOC is
~ 0 w = A afA =1
[k].ﬁ{ln(/lk: —k)—{—ﬁ{ln(l_{_aﬁ)—l—ﬁlnA—l—aﬁln(l_i_aB)+a(1+aﬁ)lnk’]}—0
so we have
B 1 ~+aﬁ1+~a620
Ak — k k

k= (af + a®B8%)(Ak* — k)
thus we have as the optimal policies
(af + a?B%) Ak~ (k) = Ak®
1+ af + a?p? 14 aB+a2p?

and the updated approximation of value function

k(k) =

A
Va(k) = B’InA 1 1
3(k) A ln +ﬁn1+aﬂ+n1+aﬂ+a252+
af

+pafIn T aﬁA + (@B + o?B*) In af +a’h”

1+ap+ OPB?A *
+a(l+af +a?p*) Ink

e we can proceed further with fourth iteration, where we will find that the optimal
policies are

~  (af+a’B+ B Ak B Ak®
k(k) = 14+ af + a?p2 4+ o353 c(k) = 1+ af + a?p2 4+ o353

and value function is

A
1 1
1+a6+6 n1+a6+a252+ n1+a6+...+a363

6"‘ 252
A+5(a5+@252)1n1iaﬁja2ﬁ2
aB+...+a3p3
l+af+...+ a3

Vilk) = B*InA+3*In

af

+p%af1n 5 ab

+(aB+...+a?3*)n

+a(l +aB+a?B* + a5 Ink
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e in general after iteration n we therefore have the optimal policies

E(k) (B + B+ o) AR (k) = Ak~
14 aB+aB 4 ar it 1+ aB+ a4 artiprl
and value function
n—2 n—2—t n—92—t
ozﬁA
Vn(k)=Zﬁt STy +Z ﬁtoeﬁz nZH (B |,
t= 1= Z ( B)
+o (1+Oéﬁ+0é2ﬁ2 ta n— lﬁn 1) k’
n—2 aﬂ yroi-t 1—(ap) "1+t
o t 1—ap
= Zﬁ h’l —}— Z nWozﬁA +
1 oc,B t=0 1—apB
ta(l+aB+a?B2+. ... +a" " Hink
taking a limit for n — oo we have the optimal policies
. - (aft+ Bt e AR SR (ap)
lim k,(k) =1 === —aAKY = afAK”
M (k) = Tim = af+ o232+ -+ a1l Zﬁo(aﬁ)laﬁ ap
lim ¢, (k) = lim (Ak® — k,(k)) = (1 — aBAk®)
n—oo n—oo
and the value function
n—1 n—2 (a/@)n 1—t 11_(042)”717{/
. o t —«
Jm Valk) = nh—>nolo{zﬁ et af3 Nt apA
1 aB t=0 1—ap
+a(l +aB +a?B* + " 3" In k}
] oo 1 00
1—ap
= Y f'ln +3° Btaﬁl_aﬁln 8 0BA +aZ(aﬁ)tlnk’
t=0 1-af =0 1-afB =
1 1 af
= In(l1 — af —_— InafA + In k
1-p ( 4 —fl—-ap 1- aﬁ
m

Extra: Analytical dynamic programming without substitution We have seen how
we can derive the first order conditions, envelope conditions and euler equation by substitut-
ing out one variable by use of the constraint. This approach yields the desired results and
is usefull especially in some situtiations. However, this requires that we substitute out the

‘correct’ variable (for example, try to substitute out k;y; instead of
More importatly, sometimes we cannot simplify the constraint to

¢, to see where it leads).
get closed form solution



for the variables we want to substitute out. For these situations, and also for the basic sit-
uations, we can decide not to substitute out and leave the constraint in the eqaution. This
note is going to illustrate this approach, which might be useful to know in some situations.

Consider the basic Robinson Crusoe problem:

max f: Bru(cy)

leehiZ0 425

s.t. Ct = f(kt) + (1 — 5)]{515 — kt+1
ko given

Normally we would substitute consumption out and write the Bellan equation as follows:

V (k) = max {u [f(/f) (1= 8k — k} + ﬁV(/%)}

k

and proceed with FOCs and ET.

However, we can add the constraint at the end of the standard Bellman equation with
lagrange multiplier as we would in situation when we would not set up the problem in terms
of dynamic programming:

V (k) = max {u(c) BV (k) = Mle+k — f(k) + (1 — 5)@}

So the relationship between choice and state variables is fully captured through the lan-
grangian and lagrange multiplier becomes new variable in the problem. Note that the signs
matter as in usual problem (i.e. +A and —\ yiled two different problems). Its enough to
remember that the shadow value of current capital (i.e. our budget) has to be positive and
hence the sign of lagrange multiplier and sign of current capital k; must together give positive
sign. We could easily put +\ and change the sings inside of the bracket. Also note that the
lagrange multiplier is time-varysing!

Now we want illustrate the solution method by solving the model. Derive the FOC as
normally, taking into account the constraint:

F.OC. wrt. c 50

Note that since all the relationship between our variables are captured in the multiplier, we

do not consider the usual indirect effects. This however means that we have to take FOC
w.r.t. the other choice as well:

- OV(k) V(R
F.O.C. wrt. k: T 16 Py A =0




Now we can substitute out the lagrange multiplier from the firts equation into second equa-
tion to obtain:

oV (k) ,
— = U \C
et = (o
To eliminate the partial of the value function we use the evelope theorem as usual:
oV (k

First, again substitute out the multiplier from first equation:!
oV (k)

ok
And finally substitute after shifting forward back in the FOC for k :

= u'(c) (f'(k) +1—=19)

w'(c) = Bu'() (f(k) +1-0)

This is the standard EE equation obtained in the substitution way. Note that we could
have substituted out u/(c) instead and obtain the EE in the (unobserved) lagrange multiplier,
which would say exactly the same thing in different way. In some problems this is easier
than trying to substitute the multiplier out.

I personally prefer to use this method in all problems because I think its less prone to
mistakes, as it requires less manipulation. However, the great advantage is in situation when
substitution is complicated and hence this approach simplifies our life. Furthermore, by
eliminating indirect relationships between variables it is less prone to the typical question
'should I take derivative with respect to this variables as well?’.

! Alternatively you could shift forward and then substitute into following equation:

Aett ( FE) +1— 5) with Agp = /(é) from FOC



