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ÂÑÒÓÏ

Ïiä ìîäåëþâàííÿì ïåâíîãî ïðîöåñó ðîçóìi¹ìî âiäîáðàæåííÿ éîãî íà ìî-

âi âiäïîâiäíî¨ íàóêè. Ìàòåìàòè÷íå ìîäåëþâàííÿ âiäîáðàæà¹ ïðîöåñ íà ìîâi

ïåâíèõ ôóíêöiéíèõ çâ'ÿçêiâ i äîïîìàãà¹ iíîäi âiäêðèòè íîâi éîãî àñïåêòè. Çà

âèçíà÷åííÿì Â.Ì. Ãëóøêîâà, "ìàòåìàòè÷íà ìîäåëü - öå ìíîæèíà ñèìâîëi-

÷íèõ ìàòåìàòè÷íèõ îá'¹êòiâ i ñïiââiäíîøåíü ìiæ íèìè". Çà Ì.Ì. Àìîñîâèì,

"ìàòåìàòè÷íà ìîäåëü - öå ñèñòåìà, ùî âiäîáðàæà¹ iíøó ñèñòåìó"[1].

Ìàòåìàòè÷íi ìîäåëi ìîæíà äîñëiäæóâàòè ðiçíèìè ìåòîäàìè: àíàëiòè÷íè-

ìè, ÿêèìè îòðèìóþòü ó çàãàëüíîìó âèãëÿäi çàëåæíîñòi ìiæ äîñëiäæóâàíèìè

õàðàêòåðèñòèêàìè ÷è ¨õ âëàñòèâîñòi, ÷èñåëüíèìè òîùî.

Iñíóþòü ðiçíi êëàñèôiêàöi¨ ìàòåìàòè÷íèõ ìîäåëåé. Çîêðåìà, ñòàòè÷íi ìî-

äåëi õàðàêòåðèçóþòü êîíêðåòíèé ñòàí îá'¹êòà ó çàäàíèé ìîìåíò ÷àñó, ó ñòî-

õàñòí÷íèõ ìîäåëÿõ âiäîáðàæåíî âïëèâ âèïàäêîâèõ ôàêòîðiâ.

Äèíàìi÷íå ìàòåìàòè÷íå ìîäåëþâàííÿ � öå îïèñ çìiííèõ ó ÷àñi ïðîöåñiâ

çà äîïîìîãîþ äèôåðåíöiàëüíèõ, iíòåãðàëüíèõ, iíòåãðî-äèôåðåíöiàëüíèõ, ñòî-

õàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, çîêðåìà. Iíîäi ñàìi òàêi ôóíêöiîíàëüíi

ñïiââiäíîøåííÿ âiäîáðàæàþòü çàêîí, îäåðæàíèé ïðè äîñëiäæåííi ïðîöåñó çà-

ñîáàìè âiäïîâiäíî¨ ãàëóçi ó ïðèðîäîçíàâñòâi ÷è â ñóñïiëüíèõ íàóêàõ. Õî÷ ÷à-

ñòiøå îñòàòàòî÷íi ìàòåìàòè÷íi ìîäåëi îòðèìóþòü ó ïðîöåñi çàñòîñóâàíü ñàìî¨

ìàòåìàòèêè, ëîãi÷íèõ ìiðêóâàíü, à òîìó ¹ ïîòðåáà â ¨õ ïåðåâiðöi íà ïðàêòèöi

� òåñòóâàííi.

ßê âiäçíà÷åíî â [26], ó ìîäåëþâàííi âèäiëÿþòü òðè îñíîâíi ÷àñòèíè: åìïi-

ðè÷íó (ôàêòè÷íi äàíi åêñïåðèìåíòó ÷è ñïîñòåðåæåííÿ),òåîðåòè÷íó (çâ'ÿçêè,

êîíöåïöi¨, ÿêi ïîÿñíþþòü åìïiðè÷íó ÷àñòèíó), ìàòåìàòè÷íó, ùî êîíñòðóþ¹

ìàòåìàòè÷íi ìîäåëi äëÿ ïîÿñíåííÿ i ïåðåâiðêè òåîðåòè÷íî¨ ÷àñòèíè, îáðîáêè

åêñïåðèìåíòàëüíèõ äàíèõ i ïëàíóâàííÿ íàñòóïíèõ äîñëiäæåíü.

Íà ïî÷àòêîâîìó åòàïi ìîäåëi ¹ ñïðîùåíèìè, ùîá ïiäiáðàòè âiäïîâiäíèé ìà-
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òåìàòè÷íèé àïàðàò äëÿ ¨õ äîñëiäæåííÿ, äàòè ïðîñòèé àëãîðèòì ðîçâ'ÿçàííÿ

i ïðîòåñòóâàòè. Äàëi âiäáóâà¹òüñÿ óòî÷íåííÿ ìîäåëi, âðàõóâàííÿ äîäàòêîâèõ

ôàêòîðiâ, ÿêi âïëèâàþòü íà ïðîöåñ.

Âèÿâëÿ¹òüñÿ, ùî ÿêùî çàìiíèòè äåÿêi ïîõiäíi öiëèõ ïîðÿäêiâ ïåâíèìè iíòå-

ãðàëüíèìè çâ'ÿçêàìè, çîêðåìà, íåëîêàëüíèìè ïîõiäíèìè äðîáîâèõ ïîðÿäêiâ,

òî áóäå âðàõîâàíî ïîñòóïîâiñòü ïðîöåñó. I öå â áàãàòüîõ âèïàäêàõ ïðàâèëüíiøå

âiäîáðàæà¹ ñàì ïðîöåñ. Â îñòàííi ðîêè àêòèâíî âèâ÷àþòüñÿ ìîäåëi, ÿêi îïè-

ñóþòü çà äîïîìîãîþ ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè. Êîíêðåòíi ïðèêëàäè

òàêèõ ìîäåëåé ó ðiçíèõ ãàëóçÿõ ïðèðîäîçíàâñòâà íàâåäåíi, çîåðåìà, ó [52,53].

Çàâäàííÿì êóðñó ¹ âèâ÷åííÿ çàäà÷ äëÿ ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè

i íà ¨õ ïðèêëàäàõ ðîçâèíóòè âèâ÷åíi â ïîïåðåäíiõ êóðñàõ ìåòîäè äîñëiäæå-

ííÿ ïî÷àòêîâèõ i êðàéîâèõ çàäà÷ äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü,

ïî÷àòêîâî-êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Çíà÷íà óâà-

ãà ïðèäiëåíà ìåòîäó ðÿäiâ Ôóð'¹, ìåòîäó ôóíäàìåíòàëüíî¨ ôóíêöi¨ i ôóíêöi¨

Ãðiíà, âàæëèâèìè ó âèâ÷åííi äèíàìi÷íèõ (çîêðåìà, ñòîõàñòè÷íèõ) ïðîöåñiâ

iç ïàì'ÿòòþ [28,29].

Ñïî÷àòêó ñòóäåíòè ïîâòîðþþòü íåîáõiäíèé ìàòåðiàë iç òåîði¨ óçàãàëüíåíèõ

ôóíêöié, âèâ÷àþòü çâè÷àéíi ðiâíÿííÿ iç äðîáîâèìè ïîõiäíèìè, à ïîòiì ìîäå-

ëi, ÿêi îïèñóþòüñÿ ðiâíÿííÿìè ç ÷àñòèííèìè ïîõiäíèìè äðîáîâèõ ïîðÿäêiâ.

Ïî ïåðøié ÷àñòèíi êóðñó ïðîïîíó¹òüñÿ âèêîíàííÿ êîíòðîëüíî¨ ðîáîòè. Îêðå-

ìi òåìè, ÿê âèêëàäåíi ó ïîñiáíèêó, òàê i îêðåìi æóðíàëüíi ñòàòòi, ïðîïîíó-

þòüñÿ íà ñàìîñòiéíå îïðàöþâàííÿ ç äîïîâiäÿìè i àíàëiçîì íà ñåìiíàðñüêèõ

çàíÿòòÿõ.



Ðîçäië 1

ÇÃÎÐÒÊÀ I ÏÎÕIÄÍI ÄÐÎÁÎÂÎÃÎ
ÏÎÐßÄÊÓ

1.1 Ïðîñòîðè îñíîâíèõ òà óçàãàëüíåíèõ ôóíêöié

Ìàòåìàòè÷íà òåîðiÿ óçàãàëüíåíèõ ôóíêöié ðîçïî÷àòà ïðàöÿìè Ñ.Ë. Ñîáî-

ë¹âà (1936-1938) òà îñòàòî÷íî ñôîðìîâàíà ó ïðàöÿõ Ë. Øâàðöà (1950-1951),

õî÷ âïåðøå òåðìií "óçàãàëüíåíà ôóíêöiÿ"ââiâ ìàòåìàòèê i ôiçèê Äiðàê (1926-

1930) ó êâàíòîâî-ìåõàíi÷íèõ äîñëiäæåííÿõ. Öÿ òåîðiÿ ïðîíèêëà â ðiçíi ãàëóçi

ìàòåìàòèêè, êâàíòîâî¨ ôiçèêè. Äåòàëüíî âîíà âèêëàäåíà ó ðåêîìåíäîâàíié ëi-

òåðàòóði ([3]-[6]). Òîìó äà¹ìî òiëüêè íåîáõiäíó iíôîðìàöiþ, çîêðåìà, iç [7,15].

Íåõàé N � ìíîæèíà íàòóðàëüíèõ ÷èñåë, Z � ìíîæèíà öiëèõ ÷èñåë, Ω�

îáëàñòü â Rn , çîêðåìà, Ω = Rn , x = (x1, . . . , xn) ∈ Ω , |x|2 = x21 + · · · + x2n ,

γ = (γ1, . . . , γn) (γj ∈ Z+ , j = 1, . . . , n ) � ìóëüòèiíäåêñ, xγ = xγ11 . . . x
γn
n ,

|γ| = γ1 · · ·+ γn , Dγ = ∂|γ|

∂x
γ1
1 ...∂xγnn

� îïåðàòîð äèôåðåíöiþâàííÿ.

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ ôiíiòíîþ, ÿêùî iñíó¹ êîìïàêò K ⊂ Rn , ïîçà

ÿêèì f(x) ≡ 0 , ìíîæèíà suppf := {x : f(x) ̸= 0} íàçèâà¹òüñÿ íîñi¹ìôóíêöi¨

f(x) .

Íåõàé D(Ω) � ïðîñòið íåñêií÷åííî äèôåðåíöiéî ôóíêöié ç íîñiÿìè ñòðîãî

â Ω (ïðîñòið îñíîâíèõ ôóíêöié). Ôóíêöiÿ

φ(x, a) :=

{
Cae

− a2

a2−|x|2 , |x| ≤ a

0, |x| ≥ a
,

äå a > 0 , Ca� äîäàòíà ñòàëà, íàëåæèòü ïðîñòîðó D(Rn) . Äàëi ââàæàòèìåìî
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Ca òàêîþ, ùî
∫
Rn

φ(x, a)dx = 1 .

Äëÿ äîâiëüíèõ îáìåæåíî¨ îáëàñòi Ω ⊂ Rn òà êîìïàêòà B ⊂ Ω iñíó¹ òàêà

ôóíêöiÿ ψ ∈ D(Rn) , ùî 0 ≤ ψ(x) ≤ 1 òà ψ(x) =

{
1, x ∈ B

0, x ∈ Rn \ Ω
.

Êàæåìî, ùî ïîñëiäîâíiñòü φk → 0 (ïðè k → ∞ ) ó ïðîñòîði D(Ω) , ÿêùî:

a) iñíó¹ êîìïàêò K ⊂ Ω , òàêèé ùî φk(x) ≡ 0 ïîçà K äëÿ âñiõ k ∈ N ,

òîáòî suppφk ⊂ K äëÿ âñiõ k ∈ N ;

á) äëÿ äîâiëüíîãî ìóëüòèiíäåêñó γ Dγφk → 0 ðiâíîìiðíî (íà K ).

Öå äóæå ñèëüíà òîïîëîãiÿ. D(Ω) ¹ ïðèêëàäîì ëîêàëüíî-îïóêëîãî òîïîëî-

ãi÷íîãî ïðîñòîðó.

Çíà÷åííÿ ôóíêöiîíàëà f íà îñíîâíié ôóíêöi¨ φ ïîçíà÷à¹ìî ÷åðåç (f, φ) .

Ôóíêöiîíàë f íà D(Ω) íàçèâà¹òüñÿ ëiíiéíèì, ÿêùî äëÿ äîâiëüíèõ

φ1, φ2 ∈ D(Ω) i äîâiëüíèõ äiéñíèõ (àáî êîìïëåêñíèõ) ÷èñåë C1, C2

(f, C1φ1 + C2φ2) = C1(f, φ1) + C2(f, φ2).

Ôóíêöiîíàë f íà D(Ω) íàçèâà¹òüñÿ íåïåðåðâíèì, ÿêùî çi çáiæíîñòi äî

íóëÿ ó ïðîñòîði D(Ω) ïîñëiäîâíîñòi φk ïðè k → ∞ âèïëèâà¹ (f, φk) → 0 ,

k → ∞ .

Óçàãàëüíåíîþ ôóíêöi¹þ (ðîçïîäiëîì) â Ω íàçèâà¹òüñÿ ëiíiéíèé íåïåðåðâ-

íèé ôóíêöiîíàë íà D(Ω) . Ñóêóïíiñòü óçàãàëüíåíèõ ôóíêöié óòâîðþ¹ âåêòîð-

íèé ïðîñòið, ÿêèé ïîçíà÷àþòü D′(Ω) i íàäiëÿþòü éîãî ñëàáêîþ òîïîëîãi-

¹þ: fk → 0 (k → ∞ ) ó ïðîñòîði D′(Ω) , ÿêùî äëÿ äîâiëüíî¨ φ ∈ D(Ω)

(fk, φ) → 0 , k → ∞ .

Âèêîðèñòîâóâàòèìåìî òàêîæ iíøi ïðîñòîðè óçàãàëüíåíèõ ôóíêöié, âèáè-

ðàþ÷è çà ïðîñòîðè îñíîâíèõ ôóíêöié, íàïðèêëàä, C∞(Ω) � ïðîñòið íåñêií-

÷åííî äèôåðåíöiéîâíèõ ôóíêöié â Ω ,

S(Rn) = {φ ∈ C∞(Rn) : sup
x∈Rn

|xβDγφ(x)| < +∞ ∀β, γ} .

Ôóíêöiÿ e−|x|2 íàëåæèòü ïðîñòîðó S(Rn) i íå íàëåæèòü äî D(Rn) (îñêiëü-

êè íå ¹ ôiíiòíîþ).

Ïîñëiäîâíiñòü φk → 0 (k → ∞ ) ó ïðîñòîði C∞(Ω) , ÿêùî äëÿ äîâiëüíîãî

ìóëüòèiíäåêñó γ Dγφk(x) → 0 ðiâíîìiðíî íà äîâiëüíîìó êîìïàêòi K ⊂ Ω .

Ïîñëiäîâíiñòü φk → 0 (k → ∞ ) ó ïðîñòîði S = S(Rn) , ÿêùî:
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a) äëÿ äîâiëüíèõ ìóëüòèiíäåêñiâ β , γ iñíó¹ äîäàòíà ñòàëà Cβ,γ òàêà, ùî äëÿ

êîæíîãî k ∈ N
sup
x∈Rn

|xβDγφk(x)| ≤ Cβ,γ ;

á) äëÿ äîâiëüíîãî ìóëüòèiíäåêñó γ ðiâíîìiðíî Dγφk(x) → 0 (k → ∞ ).

Ïîçíà÷à¹ìî:

E ′(Ω) = (C∞(Ω))′ � ïðîñòið ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà

C∞(Ω) ,

S ′ = S ′(Rn) � ïðîñòið ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà S(Rn) .

Ïðîñòið S(Rn) íàçèâà¹òüñÿ ïðîñòîðîì øâèäêî ñïàäàþ÷èõ íà áåçìåæíîñ-

òi ãëàäêèõ ôóíêöié, à ïðîñòið S ′(Rn) � ïðîñòîðîì ïîâiëüíî çðîñòàþ÷èõ íà

áåçìåæíîñòi óçàãàëüíåíèõ ôóíêöié.

Äëÿ ââåäåíèõ ïðîñòîðiâ îñíîâíèõ òà óçàãàëüíåíèõ ôóíêöié ïðàâèëüíi òàêi

âêëþ÷åííÿ:

D(Rn) ⊂ S(Rn) ⊂ C∞(Rn), E ′(Rn) ⊂ S ′(Rn) ⊂ D′(Rn).

Ïðèêëàäè óçàãàëüíåíèõ ôóíêöié:

1) δ� ôóíêöiÿ Äiðàêà: (δ, φ) = φ(0) ∀φ ∈ D(Rn) ,

(δ(x− x0), φ(x)) = φ(x0) ∀φ ∈ D(Rn) .

2) Êîæíà çâè÷àéíà (ëîêàëüíî iíòåãðîâíà) â Ω ôóíêöiÿ f(x) âèçíà÷à¹

óçàãàëüíåíó ôóíêöiþ f

(f, φ) =

∫
Ω

f(x)φ(x)dx ∀φ ∈ D(Ω), (1.1)

(f, φ) =

∫
Ω

f(x)φ(x)dx ∀φ ∈ D(Ω), (1.2)

äå f(x)� êîìïëåêñíî ñïðÿæåíèé âèðàç äî f(x) , ÿêùî ôóíêöi¨ f, φ êîìïëåêñ-

íî-çíà÷íi. Äàëi êëàñ çâè÷àéíèõ ôóíêöié â Ω ïîçíà÷àòèìåìî ÷åðåç L1,loc(Ω) .

3) (P 1
x , φ(x)) = v.p.

∞∫
−∞

φ(x)
x dx =

∞∫
0

φ(x)−φ(−x)
x dx ∀φ ∈ D(R) .

4) ßêùî S� ïîâåðõíÿ â Rn , µ ∈ C(S) , òî ðiâíiñòþ

(µδS, φ) =

∫
S

µφdS ∀φ ∈ D(Rn)

âèçíà÷åíî óçàãàëüíåíó ôóíêöiþ µδS � ïðîñòèé øàð íà ïîâåðõíi S .
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Óçàãàëüíåíà ôóíêöiÿ f , äëÿ ÿêî¨ iñíó¹ çâè÷àéíà ôóíêöiÿ f(x) , òàêà ùî

âèêîíó¹òüñÿ ðiâíiñòü (1.1) àáî (1.2), íàçèâà¹òüñÿ ðåãóëÿðíîþ óçàãàëüíåíîþ

ôóíêöi¹þ, à âñÿêà iíøà � ñèíãóëÿðíîþ óçàãàëüíåíîþ ôóíêöi¹þ. Ôóíêöi¨

δ(x) , δ(x− x0) , P 1
x , µδS(x) ¹ ñèíãóëÿðíèìè óçàãàëüíåíèìè ôóíêöiÿìè.

Äâi óçàãàëüíåíi ôóíêöi¨ f1, f2 íàçèâàþòüñÿ ðiâíèìè (f1 = f2 ) ó ïðîñòîði

D′(Ω) , ÿêùî äëÿ äîâiëüíî¨ φ ∈ D(Ω) (f1, φ) = (f2, φ) .

Ìiæ ïðîñòîðîì çâè÷àéíèõ i ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié ¹ âçà¹ìî-

îäíîçíà÷íà âiäïîâiäíiñòü: êîæíà çâè÷àéíà ôóíêöiÿ f(x) âèçíà÷à¹ óçàãàëüíå-

íó ôóíêöiþ f (çà ôîðìóëîþ (1.1) àáî (1.2)) i äëÿ êîæíî¨ ðåãóëÿðíî¨ óçàãàëü-

íåíî¨ ôóíêöi¨ f iñíó¹ òiëüêè îäíà çâè÷àéíà ôóíêöiÿ f(x) òàêà, ùî äîðiâíþ¹

f ó ïðîñòîði D′(Ω) . Öå âèïëèâà¹ ç òàêî¨ ëåìè.

Ëåìà 1 (Äþáóà-Ðåéìîíà). ßêùî f(x)� çâè÷àéíà ôóíêöiÿ â Ω , òî

f(x) = 0 ìàéæå âñþäè â Ω òîäi i òiëüêè òîäi, êîëè∫
Ω

f(x)φ(x)dx = 0 ∀φ ∈ D(Ω) .

Êàæåìî, ùî óçàãàëüíåíà ôóíêöiÿ f = 0 â îáëàñòi Ω , ÿêùî

(f, φ) = 0 ∀φ ∈ D(Ω).

Íîñi¹ì óçàãàëüíåíî¨ ôóíêöi¨ f íàçèâà¹òüñÿ òàêèé êîìïàêò K := suppf ,

ùî f = 0 ïîçà K .

Óçàãàëüíåíà ôóíêöiÿ íàçèâà¹òüñÿ ôiíiòíîþ, ÿêùî ¨¨ íîñié ¹ îáìåæåíîþ

ìíîæèíîþ.

Òåîðåìà 1. Êîæíà ôiíiòíà óçàãàëüíåíà ôóíêöiÿ íàëåæèòü ïðîñòîðó

E ′(Rn) .

Ïðàâèëüíà îáåðíåíà òåîðåìà, òàê ùî E ′(Rn) � ïðîñòið ôiíiòíèõ óçàãàëü-

íåíèõ ôóíêöié.

Óçàãàëüíåíà ôóíêöiÿ f íàçèâà¹òüñÿ íåñêií÷åííî äèôåðåíöiéîâíîþ â òî÷öi

x ∈ Ω , ÿêùî â äåÿêîìó îêîëi V (x) âîíà çáiãà¹òüñÿ ç ôóíêöi¹þ f1 ∈ C∞(Ω) .

Íàéìåíøà çàìêíåíà ìíîæèíà, ïîçà ÿêîþ f íåñêií÷åííî äèôåðåíöiéîâíà, íà-

çèâà¹òüñÿ íîñi¹ì îñîáëèâîñòåé ôóíêöi¨ f i ïîçíà÷à¹òüñÿ singsuppf .

1.2 Îñíîâíi äi¨ íàä óçàãàëüíåíèìè ôóíêöiÿìè

Îñêiëüêè êëàñ D′ óçàãàëüíåíèõ ôóíêöié ¹ ðîçøèðåííÿì êëàñó çâè÷àéíèõ
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ôóíêöié, òî âèçíà÷àþòü îïåðàöi¨ ó D′ òàê, ùîá âîíè ïåðåõîäèëè ó âiäîìi

îïåðàöi¨ äëÿ çâè÷àéíèõ ôóíêöié.

1. Äîäàâàííÿ óçàãàëüíåíèõ ôóíêöié i ìíîæåííÿ íà ÷èñëà. ßêùî f1, f2 ∈
D′ , C1, C2 � êîìïëåêñíi ÷èñëà, òî C1f1 + C2f2 � òàêà óçàãàëüíåíà ôóíêöiÿ

iç D′ , ùî

(C1f1 + 2f2, φ) = C1(f1, φ) + C2(f2, φ) ∀φ ∈ D.

2. Ìíîæåííÿ óçàãàëüíåíî¨ ôóíêöi¨ íà íåñêií÷åííî äèôåðåíöiéîâíó. ßêùî

f ∈ D′ , a ∈ C∞ , òî ðiâíiñòþ

(af, φ) = (f(x), a(x)φ(x)) ∀φ ∈ D

âèçíà÷åíî af ∈ D′ (îñêiëüêè aφ ∈ D ).

Ïðèêëàäè:

1) (xδ(x), φ) = (δ(x), xφ) = 0 = (0, φ) ∀φ ∈ D , òîìó çà îçíà÷åííÿì

ðiâíîñòi óçàãàëüíåíèõ ôóíêöié xδ(x) = 0 ó ïðîñòîði D′ ;

2) (xP 1
x , φ(x)) = (P 1

x , xφ(x)) =
∞∫

−∞

xφ(x)
x dx =

∞∫
−∞

φ(x)dx = (1, φ) ∀φ ∈ D ,

òîìó xP 1
x = 1 ;

3) äëÿ a ∈ C∞ , φ ∈ D ìà¹ìî

(a(x)δ(x), φ(x)) = (δ(x), a(x)φ(x)) = a(0)φ(0) = a(0)(δ(x), φ(x)) =

= (a(0)δ(x), φ(x)) , à îòæå, a(x)δ(x) = a(0)δ(x) .

3. Äèôåðåíöiþâàííÿ óçàãàëüíåíèõ ôóíêöié. ßêùî f ∈ D′ , òî ðiâíiñòþ

(Dγf, φ) = (−1)|γ|(f(x), Dγφ(x)) ∀φ ∈ D

âèçíà÷åíî Dγf ∈ D′ , òàê ùî êîæíà óçàãàëüíåíà ôóíêöiÿ íåñêií÷åííî äèôå-

ðåíöiéîâíà (ó âèçíà÷åíîìó âèùå ñåíñi).

Ïðèêëàäè.

1) Íåõàé θ(x) =

{
1, x > 0

0, x < 0
. Öå çâè÷àéíà ôóíêöiÿ (à îòæå, ïîðîäæó¹

ðåãóëÿðíó óçàãàëüíåíó ôóíêöiþ ç D′(R) ), ÿêó íàçèâàþòü îäèíè÷íîþ ôóíê-

öi¹þ Õåâiñàéäà. Çà îçíà÷åííÿì ïîõiäíî¨ äëÿ äîâiëüíî¨ φ ∈ D ìàòèìåìî

(θ′(x), φ(x)) = −(θ(x), φ′(x)) = −
∞∫

−∞
θ(x)φ′(x)dx =

= −
∞∫
0

φ′(x)dx = φ(0) = (δ, φ) , îòæå, θ′ = δ .

2) (ln|x|)′ = P 1
x . Ñïðàâäi, ((ln|x|)

′, φ) = −(ln|x|, φ′) =
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= − lim
ν→0

[ −ν∫
−∞

ln|x|φ′(x)dx+
∞∫
ν

ln|x|φ′(x)dx
]
=

= − lim
ν→0

[
(ln|x|φ(x))|−ν−∞ −

−ν∫
−∞

φ(x)
x dx+ (ln|x|φ(x))|−∞

ν −
+∞∫
ν

φ(x)
x dx

]
=

= lim
ν→0

[lnνφ(ν)− lnνφ(−ν)] + v.p.
+∞∫
−∞

φ(x)
x dx =

= lim
ν→0

[lnν
(
φ(ν)− φ(−ν)

)
] +

(
P 1
x , φ(x)

)
=

(
P 1
x , φ(x)

)
.

3) ßêùî f(x) � êóñêîâî àáñîëþòíî íåïåðåðâíà ôóíêöiÿ ç ðîçðèâàìè ïåð-

øîãî ðîäó ó òî÷êàõ x1, . . . , xm ∈ R , òî

f ′(x) = {f ′(x)}+
m∑
k=1

hkδ(x− xk) ,

äå {f ′(x)} � ïîõiäíà ôóíêöi¨ f(x) ó çâè÷àéíîìó ðîçóìiííi (âèçíà÷åíà ìàéæå

âñþäè â R ), hk = f(xk + 0)− f(xk − 0) � ñòðèáîê ôóíêöi¨ f(x) ó òî÷öi xk .

Íàïðèêëàä,

f(x) = x2+ :=

{
x2, x > 0

0, x < 0
=> f ′(x) =

{
2x, x > 0

0, x < 0
= 2x+ ,

f(x) =

{
x2 + 1, x > 0

0, x < 0
=>f ′(x) =

{
2x, x > 0

0, x < 0
+ δ(x) = 2x+ + δ(x) .

4) Íåõàé θ(x1, . . . , xn) =

{
1, x1 > 0, . . . , xn > 0

0, â iíøèõ âèïàäêàõ
. Öå ðåãóëÿðíà óçàãàëü-

íåíà ôóíêöiÿ iç D′(Rn) i ∂nθ(x1,...,xn)
∂x1...∂xn

= δ(x1, . . . , xn) = δ(x) .

Ïåðâiñíîþ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ D′(R) íàçèâà¹òüñÿ òàêà y ∈ D′(R) ,
ùî y′ = f ó ïðîñòîði D′(R) . Äëÿ äîâiëüíî¨ f ∈ D′(R) iñíó¹ ïåðâiñíà. Ðiçíèöÿ
äâîõ ïåðâiñíèõ äëÿ f � óçàãàëüíåíà ñòàëà C : (C,φ) = C

∫ +∞
−∞ φ(x)dx äëÿ

êîæíî¨ φ ∈ D(R) .
Ïðèìiòêà. Çà äîïîìîãîþ ôóíêöi¨ Õåâiñàéäà ìîæåìî ïîäàòè âêëþ÷åííÿ

â åëåêòðè÷íå êîëî â ìîìåíò t = 0 ñòàëî¨ íàïðóãè âåëè÷èíè E0 : E(t) =

E0θ(t) , à ¨¨ çìiíà E ′(t) = E0δ(t) . Çà äîïîìîãîþ äåëüòà-ôóíêöi¨ mδ(x − x0)

âèçíà÷àþòü ãóñòèíó ìàñè âåëè÷èíè m , çîñåðåäæåíî¨ â òî÷öi x0 .

Óçàãàëüíåíi ôóíêöi¨ ùå íàçèâàþòü ðîçïîäiëàìè. Öå íå òi ðîçïîäiëè, ùî â

òåîði¨ éìîâiðíîñòi i ñòàòèñòèöi, õî÷ ïåâíèé çâ'ÿçîê ¹. ßê âiäîìî, ôóíêöi¹þ ðîç-

ïîäiëó âèïàäêîâî¨ âåëè÷èíè íàçèâàþòü îáìåæåíó íåñïàäíó íåïåðåðâíó çëiâà
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ôóíêöiþ F (x) :

F (x1) ≤ F (x2), x1 ≤ x2, lim
x→−∞

F (x) = 0, lim
x→+∞

F (x) = 1, lim
x→z−0

F (x) = F (z).

Öå çâè÷àéíà ôóíêöiÿ. Âåëè÷èíó p(t) = F ′(t) íàçèâàþòü ãóñòèíîþ éìîâið-

íîñòi. ßêùî æ âèïàäêîâà âåëè÷èíà ç äîñòîâiðíiñòþ íàáóâà¹ çíà÷åííÿ x0 , òî

F (x) = 0 ïðè x < x0 i F (x) = 1 ïðè x > x0 , òàê ùî F (x) = θ(x − x0) , à

òîäi p(x) = δ(x−x0) . ßêùî âèïàäêîâà âåëè÷èíà íàáóâà¹ çíà÷åííÿ x1, . . . , xn
âiäïîâiäíî iç éìîâiðíîñòÿìè p1, . . . , pn , òî p(x) =

n∑
k=1

pkδ(x− xk) . Òàêîæ õà-

ðàêòåðèñòè÷íîþ ôóíêöi¹þ η äëÿ ãóñòèíè éìîâiðíîñòi p(x) ¹ ¨¨ ïåðåòâîðåííÿ

Ôóð'¹ η(z) = F [p](z) , ÿêå äëÿ çâè÷àéíèõ ôóíêöié p(x) çàãàëîì ¹ óçàãàëüíå-

íîþ ôóíêöi¹þ.

4. Óçàãàëüíåíi ôóíêöi¨, çàëåæíi âiä ïàðàìåòðiâ. Íåõàé Ω = Ω1 × Ω2 ⊂
Rn × Rm , f = f(x, y) (x ∈ Ω1 ⊂ Rn , y ∈ Ω2 ⊂ Rm ) òà f ∈ D′(Ω) . Êàæåìî,

ùî óçàãàëüíåíà ôóíêöiÿ f çàëåæèòü âiä çìiííèõ y ÿê âiä ïàðàìåòðiâ, ÿêùî

äëÿ êîæíî¨ φ ∈ D(Ω1) âèçíà÷åíî (f(x, y), φ(x)) := g(y) .

Óçàãàëüíåíà ôóíêöiÿ f ∈ D′(Ω) íåïåðåðâíî çàëåæèòü âiä çìiííèõ y ∈
Ω2 ⊂ Rm (ÿê âiä ïàðàìåòðiâ), ÿêùî äëÿ êîæíî¨ φ ∈ D(Ω1) âèçíà÷åíî

(f(x, y), φ(x)) := h(y) òà h ∈ C(Ω2) , òîáòî iñíó¹

lim
y→y0

(f(x, y), φ(x)) = (f(x, y0), φ(x)) ∀y0 ∈ Ω2.

Óçàãàëüíåíà ôóíêöiÿ f ∈ D′(Ω) íåñêií÷åííî äèôåðåíöiéîâíà çà çìiííèìè

y ∈ Ω2 ⊂ Rm , ÿêùî äëÿ êîæíî¨ φ ∈ D(Ω1) òà êîæíîãî ìóëüòèiíäåêñó γ

âèçíà÷åíî Dγ(f(x, ·), φ(x)) ∈ C(Ω2) . Ó öüîìó âèïàäêó

Dγ
y (f(x, y), φ(x)) = (Dγ

yf(x, y), φ(x)) ∀φ ∈ D(Ω1).

5. Àñîöiàòèâíèé äîáóòîê íå âèçíà÷åíî äëÿ äîâiëüíèõ óçàãàëüíåíèõ ôóíê-

öié. Ñïðàâäi, ç íàâåäåíèõ âèùå ïðèêëàäiâ îòðèìó¹ìî(
P
1

x
· x

)
· δ(x) =

(
x · P 1

x

)
· δ(x) = 1 · δ(x) = δ(x),

îäíàê P 1
x ·

(
x · δ(x)

)
= P 1

x · 0 = 0 .

6. Ïðÿìèé äîáóòîê óçàãàëüíåíèõ ôóíêöié. ßêùî f ∈ D′(Ω1) , g ∈ D′(Ω2) ,

òî ðiâíiñòþ
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(f(x)g(y), φ(x, y)) =
(
f(x), (g(y), φ(x, y))

)
∀φ ∈ D(Ω) = D(Ω1 × Ω2)

âèçíà÷åíî ïðÿìèé äîáóòîê f(x)g(y) , fg = f · g = f × g ∈ D′(Ω) . Ïðÿìèé

äîáóòîê óçàãàëüíåíèõ ôóíêöié ìà¹ òàêi âëàñòèâîñòi:

ïðÿìèé äîáóòîê êîìóòàòèâíèé: f(x)g(y) = g(y)f(x) ;

ïðÿìèé äîáóòîê íåïåðåðâíî çàëåæèòü âiä ñïiâìíîæíèêiâ:

ÿêùî fk → f (k → ∞ ) ó D′(Ω1) , òî fkg → fg (k → ∞ ) ó D′(Ω) ;

ïðàâèëüíà ôîðìóëà äèôåðåíöiþâàííÿ

Dγ
x(f(x) · g(y)) = Dγ

xf(x) · g(y) ;

ÿêùî f ∈ D′(Ω1) , g ∈ L1,loc(Ω2) (g � ëîêàëüíî iíòåãðîâíà çà Ëåáåãîì

ó Ω2 , òîáòî çâè÷àéíà ó Ω2 ), òî ç êîìóòàòèâíîñòi ïðÿìîãî äîáóòêó âèïëèâà¹

ôîðìóëà (
f(x),

∫
Ω2

g(y)φ(x, y)dy
)
=

∫
Ω2

(
f(x), φ(x, y)

)
g(y)dy

äëÿ êîæíî¨ φ ∈ D(Ω) , ÿêó íàçèâàþòü àíàëîãîì òåîðåìè Ôóáiíi äëÿ óçàãàëü-

íåíèõ ôóíêöié.

7. Çãîðòêà óçàãàëüíåíèõ ôóíêöié.

Çãîðòêîþ çâè÷àéíèõ ôóíêöié f, g íàçèâà¹òüñÿ ôóíêöiÿ

(f ∗ g)(x) =
+∞∫
−∞

f(ξ)g(x− ξ)dξ .

ßêùî f ∈ Lp(Rn) , g ∈ Lq(Rn) , 1/p+ 1/q ≥ 1 , òî iñíó¹ f ∗ g ∈ Lr(Rn) , äå

1/r = 1/p+ 1/q − 1 , ïðè÷îìó

||f ∗ g||Lr
≤ ||f ||Lp

||g||Lq
,

çîêðåìà, r = 1 ïðè p = q = 1 , òàê ùî f ∗ g ∈ L1(Rn) ïðè f, g ∈ L1(Rn) ,

r = ∞ ïðè p = 1 , q = ∞ àáî p = q = 2 .

ßêùî f, g ∈ L1,loc(Rn) i õî÷ îäíà ç íèõ ôiíiòíà, òî iñíó¹ f ∗ g ∈ L1,loc(Rn) .

ßêùî f, g ∈ L1,loc(Rn) i îáèäâi ôóíêöi¨ ìàþòü íîñi¨ íà [0,+∞) , òî iñíó¹

f ∗ g ∈ L1,loc(Rn) , f ∗ g ìà¹ íîñié íà [0,+∞) i âèçíà÷à¹òüñÿ ôîðìóëîþ

(f ∗ g)(x) = θ(x)
x∫
0

f(ξ)g(x− ξ)dξ .

Â óñiõ öèõ âèïàäêàõ çãîðòêà êîìóòàòèâíà.
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Ïðèêëàäè:

1) Ïðè äîäàòíèõ a, b ìà¹ìî

e−ax
2 ∗ e−bx2 =

+∞∫
−∞

e−ay
2

e−b(x−y)
2

dy =
+∞∫
−∞

e
−(a+b)[y2− 2bx

a+by+
b2x2

(a+b)2
]
dy e

b2x2

a+b −bx
2

=

=
+∞∫
−∞

e−(a+b)
(
y− 2bx

a+b

)2

dy e−
ab
a+bx

2

=
+∞∫
−∞

e−(a+b)z2dz e−
ab
a+bx

2

=
√

π
a+b e

− ab
a+bx

2

;

2) [θ(x) sin(x)] ∗ [θ(x)x] = θ(x)
x∫
0

sin(y) (x− y)dy =

= −θ(x) cos(y) (x− y)|y=xy=0 − θ(x)
x∫
0

cos(y)dy = x+ − sin(x+) .

Ïîçíà÷à¹ìî ÷åðåç ∗̂ îïåðàöiþ çãîðòêè óçàãàëüíåíî¨ ôóíêöi¨ g òà îñíîâíî¨

ôóíêöi¨ φ :

(g∗̂φ)(x) = (g(ξ), φ(x+ ξ)).

Âîíà ìà¹ òàêi âëàñòèâîñòi:

1) g ∈ D′ , φ ∈ D => g∗̂φ ∈ C∞ ;

2) g ∈ E ′ , φ ∈ D => g∗̂φ ∈ D ;

3) supp(g∗̂φ) ⊂ suppφ−suppg (àðèôìåòè÷íîþ ñóìîþ ÷è ðiçíèöåþ

ìíîæèí A,B ¹ ìíîæèíè A + B = {a + b : a ∈ A, b ∈ B} , A − B = {a − b :

a ∈ A, b ∈ B} );
4) Dγ(g∗̂φ) = g∗̂Dγφ = (−1)|γ|Dγg∗̂φ ;
5) ÿêùî g ∈ E ′ , φk → 0 ó ïðîñòîði D , òî g∗̂φk → 0 ó D ;

ÿêùî g ∈ D′ , φk → 0 ó ïðîñòîði D , òî g∗̂φk → 0 ó E = C∞ .

Çãîðòêîþ óçàãàëüíåíèõ ôóíêöié f i g íàçèâà¹òüñÿ óçàãàëüíåíà ôóíêöiÿ

f ∗ g , âèçíà÷åíà ôîðìóëîþ
(f ∗ g, φ) = (f, g∗̂φ) äëÿ êîæíî¨ îñíîâíî¨ ôóíêöi¨ φ .

Òåîðåìà 2. ßêùî f, g ∈ D′ i õî÷ îäíà ç íèõ ôiíiòíà, òî iñíó¹ f ∗g ∈ D′ .

Îñíîâíi âëàñòèâîñòi çãîðòêè:

1) çà óìîâè iñíóâàííÿ çãîðòêà f ∗ g ëiíiéíà i êîìóòàòèâíà;

2) supp(f ∗ g) ⊂ suppf + suppg ;

3) ÿêùî fk → f ó ïðîñòîði D′ òà âèêîíó¹òüñÿ îäíà ç óìîâ

a) g ∈ E ′ àáî

á) g ∈ D′ , iñíó¹ êîìïàêò K òàêèé, ùî äëÿ êîæíîãî k ∈ N suppfk ⊂ K ,
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òî fk ∗ g → f ∗ g ó ïðîñòîði D′ (çãîðòêà f ∗ g íåïåðåðâíà);

4) çà óìîâè iñíóâàííÿ f ∗ g ïðàâèëüíà ôîðìóëà äèôåðåíöiþâàííÿ

çãîðòêè

Dγ(f ∗ g) = Dγf ∗ g = f ∗Dγg = Dβf ∗Dγ−βg ;

5) δ ∗ f = f ∗ δ = f , Dγδ ∗ f = Dγf ;

6) f ∈ S ′ , g ∈ E ′ => f ∗ g ∈ S ′ .

Çàóâàæèìî, ùî ôiíiòíiñòü îäíi¹¨ ç êîìïîíåíò çãîðòêè íå ¹ íåîáõiäíîþ óìî-

âîþ iñíóâàííÿ çãîðòêè.

Ïðèêëàäè:

1) f(x) ∗ θ′(x) = f(x) ∗ δ(x) = f(x) ;

2) sinx ∗ δ(k)(x) = sin(k) x ∗ δ(x) = sin(k) x ;

sinx ∗ δ(k)(x− a) = sin(k) x ∗ δ(x− a) = sin(k)(x− a) ;

ñïðàâäi, äëÿ äîâiëüíî¨ îñíîâíî¨ φ(x)(
f(x) ∗ δ(x− a), φ(x)

)
=

(
δ(x− a) ∗ f(x), φ(x)

)
=

=
(
δ(x− a), (f(y), φ(x+ y))

)
= (f(y), φ(a+ y)) = (f(y − a), φ(y)) ,

à òîìó f(x) ∗ δ(x− a) = f(x− a) ;

3) çâ'ÿçîê ìiæ ôóíêöi¹þ ðîçïîäiëó F (x) i ¨¨ ãóñòèíîþ p(x) = F ′(x) ùå

ìîæíà ïîäàòè çà äîïîìîãîþ çãîðòêè F (x) = (θ ∗ p)(x) .

8. Êîìïîçèöiÿ óçàãàëüíåíèõ ôóíêöié. Íåõàé V (Rn)� äåÿêèé ôóíêöiéíèé

ïðîñòið, çîêðåìà, öå ìîæå áóòè D(Rn) , àáî S(Rn) , àáî E(Rn) , F ∈ V ′(Rn) ,

f ∈ D′(Rn × Rn) i íàëåæèòü ïðîñòîðó V (Rn) çà äðóãîþ ÷àñòèíîþ çìiííèõ,

à ñàìå, (f(x, ·), φ(x)) ∈ V (Rn) äëÿ êîæíî¨ φ ∈ D(Rn) , (f(x, ·), φk(x)) → 0 ó

V (Rn) ïðè φk → 0 ó D(Rn) (k → ∞ ).

Êîìïîçèöi¹þ óçàãàëüíåíèõ ôóíêöié F ∈ V ′ òà f íàçèâà¹òüñÿ ([13]) óçà-

ãàëüíåíà ôóíêöiÿ Fof ∈ D′ , âèçíà÷åíà çà ïðàâèëîì

(Fof, φ) = (F (y), (f(x, y), φ(x))) ∀φ ∈ D.

ßêùî f(x, y) = f1(x− y) , òî Fof = F ∗ f , òîìó Fof ìà¹ áàãàòî âëàñòè-

âîñòåé çãîðòêè.

Çàóâàæèìî òàêå: ÿêùî f(x, y) = 0 ïðè x < 0 , òîáòî íàëåæèòü ïðîñòîðó

D′
+ ÿê ôóíêöiÿ ïåðøîãî àðãóìåíòó, òî òàêîæ Fof ∈ V ′

+(R) = V ′(R)∩D′
+(R) .
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1.3 Óçàãàëüíåíèé ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿí-

íÿ, éîãî âëàñòèâîñòi. Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê

Íåõàé

P (x,D) =
∑
|γ|≤m

aγ(x)D
γ

� ëiíiéíèé äèôåðåíöiàëüíèé âèðàç ïîðÿäêó m , aγ ∈ C∞(Rn) , |γ| ≤ m .

Ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ

P (x,D)u = f(x), f ∈ D′(Rn) (1.3)

ó ïðîñòîði D′(Rn) (óçàãàëüíåíèì ðîçâ'ÿçêîì ðiâíÿííÿ) íàçèâà¹òüñÿ óçàãàëü-

íåíà ôóíêöiÿ u ∈ D′(Rn) , ùî çàäîâîëüíÿ¹ òîòîæíiñòü

(P (x,D)u, φ) = (f, φ) ∀φ ∈ D(Rn),

òîáòî

(u, P ∗(x,D)φ) = (f, φ) ∀φ ∈ D(Rn), (1.4)

äå P ∗(x,D) � ôîðìàëüíî ñïðÿæåíèé âèðàç äî P (x,D) :

(P (x,D)u, φ) = (u, P ∗(x,D)φ) äëÿ äîâiëüíî¨ φ ∈ D(Rn) .

Âèêîðèñòîâóþ÷è îçíà÷åííÿ îñíîâíèõ îïåðàöié ó ïðîñòîði D′(Rn) , çíàõî-

äèìî

P ∗(x,D)φ =
∑
|γ|≤m

(−1)|γ|Dγ(aγφ).

Çà îçíà÷åííÿì (1.4) çíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó u çàäàíî íà ìíî-

æèíi

{ψ ∈ D(Rn) : ψ(x) = P ∗(x,D)φ(x) , äå φ ∈ D(Rn)} .

Ùîá ðîçâ'ÿçàòè ðiâíÿííÿ, òðåáà ïðîäîâæèòè ôóíêöiîíàë iç öi¹¨ ìíîæèíè

íà âåñü ïðîñòið D(Rn) .

Êëàñè÷íèì (àáî ðåãóëÿðíèì) ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ (1.3)

íàçèâà¹òüñÿ ôóíêöiÿ u ∈ Cm(Rn) , ÿêà çàäîâîëüíÿ¹ òîòîæíiñòü

P (x,D)u(x) ≡ f(x), x ∈ Rn.

Çðîçóìiëî, äëÿ öüîãî íåîáõiäíî, ùîá f ∈ C(Rn) .
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Êîæíèé êëàñè÷íèé ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ (1.3) ¹ éîãî óçà-

ãàëüíåíèì ðîçâ'ÿçêîì. ßêùî f ∈ C(Rn) , u ∈ D′(Rn) ∩ Cm(Rn) òà ¹ óçà-

ãàëüíåíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1.3), òî u � êëàñè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ

(1.3).

Ïåðøå òâåðäæåííÿ î÷åâèäíå. ßêùî æ u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì ðiâ-

íÿííÿ (1.3), òî

(P (·, D)u− f, φ) = 0 äëÿ äîâiëüíî¨ φ ∈ D(Rn) .

Çà óìîâ òåîðåìè

P (·, D)u− f ∈ C(Rn) ⊂ L1,loc(Rn) .

Òîäi çà ëåìîþ Äþáóà-Ðåéìîíà

P (x,D)u(x)− f(x) = 0 ìàéæå âñþäè â Rn ,

à ïîçàÿê P (·, D)u− f ∈ C(Rn) , òî P (x,D)u(x)− f(x) ≡ 0 , x ∈ Rn .

Âiäîìî, ùî

ëiíiéíi íîðìàëüíi çâè÷àéíi îäíîðiäíi äèôåðåíöiàëüíi ðiâíÿííÿ (ç íåñêií-

÷åííî äèôåðåíöiéîâíèìè êîåôiöi¹íòàìè) ó ïðîñòîði óçàãàëüíåíèõ ôóíêöié íå

ìàþòü iíøèõ ðîçâ'ÿçêiâ, êðiì êëàñè÷íèõ.

Ëiíiéíi îäíîðiäíi ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè (íàâiòü iç íåñêií÷åí-

íî äèôåðåíöiéîâíèìè êîåôiöi¹íòàìè) ìîæóòü ìàòè ñèíãóëÿðíi ðîçâ'ÿçêè ó

ïðîñòîði óçàãàëüíåíèõ ôóíêöié.

Ôóíäàìåíòàëüíîþ ôóíêöi¹þ äèôåðåíöiàëüíîãî îïåðàòîðà P (x,D) íàçè-

âà¹òüñÿ ðîçâ'ÿçîê ω(x, y) ó ïðîñòîði D′(Rn) ðiâíÿííÿ

P (x,D)ω(x, y) = δ(x− y), y ∈ Rn. (1.5)

Éîãî ùå íàçèâàþòü ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ.

Çàóâàæèìî, ùî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê âèçíà÷à¹òüñÿ íåîäíîçíà÷íî.

ßêùî ω � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1.5), ω0 � ðîçâ'ÿçîê

âiäïîâiäíîãî ëiíiéíîãî îäíîðiäíîãî ðiâíÿííÿ, òî ω + ω0� òàêîæ ôóíäàìåí-

òàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1.5):

P (x,D)(ω(x, y) + ω0(x, y)) = P (x,D)ω(x, y) + P (x,D)ω0(x, y) = δ(x− y) .

ßêùî êîåôiöi¹íòè ðiâíÿííÿ ñòàëi, òî äèôåðåíöiàëüíèé îïåðàòîð ïîçíà÷à-

òèìåìî P (D) . ßêùî ω(x) � ðîçâ'ÿçîê ðiâíÿííÿ

P (D)ω = δ(x), (1.6)
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òî ω(x− y) � ðîçâ'ÿçîê ðiâíÿííÿ

P (D)ω = δ(x− y).

Òîìó ôóíäàìåíòàëüíîþ ôóíêöi¹þ äèôåðåíöiàëüíîãî îïåðàòîðà P (D) çi ñòà-

ëèìè êîåôiöi¹íòàìè íàçèâàþòü óçàãàëüíåíèé ðîçâ'ÿçîê ðiâíÿííÿ (1.6).

Òåîðåìà 3. Äëÿ íåòðèâiàëüíîãî äèôåðåíöiàëüíîãî îïåðàòîðà çi ñòàëèìè

êîåôiöi¹íòàìè ôóíäàìåíòàëüíà ôóíêöiÿ iñíó¹.

Öÿ äóæå çàãàëüíà òà âàæëèâà òåîðåìà, îðèãiíàëüíi äîâåäåííÿ Õåðìàíäå-

ðîì (òàêîæ Ìàëüãðàíæåì) çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹ íàâåäåíi ó [??]

òà iíøèõ ïiäðó÷íèêàõ. Âîíà ïîøèðåíà íà îêðåìi êëàñè ðiâíÿíü çi çìiííèìè

ãëàäêèìè êîåôiöi¹íòàìè. ß.Á. Ëîïàòèíñüêîìó [11] íàëåæèòü ïîøèðåííÿ òåî-

ðåìè íà ðiâíÿííÿ òà ñèñòåìè ðiâíÿíü çi çìiííèìè ãëàäêèìè êîåôiöi¹íòàìè

åëiïòè÷íîãî òèïó (äèâ. òàêîæ [2]), Ñ.Ä. Åéäåëüìàíó [34] � íà ðiâíÿííÿ òà

ñèñòåìè ðiâíÿíü ïàðàáîëi÷íîãî òèïó.

Âàæëèâå çíà÷åííÿ ôóíäàìåíòàëüíî¨ ôóíêöi¨ äèôåðåíöiàëüíîãî îïåðàòîðà

âèäíî ç òàêî¨ òåîðåìè.

Òåîðåìà 4. Íåõàé f ∈ D′(Rn) , ω � ôóíäàìåíòàëüíà ôóíêöiÿ äèôåðåí-

öiàëüíîãî îïåðàòîðà P (D) òà iñíó¹ çãîðòêà ω ∗ f . Òîäi ôóíêöiÿ

u = ω ∗ f

¹ ðîçâ'ÿçêîì ðiâíÿííÿ

P (D)u = f.

Ðîçâ'ÿçîê ¹äèíèé ó êëàñi {u ∈ D′(Rn) : iñíó¹ ω ∗ u} .
Äîâåäåííÿ. Çà ëiíiéíiñòþ òà ïðàâèëîì äèôåðåíöiþâàííÿ çãîðòêè îäåðæó-

¹ìî

P (D)(ω ∗ f) =
∑

|γ|≤m
aγD

γ(ω ∗ f) =
∑

|γ|≤m
aγ(D

γω ∗ f) =

= (
∑

|γ|≤m
aγD

γω) ∗ f = (P (D)ω) ∗ f = δ ∗ f = f .

ßêùî ¹ äâà ðîçâ'ÿçêè u1, u2 , u = u1 − u2 , òî P (D)u = 0 , i òîäi

u = δ ∗ u = (P (D)ω) ∗ u = P (D)(ω ∗ u) = ω ∗ (P (D)u) = ω ∗ 0 = 0 .

Çãîðòêè ç ôóíäàìåíòàëüíîþ ôóíêöi¹þ íàçèâàþòüñÿ ïîòåíöiàëàìè.

Òåîåðåìà 4 ïîøèðþ¹òüñÿ íà ëiíiéíi ðiâíÿííÿ ç äðîáîâèìè ïîõiäíèìè, à çà

äîïîìîãîþ îïåðàöi¨ êîìïîçèöi¨ óçàãàëüíåíèõ ôóíêöié çàìiñòü îïåðàöi¨ çãîð-

òêè íà ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòàìè.
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Ôóíäàìåíòàëüíó ôóíêöiþ çâè÷àéíîãî ëiíiéíîãî äèôåðåíöiàëüíîãî îïåðà-

òîðà

P (x,
d

dx
) =

m∑
k=0

ak(x)
dm−k

dxm−k , ak ∈ C∞(R), a0(x) ̸= 0

ìîæíà áóäóâàòè ìåòîäîì âàðiàöi¨ ñòàëèõ, òîáòî ó âèãëÿäi

u =
m∑
j=1

Cj(x)uj(x), (1.7)

äå u1(x), . . . , um(x) � ëiíiéíî íåçàëåæíi ðîçâ'ÿçêè âiäïîâiäíîãî ëiíiéíîãî îä-

íîðiäíîãî ðiâíÿííÿ

P (x,
d

dx
)u = 0, (1.8)

C1(x), . . . , Cm(x) � íåâiäîìi óçàãàëüíåíi ôóíêöi¨. Îñêiëüêè uj ∈ C∞(R) ,
òî ôóíêöiÿ (1.7) âèçíà÷åíà. Äëÿ çíàõîäæåííÿ íåâiäîìèõ C ′

1(x), . . . , C
′
m(x)

îäåðæó¹ìî ñèñòåìó
m∑
j=1

C ′
j(x)uj(x) = 0

m∑
j=1

C ′
j(x)u

′
j(x) = 0

. . .
m∑
j=1

C ′
j(x)u

(m−2)
j (x) = 0

m∑
j=1

C ′
j(x)u

(m−1)
j (x) = f(x)

a0(x)

iç âiäìiííèì âiä íóëÿ âèçíà÷íèêîì Âðîíñüêîãî.

Ó âèïàäêó ñòàëèõ êîåôiöi¹íòiâ ak äîöiëüíî øóêàòè ôóíäàìåíòàëüíó

ôóíêöiþ îïåðàòîðà P ( ddx) ó âèãëÿäi

ω(x) = θ(x)u(x), (1.9)

äå u(x) � ðîçâ'ÿçîê çàäà÷i Êîøi

P ( ddx)u(x) = 0,

u(0) = 0, u′(0) = 0, . . . , u(m−2)(0) = 0, u(m−1)(0) = a−1
0 .

Ó öüîìó ïiäðîçäiëi øóêà¹ìî "ãîëîâíi"ôóíäàìåíòàëüíi ôóíêöi¨, òîáòî áåç

äîäàíêà, ùî ¹ ðîçâ'ÿçêîì âiäïîâiäíîãî ëiíiéíîãî îäíîðiäíîãî ðiâíÿííÿ.
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Ç'ÿñó¹ìî, ùî ôóíêöiÿ (1.9) ¹ ôóíäàìåíòàëüíîþ ôóíêöi¹þ îïåðàòîðà

P ( ddx) . Îá÷èñëþ¹ìî

ω′(x) = θ′(x)u(x) + θ(x)u′(x) = δ(x)u(x) + θ(x)u′(x) = δ(x)u(0) +

θ(x)u′(x) = θ(x)u′(x) ,

ω
′′
(x) = (θ(x)u′(x))′ = θ′(x)u′(x) + θ(x)u

′′
(x) = δ(x)u′(x) + θ(x)u

′′
(x) =

δ(x)u′(0) + θ(x)u
′′
(x) = θ(x)u

′′
(x) ,

ω(l)(x) = θ(x)u(l)(x) , l ≤ m− 1 ,

ω(m)(x) = δ(x)u(m−1)(0) + θ(x)u(m)(x) = δ(x)a−1
0 + θ(x)u(m)(x) .

Ïiäñòàâëÿþ÷è îá÷èñëåíi ïîõiäíi ó ðiâíÿííÿ, îòðèìà¹ìî

P ( ddx)ω(x) = δ(x) + θ(x)P ( ddx)u(x) = δ(x) .

Ïðèêëàäè:

1) Ðîçâ'ÿæåìî ðiâíÿííÿ

ω′ + a2ω = δ(x).

Éîãî ðîçâ'ÿçîê (ôóíäàìåíòàëüíó ôóíêöiþ) øóêà¹ìî ó âèãëÿäi (1.9). Äëÿ u

îäåðæàëè çàäà÷ó Êîøi

u′ + a2u = 0, u(0) = 1.

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ u(x) = Ce−a
2x (C � äîâiëüíà ñòàëà). Ç ïî÷àò-

êîâî¨ óìîâè C = 1 . Îòæå, ω(x) = θ(x)e−a
2x .

2) Ðîçâ'ÿæåìî ðiâíÿííÿ ω
′′
+a2ω = δ(x) . Éîãî ðîçâ'ÿçîê (ôóíäàìåíòàëüíó

ôóíêöiþ) øóêà¹ìî ó âèãëÿäi (1.9). Äëÿ u îòðèìà¹ìî çàäà÷ó Êîøi

u
′′
+ a2u = 0, u(0) = 0, u′(0) = 1.

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ u(x) = C1 cos(ax) + C2 sin(ax) (C1, C2 � äî-

âiëüíi ñòàëi). Ç ïî÷àòêîâèõ óìîâ C1 = 0 , C2 =
1
a . Îòæå,

ω(x) =
θ(x) sin(ax)

a
.

3) ßêùî ðîçãëÿíóòè åëåêòðè÷íå êîëî ç ïîñëiäîâíî âêëþ÷åíèìè îïîðîì R ,

iíäóêòèâíiñòþ ïðîâiäíèêà L i ¹ìíiñòþ C , òî ïðè âêëþ÷åííi â ìîìåíò t = 0

ñòàëî¨ íàïðóãè âåëè÷èíè E0 ñèëà ñòðóìó I(t) çàäîâîëüíÿ¹ ðiâíÿííÿ

LI
′′
+RI ′ +

1

C
I = E0δ(t).
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Ðîçâ'ÿçàòè ðiâíÿííÿ.

Åôåêòèâíèìè äëÿ ïîáóäîâè ôóíäàìåíòàëüíèõ ôóíêöié îïåðàòîðiâ iç ÷à-

ñòèííèìè ïîõiäíèìè ¹ iíòåãðàëüíi ïåðåòâîðåííÿ Ôóð'¹ i Ëàïëàñà [42]. Ïîêà-

æåìî öå ó ðîçäiëi 3.

1.4 Àëãåáðà çãîðòêè D′
+ i äðîáîâå äèôåðåíöiþâàííÿ

Íåõàé D′
+(R) = {f ∈ D′(R) : f = 0 ïðè t < 0} .

Öå ïðîñòið óçàãàëüíåíèõ ôóíêöié ç íîñiÿìè íà [0,∞) .

ßêùî f ∈ D′
+(R) , òî f ′ ∈ D′

+(R) , af ∈ D′
+(R) äëÿ äîâiëüíî¨ a ∈ C∞ .

ßêùî f1, f2 ∈ D′
+(R) , òî C1f1 + C2f2 ∈ D′

+(R) äëÿ äîâiëüíèõ ÷èñåë C1, C2 .

Òåîðåìà 5. Äëÿ f ∈ D′
+ iñíó¹ ¹äèíà ïåðâiñíà u ∈ D′

+ .

Äîâåäåííÿ. ßêùî u1, u2� äâi ïåðâiñíi ç D′
+ , òî u1 − u2 = C ∈ D′

+ , àëå

C� ñòàëà. Îòæå, C = 0 . �äèíiñòü ïåðâiñíî¨ ç'ÿñîâàíî. Ó [??] äîâåäåíî, ùî

óçàãàëüíåíà ôóíêöiÿ

(u, φ) = (f(x),−
x∫

−∞

φ(ξ)dξ) ∀φ ∈ D

¹ ïåðâiñíîþ ôóíêöi¨ f . Ñïðàâäi,

(u′, φ) = −(u, φ′) = (f(x), (
x∫

−∞
φ(ξ)dξ)′) = (f, φ) .

Äîâåäåìî, ùî u ∈ D′
+ . ßêùî suppφ ⊂ (−∞, 0) , òî òàêîæ suppψ ⊂

(−∞, 0) , äå ψ(x) =
x∫

−∞
φ(ξ)dξ . Òîäi (f, ψ) = 0 , çâiäêè (u, φ) = 0 .

Ïîçàÿê δ ∈ D′
+ , òî çà òåîðåìîþ 5 ìà¹ìî ¹äèíiñòü ôóíäàìåíòàëüíîãî

ðîçâ'ÿçêó çâè÷àéíîãî ëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ çi ñòàëèìè êîå-

ôiöi¹íòàìè ó ïðîñòîði D′
+ .

Òåîðåìà 6. ßêùî f, g ∈ D′
+ , òî iñíó¹ f ∗g ∈ D′

+ . Çãîðòêà êîìóòàòèâíà

i àñîöiàòèâíà.

Iç âðàõóâàííÿì öi¹¨ òåîðåìè ïðîñòið D′
+(R) ¹ êîìóòàòèâíîþ òà àñîöiàòèâ-

íîþ àëãåáðîþ çãîðòêè (îïåðàöi¹þ "ìíîæåííÿ"åëåìåíòiâ f, g ¹ ¨õíÿ çãîðòêà,

îäèíè÷íèì åëåìåíòîì ¹ δ -ôóíêöiÿ Äiðàêà).

Âèêîðèñòîâó¹ìî ôóíêöiþ fλ ∈ D′
+(R) :

fλ(t) =
θ(t)tλ−1

Γ(λ) ïðè λ > 0 i fλ(t) = f ′1+λ(t) ïðè λ ≤ 0,
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äå θ(t)� îäèíè÷íà ôóíêöiÿ Õåâiñàéäà, Γ(λ) � ãàìà-ôóíêöiÿ. Ïîêàæåìî ïðà-

âèëüíiñòü òàêèõ ñïiââiäíîøåíü [3] (c. 87):

fλ ∗ fµ = fλ+µ , fλ∗̂fµ = fλ+µ .

1) λ > 0, µ > 0 => (fλ ∗ fµ)(t) = θ(t)
Γ(λ)Γ(µ)(t

λ−1 ∗ tµ−1) =

= θ(t)
Γ(λ)Γ(µ)

t∫
0

τλ−1(t− τ)µ−1dτ = θ(t)
Γ(λ)Γ(µ)t

λ+µ−1
1∫
0

zλ−1(1− z)µ−1dz =

= θ(t)
Γ(λ)Γ(µ)t

λ+µ−1B(λ, µ) = θ(t)
Γ(λ)Γ(µ)t

λ+µ−1 Γ(λ)Γ(µ)
Γ(λ+µ) = θ(t)

Γ(λ+µ)t
λ+µ−1 = fλ+µ ,

äå B(λ, µ) � áåòà-ôóíêöiÿ;

2) λ > 0, µ < 0, µ+ k > 0 =>

(fλ ∗ fµ)(t) = (fλ ∗ f (k)µ+k)(t) = (fλ ∗ fµ+k)(k)(t) = f
(k)
λ+µ+k(t) = fλ+µ ;

iíøi âèïàäêè àíàëîãi÷íi.

Çàóâàæèìî, ùî

f1(t) = θ(t) , f0(t) = δ(t) , f−1(t) = f ′0(t) = δ′(t) ,

f−n(t) = f
(n)
0 (t) = δ(n)(t) ïðè n ∈ N ,

à òîäi

(f−n ∗ g)(t) = (δ(n) ∗ g)(t) = g(n)(t) äëÿ äîâiëüíî¨ g ∈ D′
+ .

Âðàõîâóþ÷è îñòàííié ôàêò, ìîæåìî âèçíà÷àòè ïîõiäíó äðîáîâîãî ïîðÿäêó

β > 0 (ïîõiäíó Ðiìàíà-Ëióâiëëÿ) ôóíêöi¨ v ∈ D′
+ ôîðìóëîþ

v(β)(t) = f−β(t) ∗ v(t) ,
çîêðåìà, ïðè β ∈ (n− 1, n) i ðåãóëÿðíié v , âðàõîâóþ÷è, ùî

f−β(t) ∗ v(t) = f
(n)
n−β(t) ∗ v(t) =

(
fn−β(t) ∗ v(t)

)(n)
,

ìàòèìåìî

v(β)(t) =
dn

dtn

t∫
0

fn−β(t− τ)v(τ)dτ,

ìîæåìî âèçíà÷àòè ïåðâiñíó äðîáîâîãî ïîðÿäêó β > 0 ôóíêöi¨ v ∈ D′
+

Iβ(t) = fβ(t) ∗ v(t) ,

à ïðè ãëàäêié v ç íîñi¹ì íà [0,∞) ïîõiäíó Âåéëÿ fβ(t)∗̂v(t) ïîðÿäêó β

fβ(t)∗̂v(t) =
+∞∫
t

fβ(τ − t)v(τ)dτ.
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Çàóâàæèìî, ùî òàêîæ

f−β(t) ∗ v(t) = f
(n)
n−β(t) ∗ v(t) = fn−β(t) ∗ v(n)(t),

à îòæå,

v(β)(t) = fn−β(t) ∗ v(n)(t),

äå ïîõiäíó ðîçóìi¹ìî â óçàãàëüíåíîìó ñåíñi.

Ïîõiäíó Äæðáàøÿíà-Íåðñåñÿíà-Êàïóòî (ðåãóëÿðèçîâàíó äðîáîâó ïîõiäíó)

ïîðÿäêó β ∈ (n− 1, n) âèçíà÷àþòü ôîðìóëîþ

CDβv(t) = fn−β(t) ∗ {v(n)(t)} =
t∫
0

fn−β(t− τ){v(n)(τ)}dτ .

Òóò i äàëi ÷åðåç {v(n)} ïîçíà÷àòèìåìî ïîõiäíó ôóíêöi¨ v ïîðÿäêó n ó êëà-

ñè÷íîìó ðîçóìiííi. ßê áà÷èìî, â îçíà÷åííi CDβv ïðè ðåãóëÿðíié v âiäñóòíi

ñèíãóëÿðíi äîäàíêè ç ïîïåðåäíüî¨ ôîðìóëè. Äàëi äåòàëüíiøå îáãðóíòó¹ìî ¨¨

íàçâó � ðåãóëÿðèçîâàíà äðîáîâà ïîõiäíà.

Ïðèêëàäè:

1(β) = θ(β)(t) = f−β ∗ f1(t) = f1−β(t) , àëå CDβ1 = 0 ;

Iβt
γ
+ = 1

Γ(β)

t∫
0

(t− τ)β−1τ γdτ = [τ = tz] = tγ+β

Γ(β)

1∫
0

(1− z)β−1zγdz =

= tγ+β

Γ(β)B(γ + 1, β) = Γ(γ+1)
Γ(γ+1+β)t

γ+β, β > 0, γ > −1, t > 0 .

Çâ'ÿçîê ìiæ ïîõiäíèìè Ðiìàíà-Ëióâiëÿ i Äæðáàøÿíà-Íåðñåñÿíà-Êàïóòî:

1) β ∈ (0, 1) =>

v(β)(t) = f−β(t) ∗ v(t) = f ′1−β(t) ∗ v(t) =
(
f1−β(t) ∗ v(t)

)′
=

= f1−β(t) ∗ v′(t) = f1−β(t) ∗ [{v′(t)}+ δ(t)v(0)]

= f1−β(t) ∗ {v′(t)}+ f1−β(t) ∗ δ(t)v(0) =C Dβv(t) + f1−β(t)v(0) ;

Çãàäà¹ìî, ùî

CDβv(t) = f1−β(t) ∗ {v′(t)} = 1
Γ(1−β)

t∫
0

(t− τ)−β{v′(τ)}dτ .

Îòæå,

CDβv(t) = v(β)(t)− f1−β(t)v(0) .

2) β ∈ (1, 2) =>
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v(β)(t) = f−β(t) ∗ v(t) = f ′′2−β(t) ∗ v(t) =

=
(
f2−β(t) ∗ v(t)

)′′ = f2−β(t) ∗ v′′(t) =

= f2−β(t) ∗
(
{v′(t)}+ v(0)δ(t)

)′
=

= f2−β(t) ∗
(
{v′′(t)}+ v′(0)δ(t) + v(0)δ′(t)

)
=

= f2−β(t) ∗ {v′′(t)}+ f2−β(t)v
′(0) + f ′2−β(t)v(0) =

= f2−β(t) ∗ {v′′(t)}+ f1−β(t)v(0) + f2−β(t)v
′(0) ;

Çãàäà¹ìî, ùî

CDβv(t) = f2−β(t) ∗ {v′′(t)} = 1
Γ(2−β)

t∫
0

(t− τ)1−β{v′′(τ)}dτ .

Îòæå,

CDβv(t) = v(β)(t)− f1−β(t)v(0)− f2−β(t)v
′(0) .

3) ßñíî, ùî

(Iβv(t))
(β) = f−β(t) ∗

(
fβ(t) ∗ v(t)

)
= (f−β ∗ fβ)(t) ∗ v(t) = v(t) ,

Iβ(v
(β)(t)) = fβ(t) ∗

(
f−β(t) ∗ v(t)

)
= (fβ ∗ f−β)(t) ∗ v(t) = v(t) .

Ïîêàçàòè, ùî ïðè β ∈ (0, 1)

CDβ(Iβv(t)) = v(t), Iβ(
CDβv(t)) = v(t)− v(0)

(àíàëîã d
dt

t∫
0

v(τ)dτ = v(t) ,
t∫
0

v′(τ)dτ = v(t)− v(0) ).

4) Àíàëîã ôîðìóëè Ãðiíà (ôîðìóëà iíòåãðóâàííÿ ÷àñòèíàìè):

ïðè β ∈ (0, 1) çà óìîâè v(t) = 0 ïðè t ≥ T ìà¹ìî
T∫
0

CDβu vdt =
T∫
0

[u(β) − f1−β(t)u(0)] vdt =

=
T∫
0

(f1−β ∗ u)′(t)v(t)dt−
T∫
0

f1−β(t)u(0)v(t)dt =

= (f1−β ∗ u)(t)v(t)|T0 −
T∫
0

(f1−β ∗ u)(t)v′(t)dt−
T∫
0

f1−β(t)u(0)v(t)dt =

= −
T∫
0

(
1

Γ(1−β)

τ∫
0

(t− τ)−βu(τ)dτ
)
v′(t)dt−

T∫
0

f1−β(t)u(0)v(t)dt =

= −
T∫
0

(
1

Γ(1−β)

T∫
τ

(t− τ)−βv′(t)dt
)
u(τ)dτ −

T∫
0

f1−β(t)u(0)v(t)dt =

= −
T∫
0

(
1

Γ(1−β)

T−τ∫
0

s−βv′(s+ τ)ds
)
u(τ)dτ −

T∫
0

f1−β(t)u(0)v(t)dt =
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= −
T∫
0

u(τ)
(
f1−β∗̂v′)(τ)

)
dτ −

T∫
0

f1−β(t)u(0)v(t)dt =

=
T∫
0

u(τ)
(
f ′1−β∗̂v)(τ)

)
dτ −

T∫
0

f1−β(t)u(0)v(t)dt =

=
T∫
0

u(t)
(
f−β∗̂v)(t)

)
dt−

T∫
0

f1−β(t)u(0)v(t)dt ,

à îòæå,
T∫
0

CDβu vdt =
T∫
0

u
(
f−β∗̂v

)
dt−

T∫
0

f1−β(t)u(0)v(t)dt .

Ïðèìiòêà:
T∫

0

u(β) vdt =

T∫
0

u
(
f−β∗̂v

)
dt,

òîáòî
T∫

0

(f−β ∗ u) vdt =
T∫

0

u
(
f−β∗̂v

)
dt,

òàêîæ

u(β) =
dn

dxn
(
In−βu

)
.

Ïðèêëàäè: Îá÷èñëèìî

1) (x+)
(2/3) = f−2/3(x) ∗ x+ = f−2/3(x) ∗ f2(x) = f2− 2

3
(x) = f4/3(x) ;

2) g(1/4)(x) = f−1/4(x) ∗ g(x) = f ′5/4(x) ∗ g(x) = f5/4(x) ∗ g′(x) =
(f5/4 ∗ g)′(x) ;

3) CD1/2g(x) = g(1/2)(x)− f1− 1
2
(x)g(0) = (f−1/2 ∗ g)(x)− f1/2(x)g(0) =

= (f1/2 ∗ g)′(x)− f1/2(x)g(0) , çîêðåìà,
CD1/2x+ = (f1/2 ∗ x+)′(x) = (f1/2 ∗ f2)′(x) = f ′5/2(x) = f3/2(x) .

Äðîáîâå iíòåãðóâàííÿ i äèôåðåíöiþâàííÿ âiä çâè÷àéíèõ ôóíêöié ìîæíà

ïîøèðèòè i íà áåçìåæíèé ïðîìiæîê, íàêëàäàþ÷è âèìîãó çáiæíîñòi íåâëàñíèõ

iíòåãðàëiâ, à ñàìå,

(Iβu)(x) =
1

Γ(β)

x∫
−∞

f(y)(x− y)β−1dy

àáî

(Iβu)(x) =
1

Γ(β)

+∞∫
x

f(y)(x− y)β−1dy.
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Öi iíòåãðàëè é ïîõiäíi âèêîðèñòîâóþòü ó òåîði¨ ðîçïîäiëiâ âèïàäêîâî¨ âå-

ëè÷èíè. Íàãàäà¹ìî, ùî ôóíêöi¹þ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè íàçèâàþòü

îáìåæåíó íåñïàäíó íåïåðåðâíó çëiâà ôóíêöiþ F (x) , òàêó ùî

lim
x→−∞

F (x) = 0, lim
x→+∞

F (x) = 1, lim
x→z−0

F (x) = F (z).

Éìîâiðíiñíîþ ìiðîþ âèïàäêîâî¨ âåëè÷èíè ξ ¹ P (ξ < x) = F (x) . ßêùî âîíà

àáñîëþòíî íåïåðåðâíà çà Ëåáåãîì, òî iñíó¹ ôóíêöiÿ ãóñòèíè p(x) òàêà, ùî

F (x) =
x∫

−∞
p(y)dy = 1−

+∞∫
x

p(y)dy,

(âðàõîâàíî, ùî
+∞∫
−∞

p(y)dy = 1 ).

Ìîæíà äëÿ ôóíêöi¨ ãóñòèíè ç íîñi¹ì íà âiäðiçêó [a, b] âèçíà÷èòè ôóíêöiþ

ðîçïîäiëó ôîðìóëîþ

F (x) =


0, x ≤ a

(Iβp)(x), a < x ≤ b

1, x > b

i íàâïàêè, ÿêùî ôóíêöiÿ ðîçïîäiëó F (x) âiäîìà, òî p(x) = F (β)(x) .

Äðîáîâå äèôåðåíöiþâàííÿ i äðîáîâi ïðîñòîðè Ñîáîë¹âà.

Ìè çíà¹ìî, ùî ïðîñòîðè Ñîáîë¹âà (ïðîñòîðè áåñåëåâèõ ïîòåíöiàëiâ [25] (c.

79) ïðè p > 1 ) äëÿ äîâiëüíîãî s ∈ R âèçíà÷àþòüñÿ òàê:

Hs,p(Rn) =
{
v ∈ S ′(Rn) : ∥v∥Hs,p(Rn) =

∥∥F−1[(1 + |ξ|2) s
2Fv]

∥∥
Lp(Rn)

<∞
}
,

à äëÿ îáìåæåíèõ îáëàñòåé çà äîïîìîãîþ îïåðàöi¨ ¨õ çâóæåííÿ íà îáëàñòü.

Ìîæíà öi ïðîñòîðè íà iíòåðâàëi âèçíà÷àòè çà äîïîìîãîþ ïîõiäíèõ äðîáîâîãî

ïîðÿäêó [33].

Êîíòðîëüíi çàïèòàííÿ.

1. Äàòè îçíà÷åííÿ çãîðòêè çâè÷àéíèõ ôóíêöié.

2. Ñôîðìóëþâàòè äîñòàòíi óìîâè iñíóâàííÿ çãîðòêè çâè÷àéíèõ ôóíêöié.

3. Äàòè îçíà÷åííÿ çãîðòêè óçàãàëüíåíèõ ôóíêöié.

4. ßêi äîñòàòíi óìîâè iñíóâàííÿ çãîðòêè óçàãàëüíåíèõ ôóíêöié?

5. ×îìó ïðîñòið D′
+(R) ¹ àëãåáðîþ?

6. ßêi ¹ îïåðàòîðè äðîáîâîãî äèôåðåíöiþâàííÿ òà iíòåãðóâàííÿ, ÿêi ¨õíi

îñíîâíi âëàñòèâîñòi?
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7. Äàòè îçíà÷åííÿ ïîõiäíî¨ Ðiìàíà-Ëióâiëÿ äðîáîâîãî ïîðÿäêó β > 0 . Çà-

ïèñàòè ÷åðåç iíòåãðàë äëÿ ðåãóëÿðíî¨ ôóíêöi¨ ïðè β ∈ (0, 1) , β ∈ (1, 2) .

8. Äàòè îçíà÷åííÿ ïîõiäíî¨ Äæðáàøÿíà-Êàïóòî äðîáîâîãî ïîðÿäêó β > 0 .

Çàïèñàòè ÷åðåç iíòåãðàë äëÿ ðåãóëÿðíî¨ ôóíêöi¨ ïðè β ∈ (0, 1) , β ∈ (1, 2) .

9. ßêèé çâ'ÿçîê ìiæ ïîõiäíèìè Ðiìàíà-Ëióâiëÿ i Äæðáàøÿíà-Êàïóòî äðî-

áîâîãî ïîðÿäêó β ∈ (0, 1) , β ∈ (1, 2) ?

10. Âèâåñòè ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè äëÿ ïîõiäíèõ äðîáîâîãî ïî-

ðÿäêó
T∫
0

CDβu vdt =
T∫
0

u
(
f−β∗̂v

)
dt−

−
T∫
0

f1−β(t)u(0)v(t)dt−
T∫
0

f2−β(t)u
′(0)v(t)dt .

Âïðàâè. Ïîêàçàòè, ùî:

1) xa+ ∗ xb+ = xa+b+1
+ B(a+ 1, b+ 1) (xa+ = θ(x)xa );

2) eaxf(x) ∗ eaxg(x) = eax(f ∗ g)(x) , f, g ∈ L1,loc(R) ∩D′
+ ;

3) δ(k)(x− a) ∗ δ(m)(x− b) = δ(k+m)(x− a− b) ;

4) sinx+ ∗ cosx+ = 1
2x+ sinx+ ;

5) sinx+ ∗ sinx+ = 1
2x+ cosx+ ;

6) aπ
x2+a2 ∗

bπ
x2+b2 =

(a+b)π
x2+(a+b)2 ;

7) fa(x)ecx ∗ fb(x)ecx = fa+b(x)e
cx ;

8)
(
f(x) · δ(t)

)
∗ g(x, t) = f(x) ∗ g(x, t) (f, g �óçàãàëüíåíi ôóíêöi¨);

9)
(
f(x) · δ′(t)

)
∗ g(x, t) = f(x) ∗ ∂

∂tg(x, t) .

Çíàéòè:

1) f(x) ∗ δ′(x− x0) ;

2) x+ ∗ δ′(x) ;
3) f(x) ∗ δS(x) ïðè f ∈ L1,loc(Rn) ;

4) f(x) ∗ e−a|x|2 , a = const .



Ðîçäië 2

ÐIÂÍßÍÍß ÇI ÇÂÈ×ÀÉÍÈÌÈ
ÏÎÕIÄÍÈÌÈ ÄÐÎÁÎÂÈÕ
ÏÎÐßÄÊIÂ

2.1 Ðiâíÿííÿ ó çãîðòêàõ

Öå ðiâíÿííÿ âèãëÿäó

a ∗ u = f, (2.1)

äå a, f ∈ D′
+ � çàäàíi óçàãàëüíåíi ôóíêöi¨. Éîãî ðîçâ'ÿçîê øóêà¹ìî â àëãåáði

D′
+ .

Ó âèãëÿäi (2.1) ìîæíà çàïèñàòè âñi çâè÷àéíi ëiíiéíi äèôåðåíöiàëüíi ðiâ-

íÿííÿ çi ñòàëèìè êîåôiöi¹íòàìè
m∑
k=0

aku
(m−k) = f(x)

ïðè a(x) =
m∑
k=0

akδ
(m−k)(x), (a ∗ u)(x) =

m∑
k=0

aku
(m−k)(x) ,

ëiíiéíi ðiâíÿííÿ ç äðîáîâèìè ïîõiäíèìè
m∑
k=0

aku
(αk) = f(x)

ïðè a(x) =
m∑
k=0

akf−αk
, (a ∗ u)(x) =

m∑
k=0

ak(f−αk
∗ u)(x) ,

ëiíiéíi ðiâíÿííÿ ç çàïiçíåííÿìè
m∑
k=0

aku(x− xk) = f(x)

29
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ïðè a(x) =
m∑
k=0

akδ(x− xk), (a ∗ u)(x) =
m∑
k=0

aku(x− xk) ,

ëiíiéíi iíòåãðàëüíi ðiâíÿííÿ Âîëüòåððè:

ïåðøîãî ðîäó
x∫

0

a(x− y)u(y)dy = f(x)

ïðè a ∈ L1,loc(R+), (a ∗ u)(x) =
x∫
0

a(x− y)u(y)dy,

äðóãîãî ðîäó

u(x) +

x∫
0

g(x− y)u(y)dy = f(x)

ïðè a(x) = δ(x)+g(x), a, g ∈ L1,loc(R+) , (a∗u)(x) = u(x)+
x∫
0

g(x−y)u(y)dy,

ëiíiéíi iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ òà ií.

Ðîçâ'ÿçîê u ∈ D′
+ ðiâíÿííÿ (2.1) ïðè f = δ íàçèâà¹òüñÿ ôóíäàìåíòàëü-

íîþ ôóíêöi¹þ îïåðàòîðà a∗ i ïîçíà÷à¹òüñÿ ω = a−1 . Öå îáåðíåíèé åëåìåíò

äî a â àëãåáði D′
+ (a ∗ a−1 = a−1 ∗ a = δ ).

Òåîðåìà 1. ßêùî a, f ∈ D′
+ , òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê u = a−1 ∗ f

ðiâíÿííÿ (2.1).

Äîâåäåííÿ. Çà âëàñòèâîñòÿìè çãîðòîê

a ∗ (a−1 ∗ f) = (a ∗ a−1) ∗ f = δ ∗ f = f .

ßêùî ¹ äâà ðîçâ'ÿçêè u1, u2 ðiâíÿííÿ (2.1), òî u = u1 − u2 çàäîâîëüíÿ¹

ðiâíÿííÿ

a ∗ u = 0 .

Òîäi

u = δ ∗ u = (a ∗ a−1) ∗ u = (a−1 ∗ a) ∗ u = a−1 ∗ (a ∗ u) = a−1 ∗ 0 = 0.

Ïðèêëàä ôóíäàìåíòàëüíî¨ ôóíêöi¨ äëÿ ðiâíÿííÿ ó çãîðòêàõ:

ïðè a(x) = fβ(x) (ôóíêöiÿ âèçíà÷åíà ó ðîçäiëi 1) iç ñïiââiäíîøåíü

fβ(x) ∗ fγ(x) = fβ+γ(x) , f0 = δ , à îòæå, fβ(x) ∗ f−β(x) = δ ,

çíàõîäèìî a−1 = f−β(x) .
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Âiäîìå ðiâíÿííÿ Àáåëÿ

x∫
0

(x− ξ)−γu(ξ)dξ = g(x), γ ∈ (0, 1),

ÿêå ¹ ëiíiéíèì iíòåãðàëüíèì ðiâíÿííÿì Âîëüòåððè ïåðøîãî ðîäó ç ðiçíèöåâèì

ïîëÿðíèì ÿäðîì, çàïèñó¹ìî ó âèãëÿäi ðiâíÿííÿ ó çãîðòêàõ

Γ(1− γ)f1−γ(x) ∗ u(x) = g(x).

Ôóíäàìåíòàëüíîþ ôóíêöi¹þ ¹ ω(x) = fγ−1(x)
Γ(1−γ) . Çà äîâåäåíîþ òåîðåìîþ 1 çíà-

õîäèìî ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ Àáåëÿ

u(x) =
fγ−1(x)

Γ(1− γ)
∗ g(x) = 1

Γ(1− γ)
f ′γ(x) ∗ g(x),

ÿêèé çà óìîâ g ∈ C1(R+) , g(0) = 0 ¹ êëàñè÷íèì

u(x) =
1

Γ(1− γ)
fγ(x) ∗ g′(x) =

1

Γ(1− γ)Γ(γ)

x∫
0

(x− ξ)γ−1g′(ξ)dξ.

Ïðè ïîáóäîâi ôóíäàìåíòàëüíèõ ôóíêöié òà ðîçâ'ÿçàííi ðiâíÿíü ó çãîðòêàõ

äîöiëüíî âèêîðèñòîâóâàòè ïåðåòâîðåííÿ Ëàïëàñà.

Ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððè äðóãîãî ðîäó ç ðiçíèöåâèì ïîëÿð-

íèì ÿäðîì

u(x)− λ

Γ(γ)

x∫
0

(x− ξ)γ−1u(ξ)dξ = g(x), γ > 0, (2.2)

ÿêå òàêîæ ìîæíà çàïèñàòè ó âèãëÿäi ðiâíÿííÿ ó çãîðòêàõ

u(x)− λfγ(x) ∗ u(x) = g(x),

ìîæíà ðîçâ'ÿçàòè ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü:

u0(x) = g(x) ,

uk(x) = λ fγ(x) ∗ uk−1(x) + g(x) , k = 1, 2, . . .

Çíàõîäèìî

u1(x) = λfγ(x) ∗ g(x) + g(x) ,

u2(x) = λfγ(x) ∗ u1(x) + g(x) =
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= λfγ(x) ∗
[
λfγ(x) ∗ g(x) + g(x)

]
+ g(x) =

= λ2f2γ(x) ∗ g(x) + λfγ(x) ∗ g(x) + g(x)

i çà ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ îäåðæó¹ìî

u(x) = lim
n→∞

un(x) =
∞∑
k=0

λkfkγ(x) ∗ g(x) =

=
∞∑
k=1

λk x
kγ−1

Γ(kγ) ∗ g(x) + g(x) =

=
∞∑
k=0

λk+1 xkγ+γ−1

Γ(kγ+γ) ∗ g(x) + g(x) =

= xγ−1
∞∑
k=0

[λxγ ]k

Γ(kγ+γ) ∗ g(x) + g(x) =

= λxγ−1Eγ,γ(λx
γ) ∗ g(x) + g(x) ,

äå

Eβ,γ(z) =
∞∑
p=0

zp

Γ(pβ + γ)
, β > 0

� ôóíêöiÿ Ìiòòàã-Ëåôëåðà [8].

Îòæå, ðîçâ'ÿçîê ðiâíÿííÿ (2.2) ìà¹ âèãëÿä

u(x) = λxγ−1Eγ,γ(λx
γ) ∗ g(x) + g(x). (2.3)

Âiäçíà÷èìî äåÿêi ñïiââiäíîøåííÿ äëÿ ôóíêöié Ìiòòàã-Ëåôëåðà:

E1,1 = ez , Eα,β(z) = zEα,α+β(z) +
1

Γ(β) ;

Eα,β(z) = βEα,β+1(z) + αz d
dzEα,β+1(z) ;

dm

dzm [z
β−1Eα,β(z

α)] = zβ−m−1Eα,β−m(z
α), β −m > 0 ;

dm

dzm [z
β−1Eα,β(−kzα)] = zβ−m−1Eα,β(−kzα), β −m > 0 ,

α ∈ (0, 2), z > 0, k > 0 ;

d
dzEα,β(z) =

Eα,β−1(z)−(β−1)Eα,β(z)
αz ;

|Eα,β(z)| ≤ C
1+|z| , α ∈ (0, 2), µ ≤ |arg(z)| ≤ π , äå µ ∈ [πα2 ,min{π, πα}] ;

Eα,α(−z) < 1
Γ(α) , α ∈ (1, 2), z > 0 .
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2.2 Ðîçâ'ÿçêè ëiíiéíèõ ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè

1. Ðiâíÿííÿ

ω(β)(x) + λω(x) = δ(x), (2.4)

ìîæíà ðîçâ'ÿçàòè ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü. Àëå çàïèñàâøè éîãî ó

âèãëÿäi

f−β(x) ∗ ω(x) + λω(x) = δ(x) <=>

ω(x) = −λ(fβ ∗ ω)(x) + fβ(x), (2.5)

îäåðæó¹ìî ðiâíÿííÿ âèãëÿäó (2.2). Çà ôîðìóëîþ (2.3) çíàõîäèìî éîãî

ðîçâ'ÿçîê

ω(x) = −λxβ−1Eβ,β(−λxβ) ∗ fβ(x) + fβ(x) =

= −λxβ−1
∞∑
p=0

(−λxβ)p
Γ(pβ+β) ∗ fβ(x) + fβ(x) =

= −λ
∞∑
p=0

(−λ)pxpβ+β−1

Γ(pβ+β) ∗ fβ(x) + fβ(x) =

=
∞∑
p=0

(−λ)p+1f(p+1)β(x) ∗ fβ(x) + fβ(x) =

=
∞∑
p=0

(−λ)p+1f(p+2)β(x) + fβ(x) =

= fβ(x) +
∞∑
m=1

(−λ)mf(m+1)β(x) =

= 1
Γ(β)x

β−1 +
∞∑
m=1

(−λ)mxmβ+β−1

Γ(mβ+β) = xβ−1
∞∑
m=0

(−λ)mxmβ

Γ(mβ+β) ,

à îòæå,

ω(x) = θ(x)xβ−1Eβ,β(−λxβ) (2.6)

� ðîçâ'ÿçîê ðiâíÿííÿ (2.4) (ôóíäàìåíòàëüíèé ðîçâ'ÿçîê), à ðîçâ'ÿçîê ðiâíÿí-

íÿ

u(β)(x) + λu(x) = g(x) (2.7)

ìàòèìå âèãëÿä

u(x) = θ(x)xβ−1Eβ,β(−λxβ) ∗ g(x). (2.8)

Ïðèêëàä: Ðîçâ'ÿæåìî ðiâíÿííÿ

u(x) + 2
x∫
0

(x− t)1/3u(t)dt = f(x) .
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Çàïèøåìî éîãî ó âèãëÿäi

u(x) + 2Γ(4/3)
(
f4/3 ∗ u

)
(x) = f(x) .

Äiþ÷è íà íüîãî îïåðàòîðîì f−4/3∗ i âèêîðèñòîâóþ÷è, ùî f−4/3 ∗ f4/3 = δ

i δ ∗ g = g , îäåðæó¹ìî

(f−4/3 ∗ u)(x) + 2Γ(4/3)u(x) = (f−4/3 ∗ f)(x)
<=> u(4/3) + 2Γ(4/3)u(x) = (f−4/3 ∗ f)(x) .

Öå ðiâíÿííÿ âèãëÿäó (2.7). Éîãî ðîçâ'ÿçîê çíàõîäèìî çà ôîðìóëîþ (2.8)

u(x) = [θ(x)x1/3E4/3,4/3(−2Γ(4/3)x4/3)] ∗ f−4/3(x) ∗ f(x) .

2. Ðiâíÿííÿ
CDβu(x) + λu(x) = δ(x) (2.9)

ïðè β ∈ (0, 1) çàïèøåìî ÿê

u(β)(x) + λu(x) = δ(x) + f1−β(x)u(0).

Òîäi, çà äîâåäåíèì, éîãî ðîçâ'ÿçîê

u(x) = θ(x)xβ−1Eβ,β(−λxβ) ∗ [δ(x) + f1−β(x)u(0)] ,

θ(x)xβ−1Eβ,β(−λxβ) ∗ f1−β(x) =
∞∑
m=0

(−λ)mxmβ+β−1

Γ(mβ+β) ∗ f1−β(x) =

=
∞∑
m=0

(−λ)mfmβ+β(x) ∗ f1−β(x) =
∞∑
m=0

(−λ)mfmβ+1(x) =

=
∞∑
m=0

(−λ)mxmβ

Γ(mβ+1) = θ(x)Eβ,1(−λxβ) .

Îòæå, ðîçâ'ÿçîê ðiâíÿííÿ (2.9)

u(x) = θ(x)xβ−1Eβ,β(−λxβ) + θ(x)Eβ,1(−λxβ)u(0),

à äëÿ çàäà÷i Êîøi

CDβu(x) + λu(x) = g(x), u(0) = u0 (2.10)

ìàòèìåìî

u(x) = θ(x)xβ−1Eβ,β(−λxβ) ∗ g(x) + θ(x)Eβ,1(−λxβ)u0.

3. Ïîêàæåìî, ùî ïðè β ∈ (1, 2) ìíîæèíà âñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ

CDβu+ λu = 0 (2.11)
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îïèñó¹òüñÿ ôîðìóëîþ

u(t) = C1Eβ,1(−λtβ) + C2tEβ,2(−λtβ), t ≥ 0, (2.12)

äå C1, C2 � äîâiëüíi ñòàëi.

Âèêîðèñòîâóþ÷è çâ'ÿçîê ìiæ ïîõiäíèìè äðîáîâîãî ïîðÿäêó Äæðáàøÿíà-

Êàïóòî i Ðiìàíà-Ëióâiëëÿ, çàïèñó¹ìî ðiâíÿííÿ (2.11) ó âèãëÿäi

f−β ∗ u+ λu = f1−βu(0) + f2−βu
′(0).

Çàñòîñîâóþ÷è äî îáîõ ÷àñòèí öüîãî ðiâíÿííÿ îïåðàòîð fβ∗ , îäåðæó¹ìî åêâi-
âàëåíòíå ðiâíÿííþ (2.11) ðiâíÿííÿ

u+ λfβ ∗ u = f1u(0) + f2u
′(0), t ≥ 0, (2.13)

à ñàìå

u(t) = −λ
t∫

0

(t− τ)β−1

Γ(β)
u(τ)dτ + u(0)f1(t) + u′(0)f2(t).

Îäåðæàíå iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððè äðóãîãî ðîäó ìà¹ âèãëÿä (2.2) i

çà ôîðìóëîþ (2.3) çíàõîäèìî éîãî ðîçâ'ÿçîê

u(t) = θ(t)tβ−1Eβ,β(−λtβ) ∗ g(t),

äå g(t) = f1(t)u(0) + f2(t)u
′(0) . Çàëèøèëîñü çíàéòè çãîðòêó.

Ìîæíà íåçàëåæíî çíàéòè ðîçâ'ÿçîê ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü:

u0(t) = u(0)θ(t) + u′(0)tθ(t) = u(0)f1(t) + u′(0)f2(t),

uj+1(t) = u0(t)− λfβ(t) ∗ uj(t) , j ∈ Z+ . Çíàõîäèìî

u(t) = u(0)
∞∑
p=0

(−λ)pfpβ+1(t) + u′(0)
∞∑
p=0

(−λ)pfpβ+2(t) =

= u(0)
∞∑
p=0

(−λ)ptpβ
Γ(pβ+1) + u′(0)

∞∑
p=0

(−λt)ptpβ+1

Γ(pβ+2) =

= u(0)
∞∑
p=0

(−λtβ)p
Γ(pβ+1) + u′(0)t

∞∑
p=0

(−λtβ)p
Γ(pβ+2) .

Îäåðæàíà ôóíêöiÿ ìà¹ âèãëÿä (2.12) ïðè C1 = u(0) , C2 = u′(0) .

Çàóâàæèìî, ùî ìíîæèíà âñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ (2.11) ïðè β ∈ (0, 1] ìà¹

âèãëÿä
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u(t) = C1Eβ,1(−λtβ) , t ≥ 0 , äå C1 � äîâiëüíà ñòàëà.

4. Ðîçãëÿíåìî íàéïðîñòiøi çàñòîñóâàííÿ.

Ðîçãëÿíóòå ëiíiéíå îäíîðiäíå ðiâíÿííÿ ¹ îêðåìèì âèïàäêîì ðiâíÿííÿ ÿäåð-

íîãî ðîçïàäó
CDβu+ a(t)u = 0,

öå ðiçíîâèä äðîáîâèõ äèôåðåíöiàëüíèõ ðiâíÿíü Ðiêêàòi. Òóò u(t) � êiëüêiñòü

ðàäiîíóêëiäiâ, íàÿâíèõ ó ðàäiîàêòèâíîìó ñåðåäîâèùi. Ðîçâ'ÿçàííÿ öi¹¨ ôîð-

ìè ðiâíÿíü íàäçâè÷àéíî âàæëèâå ÷åðåç éîãî çàñòîñóâàííÿ â ãàëóçi ÿäåðíî¨

åíåðãåòèêè.

Ìîäåëü Õàððîäà-Äîìàðà äèíàìiêè äîõîäó Y (t) ç óðàõóâàííÿì iíâå-

ñòèöié U(t) ïðè ñïîæèâàííi C(t) , Y (t) = C(t) + U(t) .

Ïðèïóùåííÿ:

1) Y ′(t) = kU(t) (Y ′(t) � òåìï äîõîäó, k � êîåôiöi¹íò êàïiòàëîâiääà÷i);

2) iíâåñòèöi¨ ìèòò¹âî ïåðåõîäÿòü ó ïðèðiñò äîõîäó.

Îäåðæóþòü ðiâíÿííÿ

Y ′(t) = k(Y (t)− C(t)). (2.14)

Áåç ïðèïóùåííÿ 2 áóäå ðiâíÿííÿ

CDβY (t)− kY (t) = −kC(t). (2.15)

Ìîäåëü Åâàíñà âñòàíîâëåííÿ ðiâíîâàæíî¨ öiíè íà ðèíêó îäíîãî òîâàðó,

q(t) � ïîïèò íà òîâàð, s(t) � ïðîïîçèöiÿ, p(t) � öiíà.

Ïðèïóùåííÿ:

1) q(t) = a− bp(t) , s(t) = c+ dp(t) , äå a, b, c, d � ñòàëi, a > c ;

2) p′(t) = k
(
q(t)− s(t)

)
; çâiäêè

p′ = a1p+ b1 , p(0) = p0 ;

lim
t→∞

p(t) � ðiâíîâàæíà öiíà, àáî êîëè q(p) = s(p) .

Öþ ìîäåëü òàêîæ ìîæíà óçàãàëüíèòè, âèêîðèñòàâøè ðiâíÿííÿ

CDβp(t)− kp(t) = −ks(t). (2.16)

Ïðè âèâ÷åííi äèíàìi÷íèõ ïðîöåñiâ òàê çâàíî¨ "äîâãî¨" ïàì'ÿòi, êåðîâàíî¨

øóìîì Ëåâi, âèíèêà¹ ðiâíÿííÿ

u(β) +Bu(α) + Cu = f(t), (2.17)
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äå B,C � ñòàëi, β > α .

Éîãî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê [29]

ω(t) =
∞∑
k=0

(−C)k

k!
tβ(k+1)−1E

(k)
β−α,β+αk(−Bt

β−α),

äå

E
(k)
α,β(t) =

∞∑
j=0

(j + k)!tk

j!Γ(αj + αk + β)
,

çîêðåìà, ïðè C = 0

ω(t) = tβ−1Eβ−α,β(−Btβ−α),

à ïðè B = 0, β = 1 ìà¹ìî ω(t) = e−Ct .

2.3 Iíòåãðàëüíi ïåðåòâîðåííÿ

Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè äîöiëüíî âèêî-

ðèñòîâóâàòè iíòåãðàëüíi ïåðåòâîðåííÿ: ïåðåòâîðåííÿ Ëàïëàñà äëÿ ðiâíÿíü çi

çâè÷àéíîþ äðîáîâîþ ïîõiäíîþ, ïåðåòâîðåííÿ Ôóð'¹, àáî é îáèäâà, äëÿ ðiâ-

íÿíü iç ÷àñòèííèìè ïîõiäíèìè.

2.3.1 Ïåðåòâîðåííÿ Ôóð'¹

Ó ïiäðîçäiëi 1.1 áóâ ââåäåíèé ôóíêöiéíèé ïðîñòið

S(Rn) = {φ ∈ C∞(Rn) : sup
x∈Rn

|xβDγφ(x)| < +∞ ∀β, γ}

i éîãî òîïîëîãiÿ.

Ïðîñòið S ′ = S ′(Rn) � ïðîñòið ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà

S(Rn) . Ââàæà¹ìî, ùî gk → 0 ó ïðîñòîði S ′ ïðè k → ∞ , ÿêùî (gk, ψ) → 0

äëÿ äîâiëüíî¨ ψ ∈ S .

Ïðèêëàäîì ðåãóëÿðíî¨ óçàãàëüíåíî¨ ôóíêöi¨ iç S ′ ¹ ôóíêöiîíàë

g : (g, ψ) =

∫
Rn

g(σ)ψ(σ)dσ ∀ψ ∈ Z,

äå g(σ) ðîñòå íå øâèäøå ïîëiíîìà (òàêi ôóíêöi¨ íàçèâàþòüñÿ ïîâiëüíî çðî-

ñòàþ÷èìè íà áåçìåæíîñòi).
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Ïðîñòið S(Rn) íàçèâà¹òüñÿ ïðîñòîðîì øâèäêî ñïàäàþ÷èõ íà áåçìåæíîñ-

òi ãëàäêèõ ôóíêöié, à ïðîñòið S ′(Rn) � ïðîñòîðîì ïîâiëüíî çðîñòàþ÷èõ íà

áåçìåæíîñòi óçàãàëüíåíèõ ôóíêöié.

Íåõàé i2 = −1 , (x, s) = x1s1 + · · ·+ xnsn� ñêàëÿðíèé äîáóòîê âåêòîðiâ x

òà s , φ ∈ S(Rn) . Ôóíêöiÿ

φ̂(s) = F [φ](s) :=

∫
Rn

φ(x)ei(x,s)dx, s = σ + τi ∈ Cn (2.18)

íàçèâà¹òüñÿ ïåðåòâîðåííÿì Ôóð'¹ ôóíêöi¨ φ .

Âëàñòèâîñòi ïåðåòâîðåííÿ Ôóð'¹ ôóíêöié iç S(Rn) :

1) F [Dγφ(x)](s) = (−is)γF [φ], s ∈ Cn;

2) F [(ix)γφ(x)](s) = DγF [φ](s), s ∈ Cn;

3) F [φ(x− x0)] = F [φ(x)] · ei(x0,s);

4) F [φ(x) · ei(x,s0)] = F [φ(x)](s+ s0);

5) F [φ ∗ ψ] = F [φ] · F [ψ];

6) F−1[φ](σ) = 1
(2π)nF [φ](−σ).

Ïåðåòâîðåííÿ Ôóð'¹ F : S → S .

Ñïðàâäi, iíòåãðàë (2.18) iñíó¹ òà âèçíà÷à¹ íåïåðåðâíó ôóíêöiþ φ̂(s) . Ïî-

êàæåìî, ùî ÿêùî φ ∈ S(Rn) , òî F [φ] ∈ S(Rn) . Ìà¹ìî

σαDβ(F [φ]) = σαF [(ix)βφ] = i|α|F [Dα
(
(ix)βφ

)
] =

= i|α|
∫
Rn

Dα
(
(ix)βφ

)
ei(x,σ)dσ .

Iíòåãðàë ó ïðàâié ÷àñòèíi iñíó¹ i ¹ îáìåæåíîþ ôóíêöi¹þ äëÿ âñiõ α, β .

Îòæå, F [φ] ∈ S(Rn) .

Äëÿ äîâiëüíèõ f, φ ∈ S∫
Rn

f̂(σ)φ(σ)dσ =

∫
Rn

( ∫
Rn

f(x)ei(x,σ)dx
)
φ(σ)dσ =

=

∫
Rn

f(x)
( ∫
Rn

φ(σ)ei(x,σ)dσ
)
dx =

∫
Rn

f(x)φ̂(x)dx.

Íà áàçi öi¹¨ òîòîæíîñòi âèçíà÷àþòü ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨

ôóíêöi¨ f ∈ S ′ .
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Ïåðåòâîðåííÿì Ôóð'¹ ôóíêöi¨ f ∈ S ′ íàçèâà¹òüñÿ ôóíêöiÿ g = F [f ] ∈ S ′ ,

âèçíà÷åíà ðiâíiñòþ

(F [f ], φ) = (f,F [φ]) ∀φ ∈ S,

òàêîæ âèçíà÷à¹ìî îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ g ∈ S ′ :

(F−1[g], ψ) = (g,F−1[ψ]) ∀ψ ∈ S.

Ââåäåíå ïåðåòâîðåííÿ Ôóð'¹ ¹ ëiíiéíîþ é íåïåðåðâíîþ îïåðàöi¹þ. Äëÿ

íüîãî âèêîíóþòüñÿ âñi âëàñòèâîñòi, ùî é äëÿ ïåðåòâîðåííÿ Ôóð'¹ îñíîâíèõ

ôóíêöié. Íàïðèêëàä, ïîêàæåìî, ùî ïðàâèëüíà âëàñòèâiñòü 1:

F [Dγf(x)](s) = (−is)γF [f ], ∀f ∈ S ′ .

Ïðè φ ∈ S ìà¹ìî(
F [Dγf ](s), φ(s)

)
= (Dγf,F [φ]) = (−1)|γ|(f,DγF [φ]) =

= (−1)|γ|(f,F [(is)γφ]) = (−1)|γ|(F [f ], (is)γφ) =
(
(−is)γF [f ](s), φ(s)

)
.

Òàê ñàìî(
F [(ix)γf(x)](s), φ(s)

)
=

(
(ix)γf(x),F [φ](x)

)
=

(−1)|γ|
(
(f(x), (ix)γF [φ](x)

)
= (−1)|γ|

(
(f(x), DγF [φ](x)

)
= (DγF [f ], φ) ,

à îòæå, ïðàâèëüíà i âëàñòèâiñòü 2:

(F [(ix)γf(x)], φ) = (DγF [f ], φ) ∀f ∈ S ′ .

Òàêîæ ïåðåòâîðåííÿ Ôóð'¹ çãîðòêè ¹ äîáóòêîì ïåðåòâîðåíü Ôóð'¹ éîãî

êîìïîíåíò,

F [δ(x)] = 1 , F [1] = (2π)n δ(x) , F [P ( 1x)] = −πisgn(σ) ,

F [θ(x)e
−axxγ

Γ(γ+1) ] = 1
(a+is)γ+1 := e−i(γ+1)π/2(s− ia)−γ−1 , γ > −1 ,

F [θ(x)] = − i
s−i0 = πδ(s)− iP (1s) , F [θ(−x)] = i

s+i0 = πδ(s) + iP (1s) ,

F [sgn(x)] = F [θ(x)− θ(−x)] = −2iP (1s) .

Ïðèêëàäè:

1) F [10x−2] = 10F [x]−2F [1] = −iF [ix ·1]−4πδ(s) = −2πiδ′(s)−4πδ(s) ;

2) F [θ(1− |x|) ∗ e−|x|)] = F [θ(1− |x|)] F [e−|x|)] =
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=
1∫

−1

eixsdx · [
∞∫
0

e−x+ixsdx+
0∫

−∞
ex+ixsdx] =

= eis−e−is

is · [ 1
1−is +

1
1+is ] =

2 sin(s)
s · 2

1+s2 =
4 sin(s)
s(1+s2)

(òóò θ(a− |x|) = 1 ïðè |x| < a , θ(a− |x|) = 0 ïîçà [−a, a] ).

3) F [sin(5x) ∗ δ′(x)] = F [5cos(5x)] = 5
2F [e5ix + e−5ix] =

= 5
2{F [e5ix] + F [e−5ix]} = 5

2{F [1](s+ 5) + F [1](s− 5)} =

= 5π{δ(s+ 5) + δ(s− 5)} ;

4) çíàéäåìî F [δR(x)] , äå δR(x) � ôiíiòíà óçàãàëüíåíà ôóíêöiÿ ç íîñi¹ì íà

ñôåði |x| = R â R3 ( (δR, φ) =
∫

|x|=R
φ(x)dS ):

F [δR(x)](ξ) =

∫
|x|=R

ei(x,ξ)dS = R2

2π∫
0

dα

π∫
0

ei|x||ξ| cosβ sin βdβ =

= −2πR2

π∫
0

eiR|ξ| cosβd(cos β) =

= 2πR2

1∫
−1

eiR|ξ|ηdη = 2πR
eiR|ξ| − e−iR|ξ|

i|ξ|
,

F [δR(x)](ξ) =
4πR sin(R|ξ|)

|ξ|
;

5) F [g(|x|)] = (2π)
n
2

|ξ|
n
2−1

∞∫
0

g(r)r
n
2Jn

2−1(r|ξ|)dr , n = 1, 2, 3, . . . , äå Jν(x) � ôóí-

êöiÿ Áåññåëÿ 1-ãî ðîäó ïîðÿäêó ν , çîêðåìà,

F [g(|x|)] = 2
∞∫
0

g(r) cos(r|ξ|)dr, n = 1 ,

F [g(|x|)] = 1
2π

∞∫
0

g(r)rJ0(r|ξ|)dr, n = 2 ,

F [g(|x|)] = 4π
|ξ|

∞∫
0

g(r)r sin(r|ξ|)dr, n = 3 ,

∞∫
0

Jν(at)t
ν+1e−p

2t2dt = aν

(2p2)ν+1e
− a2

4p2 ;

6) âèêîðèñòîâóþ÷è íàâåäåíi ôîðìóëè ïåðåòâîðåííÿ Ôóð'¹ ñôåðè÷íî-

ñèìåòðè÷íèõ ôóíêöié, çíàõîäèìî
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F [e−p|x|] = 2nπ
n−1
2 Γ

(
n+1
2

)
p

(p2+|ξ|2)
n+1
2
,

çîêðåìà, F [e−|x|] = 2
1+ξ2 ó âèïàäêó n = 1 ;

F [|x|p]
Γ
(

n+p
2

) = 2n+pπ
n
2
|ξ|−p−n

Γ
(
−p

2

) .
2.3.2 Ïåðåòâîðåííÿ Ëàïëàñà

Íåõàé f ∈ L1,loc(R) , f(t) = 0 ïðè t < 0 , |f(t)| ≤ Aeat, t→ ∞.

Ôóíêöiÿ, ÿêà ìà¹ òàêi âëàñòèâîñòi, íàçèâà¹òüñÿ îðèãiíàëîì.

Ïåðåòâîðåííÿì Ëàïëàñà ôóíêöi¨ f(t) àáî ¨¨ çîáðàæåííÿì íàçèâà¹òüñÿ

ôóíêöiÿ

F (s) =

∞∫
0

f(t)e−stdt =

∞∫
0

f(t)e−σte−ωtidt = F [f(t)e−σt](−ω), (2.19)

äå F � îïåðàòîð ïåðåòâîðåííÿ Ôóð'¹ i çàãàëîì s = σ + ωi .

Ïîçàÿê |e−ωti| = 1 , |f(t)e−σt| ≤ Ae−(σ−a)t, t→ ∞ , òî ç óìîâ íà ôóíêöiþ

f(t) âèïëèâà¹ iñíóâàííÿ iíòåãðàëà (2.19) äëÿ âñiõ σ > a , iíòåãðàë ðiâíîìiðíî

çáiãà¹òüñÿ íà çàìêíåíié ïiâïëîùèíi σ ≥ a+ ε , ε > 0 .

Çàïèñ f(t) → F (s) (àáî F (s) = L[f ](s) ) îçíà÷àòèìå, ùî F (s) ¹ çîáðàæå-
ííÿì ôóíêöi¨ f(t) .

ßêùî ôóíêöiÿ F (s) = F (σ + ωi) àáñîëþòíî iíòåãðîâíà çà ω ∈ R , òî ¨¨

îðèãiíàë (îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà) âèçíà÷à¹òüñÿ ôîðìóëîþ

f(t) =
1

2πi

σ+i∞∫
σ−i∞

F (s)eσtds. (2.20)

Ïåðåâiðèìî, ùî θ(t)e−ht → 1
s+h ïðè s+ h > 0 . Ìà¹ìî

∞∫
0

e−hte−stdt =
∞∫
0

e−(h+s)tdt = − 1
h+se

−(h+s)t|t=∞
t=0 = 1

s+h ; θ(t) →
1
s .

Ïåðåâiðèìî, ùî θ(t) cos(ht) → s
s2+h2 . Ìà¹ìî

J =
∞∫
0

cos(ht)e−stdt = −1
s cos(ht)e

−stdt|t=∞
t=0 − h

s

∞∫
0

sin(ht)e−stdt =

= 1
s +

h
s2 sin(ht)e

−stdt|t=∞
t=0 − h2

s2J ,

(1 + h2

s2 )J = 1
s ,

s2+h2

s2 J = 1
s , J = s

s2+h2 .
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Îòæå, θ(t) cos(ht) → s
s2+h2 .

Ïîäiáíî çíàõîäèìî, ùî θ(t) sin(ht) → h
s2+h2 .

Îñíîâíi âëàñòèâîñòi ïåðåòâîðåíü Ëàïëàñà çâè÷àéíèõ ôóíêöié:

1) f (m)(t) → smF (s)− sm−1f(0)− sm−2f ′(0)− · · · − f (m−1)(0) ,

m = 0, 1, . . . � ïåðåòâîðåííÿ Ëàïëàñà ïîõiäíî¨; ñïðàâäi,
∞∫
0

f ′(t)e−stdt = −f(0) + s
∞∫
0

f(t)e−stdt = sF (s)− f(0) ;

íàïðèêëàä,

sin(ht) = − 1
h(cos(ht))

′ → − 1
h

(
sL[cos(ht)]− 1

)
=

= − 1
h

(
s2

s2+h2 − 1
)
= h

s2+h2 , à îòæå, sin(ht) →
h

s2+h2 ;

2) (−t)mf(t) → F (m)(s) , m = 0, 1, . . . � äèôåðåíöiþâàííÿ ïåðåòâîðåííÿ

Ëàïëàñà; ñïðàâäi,
∞∫
0

(−t)f(t)e−stdt = F ′(s) ;

3) f(t)eht → F (s− h) ïðè σ > a+Reh � çñóâ ïåðåòâîðåííÿ Ëàïëàñà;

4) f(t− τ) → e−τsF (s) ( τ ≥ 0 ) � ïåðåòâîðåííÿ Ëàïëàñà çñóâó;

5) f(ct) → 1
cF (

s
c) ( c = const ) � ïåðåòâîðåííÿ Ëàïëàñà ïîäiáíîñòi;

6) ÿêùî f(t) → F (s) , g(t) → G(s) , òî

(f ∗ g)(t) → F (s)G(s) � ïåðåòâîðåííÿ Ëàïëàñà çãîðòêè;

7)
t∫
0

f(τ)dτ → F (s)
s � ïåðåòâîðåííÿ Ëàïëàñà ïåðâiñíî¨.

Íàâåäåìî ùå äåÿêi ôîðìóëè:

tneat → n!
(s−a)n+1 , n ∈ N ;

tch(at) → s2+a2

(s2−a2)2 ; tsh(at) → 2as
(s2−a2)2 ;

tcos(at) → s2−a2
(s2+a2)2 ; tsin(at) → 2as

(s2+a2)2 ;

Eβ,1(−atβ) → sβ−1

sβ+a
; tγ−1Eβ,γ(−atβ) → sβ−γ

sβ+a
;

Eβ,γ(t) →
∞∑
k=0

Γ(k+1)
sk+1Γ(βk+γ)

.

Ôîðìóëó (2.19) ìîæíà âèêîðèñòàòè i äëÿ îçíà÷åííÿ ïåðåòâîðåííÿ Ëàïëàñà

óçàãàëüíåíî¨ ôóíêöi¨.

Ââåäåìî ôóíêöiéíi ïðîñòîðè

S ′
+ = D′

+ ∩ S ′ ,

D′
+(a) = {f ∈ D′

+ : f(t)e−σt ∈ S ′
+ ∀σ > a} .
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Ïåðåòâîðåííÿì Ëàïëàñà óçàãàëüíåíî¨ ôóíêöi¨ f ∈ D′
+(a) íàçèâà¹òüñÿ

ôóíêöiÿ

L[f(t)](s) = F (s) := F [f(t)e−σt](−ω) ∀σ > a. (2.21)

Òåîðåìà 2. Ïåðåòâîðåííÿì Ëàïëàñà óçàãàëüíåíî¨ ôóíêöi¨ f ∈ D′
+(a) ¹

ôóíêöiÿ

F (s) =
(
f(t)e−σ0t, η(t)e−(s−σ0)t

)
, s = σ + ωi, σ > σ0 > a}, (2.22)

äå η ∈ D , η(t) =

{
1, t > −ε
0, t < −2ε

, ε > 0 .

Äîâåäåííÿ. Ïîçàÿê f(t)e−σ0t íàëåæèòü S ′
+ , η(t)e

−(s−σ0)t � ôóíêöiÿ ç S ,

òî âèçíà÷åíà öi¹þ ôîðìóëîþ ôóíêöiÿ F (s) iñíó¹. Âèêîðèñòîâóþ÷è îçíà÷åííÿ

ïåðåòâîðåííÿ Ôóð'¹ òà âëàñòèâîñòi ôóíêöié iç ïðîñòîðó S ′
+ , D′

+(a) , äîâåäå-

ìî, ùî ôóíêöiÿ F (s) ç îçíà÷åííÿ (2.21) íàáóâà¹ ïîòðiáíîãî âèãëÿäó. Äëÿ

äîâiëüíèõ f ∈ D′
+(a) òà φ ∈ S îòðèìà¹ìî

(L[f(t)](s), φ(s)) = (F [f(t)e−σt](−ω), φ(−ω))

= (f(t)e−σt,F [φ(−ω)](t))

= (η(t)f(t)e−σ0te−(σ−σ0)t,F [φ(−ω)](t))

=
(
f(t)e−σ0t, η(t)e−(σ−σ0)t

∞∫
−∞

φ(−ω)eiωtdω
)

=
(
f(t)e−σ0t, η(t)e−(σ−σ0)t

∞∫
−∞

φ(ω)e−iωtdω
)

=
(
f(t)e−σ0t,

∞∫
−∞

φ(ω)η(t)e−(σ+iω−σ0)tdω
)

=
(
f(t)e−σ0t,

∞∫
−∞

φ(ω)η(t)e−(s−σ0)tdω
)

∀σ > σ0 > a.

Âèêîðèñòîâóþ÷è àíàëîã òåîðåìè Ôóáiíi (öå ìîæëèâî, îñêiëüêè η(t)e−(s−σ0)t

� ôóíêöiÿ ç S ), îäåðæèìî

(L[f(t)](s), φ(s)) =
∞∫

−∞

(
f(t)e−σ0t, η(t)e−(s−σ0)t

)
φ(ω)dω,

çâiäêè çà ëåìîþ Äþáóà-Ðåéìîíà îäåðæó¹ìî òâåðäæåííÿ òåîðåìè.

ßê i äëÿ çâè÷àéíèõ ôóíêöié, çàïèñ f(t) → F (s) îçíà÷à¹, ùî F (s) ¹ çî-

áðàæåííÿì ôóíêöi¨ f(t) .
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Âèêîðèñòîâóþ÷è îçíà÷åííÿ ïåðåòâîðåíü Ôóð'¹ òà Ëàïëàñà, âëàñòèâîñòi ïå-

ðåòâîðåííÿ Ôóð'¹ i îñòàííþ òåîðåìó, îäåðæó¹ìî îñíîâíi âëàñòèâîñòi ïåðåòâî-

ðåííÿ Ëàïëàñà óçàãàëüíåíèõ ôóíêöié iç D′
+(a) .

Ïîêàæåìî, ùî ïðè f ∈ D′
+(a)

f (m)(t) → smF (s) , m = 0, 1, . . . .

Ñïðàâäi, ÿêùî f ∈ D′
+(a) , òî f

′ ∈ D′
+(a) ,

f ′(t) → F [f ′(t)e−σt](−ω) = F [(f(t)e−σt)′ + σf(t)e−σt](−ω)

= F [(f(t)e−σt)′](−ω) + σF [f(t)e−σt](−ω) =

= ωiF [f(t)e−σt](−ω) + σF [f(t)e−σt](−ω) =

= (σ + ωi)F [f(t)e−σt](−ω) = sF (s) ,

äàëi âèêîðèñòîâó¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨.

Ïîêàæåìî, ùî ïðè f ∈ D′
+(a)

(−t)mf(t) → F (m)(s) , m = 0, 1, . . . .

Îñêiëüêè tmf(t) � ôóíêöiÿ iç D′
+(a) , òî çà òåîðåìîþ 2

(−t)mf(t) →
(
(−t)mf(t)e−σ0t, η(t)e−(s−σ0)t

)
=

(
f(t)e−σ0t, η(t)(−t)me−(s−σ0)t

)
.

Çàóâàæèìî, ùî
d
ds(−tη(t)e

−(s−σ0)t) = η(t) ddse
−(s−σ0)t

i ïîäiáíî

η(t)(−t)me−(s−σ0)t = η(t) d
m

dsme
−(s−σ0)t = dm

dsm

(
η(t)e−(s−σ0)t

)
.

Òîìó çà ïðàâèëîì äèôåðåíöiþâàííÿ óçàãàëüíåíèõ ôóíêöié, çàëåæíèõ âiä

ïàðàìåòðiâ (ó íàøîìó âèïàäêó ïàðàìåòðîì ¹ s ), îäåðæèìî(
f(t)e−σ0t, η(t)(−t)me−(s−σ0)t

)
= dm

dsm

(
f(t)e−σ0t, η(t)e−(s−σ0)t

)
= F (m)(s) .

Ìîæíà ïåðåâiðèòè, ùî

fβ(t) → s−β .

Òîäi ó ïðîñòîði óçàãàëüíåíèõ ôóíêöié

v(β)(t) = f−β ∗ v(t) → sβV (s),
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äå V (s) = L[v(t)] . Çîêðåìà, ïiñëÿ ïåðåòâîðåííÿ Ëàïëàñà ðiâíÿííÿ (2.17) íà-
áóâà¹ âèãëÿäó

1

sβ +Bsα + C
= F (s).

Äëÿ ðåãóëÿðíî¨ v(t)

v(β)(t) → sβV (s)−
n−1∑
k=0

skv(β−k−1)(0). (2.23)

Òàêîæ

CDβv(t) → sβV (s)−
n−1∑
k=0

sβ−k−1v(k)(0). (2.24)

Ñïðàâäi,

CDβv(t) →
∞∫
0

e−st

Γ(n−β)

[ t∫
0

(t− τ)n−β−1v(n)(τ)dτ
]
=

= 1
sn−βL[v

(n)(t)] = 1
sn−β

[
snV (s)−

n−1∑
k=0

skv(n−k−1)(0)
]
=

= sβV (s)−
n−1∑
k=0

sβ+k−nv(n−k−1)(0) = sβV (s)−
n−1∑
m=0

sβ−m−1v(m)(0) .

Ïåðåòâîðåííÿ Ëàïëàñà åôåêòèâíå ïðè ðîçâ'ÿçóâàííi ðiâíÿíü ó çãîðòêàõ

(çîêðåìà, ç äðîáîâèìè ïîõiäíèìè), ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòà-

ëèìè êîåôiöi¹íòàìè, iíòåãðàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü, ÿäðà

ÿêèõ çàëåæàòü âiä ðiçíèöi àðãóìåíòiâ, ñèñòåì òàêèõ ðiâíÿíü.

Ïðèêëàä 1. Ðîçâ'ÿçàòè ðiâíÿííÿ

θ(x)x cosx ∗ u(x) = θ(x) sinx .

Íåõàé u(x) → U(s) , òîäi

θ(x)x cosx→ −(L[cosx])′(s) = −
(

s
s2+1

)′
= s2−1

(s2+1)2 ;

(θ(x)x cosx) ∗ u(x) → s2−1
(s2+1)2U(s) ; θ(x) sinx→ 1

s2+1 ;
s2−1

(s2+1)2U(s) =
1

s2+1 ;

U(s) = s2+1
s2−1 = 1 + 2

s2−1 = 1 + 1
s−1 −

1
s+1 ;

u(x) = δ(x) + θ(x)ex − θ(x)e−x .

Ïðèêëàä 2. Ðîçâ'ÿçàòè çàäà÷ó

u′ + u = 0, t > 0, u(0+) = 1 ;

u(t) → U(s) ; òîäi
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sU(s)− u(0+) + U(s) = 0, U(s) = 1
s+1 , u(t) = u(0+)e−t ,

ç ïî÷àòêîâî¨ óìîâè u(0+) = 1 , à îòæå, u(t) = e−t .

Ïðèêëàä 3. Ðîçâ'ÿçàòè çàäà÷ó

u
′′
(x)−

x∫
0

e−(x−t)[u′(t) + u(t)]dt = e−x, u(0) = 0, u′(0) = 4 .

Íåõàé u(x) → U(s) , òîäi

u′(x) → sU(s)− u(0) = sU(s) ,

u
′′
(x) → s2U(s)− su(0)− u′(0) = s2U(s)− 4 ,

x∫
0

e−(x−t)[u′(t) + u(t)]dt = e−x ∗ [u′(x) + u(x)] → 1
s+1 [sU(s) + U(s)] = U(s)

i ïiñëÿ ïåðåòâîðåííÿ Ëàïëàñà îäåðæèìî ðiâíÿííÿ

s2U(s)− 4− U(s) = 1
s+1 <=> (s2 − 1)U(s) = 1

s+1 + 4 <=>

U(s) = 1
(s+1)2(s−1) +

4
s2−1 ;

1
(s+1)2(s−1) =

A
s+1 +

B
(s+1)2 +

C
s−1 ,

çâiäêè A(s2 − 1) + B(s − 1) + C(s + 1)2 ≡ 1 , i ïðè s = 1 îäåðæèìî C = 1
4 ,

ïðè s = −1 ìàòèìåìî B = −1
2 , à ïðè s = 0 áóäå

−A − B + c = 1 => A = −B + C − 1 = −1
2 ;

4
s2−1 = 2

s−1 −
2
s+1 .

Îòîæ,

U(s) = −1
2 [

1
s+1 +

1
(s+1)2 ] +

1
4(s−1) +

2
s−1 −

2
s+1 <=>

U(s) = − 2,5
s+1 +

2,25
s−1 +

0,5
(s+1)2 ,

çâiäêè, ïîâåðòàþ÷èñü äî îðèãiíàëiâ, îäåðæó¹ìî

u(x) = −2, 5e−x + 2, 25ex + 0, 5xe−x .

Ïðèêëàä 4. Ðîçâ'ÿçàòè çàäà÷ó
CDβu+ u = 0, t > 0, u(0+) = 1 ;

u(t) → U(s) ; òîäi

sβU(s)− sβ−1u(0+) + U(s) = 0, U(s) = sβ−1

sβ+1
= sβ−1 · 1

sβ+1
,

u(t) = L−1[sβ−1](t) ∗ L−1[(sβ + 1)−1](t) = f1−β(t) ∗ [θ(t)tβ−1Eβ,β(−tβ)] ,
u(t) = Eβ,1(−tβ) .

2.4 Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ñèñòåìè ðiâíÿíü iç äðî-

áîâîþ ïîõiäíîþ

Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöàëüíèõ ðiâíÿíü
du

dt
= Au+ g(t), u(0) = u0
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ìîæíà ïîäàòè â ìàòðè÷íîìó âèãëÿäi

u(t) = eAtu0 + eAt ∗ g(t),

äå

eAt =
∞∑
k=0

(At)k

k!
= I + At+

1

2
(At)2 + . . .

Ïîäiáíèì áóäå çîáðàæåííÿ ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ñèñòåìè çâè÷àéíèõ

ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè. Ôîðìóëè ïîäiáíi äî öèõ, àëå òóò óæå áóäóòü

ìàòðè÷íi ôóíêöi¨ Ìiòòàã-Ëåôëåðà, ÿê ó âèïàäêó ñêàëÿðíèõ ëiíiéíèõ ðiâíÿíü

iç äðîáîâèìè ïîõiäíèìè. Îäåðæèìî ¨õ çà äîïîìîãîþ ïåðåòâîðåííÿ Ëàïëàñà

[27].

Ïðè ïîáóäîâi ðîçâ'ÿçêiâ ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè ìè âèêîðèñòîâó-

âàëè ôóíêöiþ Ìiòòàã-Ëåôëåðà Eβ,γ(z) =
∞∑
p=0

zp

Γ(pβ+γ) , à ÿêùî A� êâàäðàòíà

ìàòðèöÿ, òî âèçíà÷åíî ìàòðè÷íó ôóíêöiþ Ìiòòàã-Ëåôëåðà

Eβ,γ(A) =
∞∑
p=0

Ap

Γ(pβ+γ) .

Çíàéäåìî ¨¨ ïåðåòâîðåííÿ Ëàïëàñà:

L[tγ−1Eβ,γ(At
β)] = L[tγ−1

∞∑
k=0

(Atβ)k

Γ(kβ+γ) ] =
∞∫
0

e−st
∞∑
k=0

Ak

Γ(kβ+γ)t
kβ+γ−1dt =

[t = τ/s] =
∞∑
k=0

Ak

Γ(kβ+γ)sβk+γ

∞∫
0

e−ττ kβ+γ−1dτ =
∞∑
k=0

Ak

sβk+γ ,

à îòæå,

L[tγ−1Eβ,γ(At
β)] =

∞∑
k=0

Aks−βk−γ.

Ïîêàæåìî, ùî
∞∑
k=0

Aks−βk−γ = sβ−γ(sβI − A)−1 <=>

∞∑
k=0

Aks−(k+1)β = (sβI − A)−1 <=>
∞∑
k=0

Aks−(k+1)β(sβI − A) = I .

Ìà¹ìî
∞∑
k=0

Aks−(k+1)β(sβI − A) =
∞∑
k=0

Aks−kβ −
∞∑
k=0

Ak+1s−(k+1)β =

=
∞∑
k=0

Aks−kβ −
∞∑
m=1

Ams−mβ = I +
∞∑
k=1

Aks−kβ −
∞∑
m=1

Ams−mβ = I .

Îòæå,

L[tγ−1Eβ,γ(At
β)] = sβ−γ(sβI − A)−1,
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çîêðåìà, ïðè β = γ

L[tβ−1Eβ,β(At
β)] = (sβI − A)−1.

Ðîçãëÿíåìî ïðè β ∈ (n− 1, n) çàäà÷ó Êîøi äëÿ ñèñòåìè

CDβu = Au+ g(t), u(k)(0) = uk, k = 0, 1, n− 1. (2.25)

Çàñòîñîâóþ÷è ïåðåòâîðåííÿ Ëàïëàñà i âðàõîâóþ÷è, ùî u(t) → U(s) ,

g(t) → G(s) , îäåðæèìî

sβU(s)−
n−1∑
k=0

sβ−k−1u(k)(0) = AU(s) +G(s) <=>

(sβI − A)U(s) =
n−1∑
k=0

sβ−k−1uk +G(s) <=>

U(s) =
n−1∑
k=0

sβ−k−1(sβI − A)−1uk + (sβI − A)−1G(s) .

Çíàõîäèìî îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà

u(t) =
n−1∑
k=0

fk+1−β(t) ∗
[
tβ−1Eβ,β(At

β)
]
uk +

[
tβ−1Eβ,β(At

β)
]
∗ g(t) .

Áóëî ïîêàçàíî, ùî

f1−β(t) ∗
[
tβ−1Eβ,β(At

β)
]
= Eβ,1(At

β) .

Òàê ñàìî ïîêàçó¹ìî, ùî

fk+1−β(t) ∗
[
tβ−1Eβ,β(At

β)
]
= tkEβ,k+1(At

β) ,

à òîäi

u(t) =
n−1∑
k=0

tkEβ,k+1(At
β)uk +

[
tβ−1Eβ,β(At

β)
]
∗ g(t) .

Öå ðîçâ'ÿçîê çàäà÷i (2.25).

Ïðèêëàä. Ðîçâ'ÿçîê çàäà÷i

CDβu+ u = 0, t > 0, u(0+) = 1

ïðè β ∈ (0, 1) çíàõîäèìî îäðàçó iç çàñòîñóâàííÿì îäåðæàíî¨ ôîðìóëè ïðè

A = −1 :

u(t) = Eβ,1(−tβ) .
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2.5 ×èñëîâå íàáëèæåííÿ äðîáîâèõ iíòåãðàëiâ i ïîõiäíèõ

Âèêîðèñòîâó¹ìî âiäîìi òåîðåìè ïðî ñåðåäí¹ äëÿ iíòåãðàëiâ:

1. f ∈ C[a, b] => ∃c ∈ (a, b) :
b∫
a

fdt = f(c)(b− a) .

2. f, g ∈ C[a, b], g íå ìiíÿ¹ çíàê íà [a, b] => ∃c ∈ (a, b) :

b∫
a

f gdt = f(c)

b∫
a

gdt.

Íåõàé [a, b] = [0, T ] , tk = kτ , k = 0, 1, . . . , n , τ = T/n . Çà çíà÷åííÿ ñåðå-

äíiõ òî÷îê cj ïðè âåëèêîìó n ìîæíà áðàòè ëiâi àáî ïðàâi êiíöi iíòåðâàëiâ.

Òîäi

Iβv(tk+1) =
tk+1∫
0

v(s)fβ(tk+1 − s)ds =

=
k∑

m=0

(m+1)τ∫
mτ

v(s)fβ(tk+1 − s)ds ,

à âèêîðèñòîâóþ÷è äðóãó òåîðåìó ïðî ñåðåäí¹,

Iβv(tk+1) =
1

Γ(β)

k∑
m=0

v(mτ)
(m+1)τ∫
mτ

(tk+1 − s)β−1ds = [tk+1 − s = η]

= 1
Γ(β)

k∑
m=0

v(mτ)
(k+1−m)τ∫
(k−m)τ

ηβ−1dη =

= 1
βΓ(β)

k∑
m=0

v(mτ)ηβ|(k+1−m)τ
(k−m)τ =

= 1
Γ(β+1)

k∑
m=0

v(mτ)[((k + 1−m)τ)β − ((k −m)τ)β] ,

i ïiñëÿ çàìiíè k −m = j îäåðæó¹ìî

Iβv(tk+1) =
τβ

Γ(β + 1)

k∑
j=0

v(tk−j)[(j + 1)β − jβ], τ = T/n.

Ïðè β ∈ (0, 1) :

CDβv(tk+1) =
tk+1∫
0

v′(s)f1−β(tk+1 − s)ds =

=
k∑

m=0

(m+1)τ∫
mτ

v′(s)f1−β(tk+1 − s)ds,
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à âèêîðèñòîâóþ÷è íàáëèæåíèé âèðàç äëÿ ïîõiäíî¨ v′ ,

= 1
Γ(1−β)

k∑
m=0

v
(
(m+1)τ

)
−v(mτ)

τ

(m+1)τ∫
mτ

(tk+1 − s)−βds =

[tk+1 − s = η]

= 1
Γ(1−β)

k∑
m=0

v
(
(m+1)τ

)
−v(mτ)

τ

(k+1−m)τ∫
(k−m)τ

η−βdη =

= 1
(1−β)Γ(1−β)

k∑
m=0

v
(
(m+1)τ

)
−v(mτ)

τ η1−β|(k+1−m)τ
(k−m)τ =

= 1
Γ(2−β)

k∑
m=0

v
(
(m+1)τ

)
−v(mτ)

τ [((k + 1−m)τ)1−β − ((k −m)τ)1−β] ,

i ïiñëÿ çàìiíè k −m = j îäåðæó¹ìî

CDβv(tk+1) = (2.26)

=
τ−β

Γ(2− β)

k∑
j=0

[
v
(
tk+1−j

)
− v

(
tk−j

)]
[(j + 1)1−β − j1−β], τ = T/n.

Ïðè β ∈ (1, 2) :

CDβv(tk+1) =
tk+1∫
0

v′′(s)f2−β(tk+1 − s)ds =

=
k∑

m=0

(m+1)τ∫
mτ

v′′(s)f2−β(tk+1 − s)ds ,

à âèêîðèñòîâóþ÷è íàáëèæåíèé âèðàç äëÿ ïîõiäíî¨ v′′ ,

CDβv(tk+1) =
1

Γ(2−β)

k∑
m=0

v
(
(m+1)τ

)
−2v(mτ)+v

(
(m−1)τ

)
τ2

(m+1)τ∫
mτ

(tk+1 − s)1−βds =

[tk+1 − s = η]

= 1
Γ(2−β)

k∑
m=0

v
(
(m+1)τ

)
−2v(mτ)+v

(
(m−1)τ

)
τ2

(k+1−m)τ∫
(k−m)τ

η1−βdη =

= 1
(2−β)Γ(2−β)

k∑
m=0

v
(
(m+1)τ

)
−2v(mτ)+v

(
(m−1)τ

)
τ2 η2−β|(k+1−m)τ

(k−m)τ =

= 1
Γ(3−β)

k∑
m=0

v
(
(m+1)τ

)
−v(mτ)+v

(
(m−1)τ

)
τ2 [((k+1−m)τ)2−β−((k−m)τ)2−β] ,
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i ïiñëÿ çàìiíè k −m = j îäåðæó¹ìî

CDβv(tk+1) =
τ−β

Γ(3− β)

k∑
j=0

bj
[
v
(
tk+1−j

)
− 2v

(
tk−j

)
+ v

(
tk−1−j

)]
, (2.27)

äå bj = (j + 1)2−β − j2−β, τ = T/n.

Ïðèêëàä. Ïðè β ∈ (0, 1) ðîçãëÿíåìî ðiâíÿííÿ

CDβv = v2 + g(t).

Âèêîðèñòà¹ìî ôîðìóëó (2.26) Çà íåþ ïðè k = j = 0 ìà¹ìî

CDβv(t1) =
τ−β

Γ(2−β)
[
v
(
t1
)
− v

(
t0
)]

i v(t1) çíàõîäèìî ÿê ðîçâ'ÿçîê ðiâíÿííÿ

τ−β

Γ(2−β)
[
v
(
t1
)
− v

(
t0
)]

= v2(t1) + g(t1) ;

ïðè k = 1 ìà¹ìî

CDβv(t2) =
τ−β

Γ(2−β)

[
v
(
t2
)
− v

(
t1
)
+ [v(t1)− v(t0)] [2

2−β − 1]
]

i v(t2) çíàõîäèìî ÿê ðîçâ'ÿçîê ðiâíÿííÿ

τ−β

Γ(2−β)

[
v
(
t2
)
− v

(
t1
)
+ [v(t1)− v(t0)] [2

2−β − 1]
]
= v2(t2) + g(t2) ,

i ò.ä.

Ìîæíà çàïèñàòè çàäàíå ðiâíÿííÿ ó âèãëÿäi

(f−β ∗ v)(t)− f1−β(t)v(0) = v2(t) + g(t) ,

òîáòî

v(t) = v(0) + fβ(t) ∗ [v2(t) + g(t)] ,

à òîäi çàñòîñóâàòè ìåòîä ïîñëiäîâíèõ íàáëèæåíü

v0(t) = v(0) , vn+1(t) = v(0) + fβ(t) ∗ [v2n(t) + g(t)] , n = 1, 2, . . . ,

äå ÷èñåëüíî ðàõóâàòèìåìî íà êîæíîìó êðîöi äðîáîâèé iíòåãðàë. Âæå íà êî-

æíîìó êðîöi íå áóäå íåëiíiéíîãî àëãåáðè÷íîãî ðiâíÿííÿ.

Îïðàöþâàòè [56] ïðî ðîçâ'ÿçàííÿ çàäà÷i Êîøi äëÿ íåëiíiéíî¨ ñèñòåìè ðiâ-

íÿíü iç äðîáîâèìè ïîõiäíèìè, ùî ìà¹ çàñòîñóâàííÿ â êiíåòèöi.
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2.6 Ïiâëiíiéíi ðiâíÿííÿ

Ïðèêëàäè ïîâíèõ ìåòðè÷íèõ ïðîñòîðiâ:

C[a, b] , ||v||C[a,b] = max
x∈[a,b]

|v(x)| ,

C1[a, b] , ||v||C1[a,b] = max{max
x∈[a,b]

|v(x)|, max
x∈[a,b]

|v′(x)|} ,

M � ïðîñòið îáìåæåíèõ ôóíêöié íà äiéñíié îñi, ||v||M = sup
x∈R

|v(x)| ,

L2(a, b) , ||v||L2(a,b) =

√
b∫
a

|v(x)|2dx .

Ïðè ðîçâ'ÿçóâàííi îïåðàòîðíèõ ðiâíÿíü âèãëÿäó

u = Au (2.28)

íàé÷àñòiøå âèêîðèñòîâóþòü ìåòîä ïîñëiäîâíèõ íàáëèæåíü, òåîðåìè Áàíàõà i

Øàóäåðà.

Òåîðåìà Áàíàõà (ïðèíöèï ñòèñíèõ âiäîáðàæåíü). ßêùî ó ïîâíîìó ìå-

òðè÷íîìó ïðîñòîði H îïåðàòîð A ïåðåâîäèòü åëåìåíòè ïðîñòîðó H â

ñåáå i ¹ ñòèñíèì, òîáòî

∃L ∈ (0, 1) : ∀u1, u2 ∈ H ϱ(Au1, Au2) ≤ Lϱ(u1, u2),

òî îïåðàòîð A ìà¹ ¹äèíó íåðóõîìó òî÷êó, òîáòî iñíó¹ ¹äèíèé ðîçâ'ÿçîê

îïåðàòîðíîãî ðiâíÿííÿ (2.28).

Äîâåäåííÿ. Äëÿ äîâiëüíîãî u0 ∈ H âèáèðà¹ìî un = Aun−1 , n ∈ N . Ïîêà-

æåìî, ùî öÿ ïîñëiäîâíiñòü ôóíäàìåíòàëüíà â H . Ìà¹ìî

ϱ(u1, u2) = ϱ(Au0, Au1) ≤ Lϱ(u0, u1) = Lϱ(u0, Au0) ,

ϱ(u2, u3) = ϱ(Au1, Au2) ≤ Lϱ(u1, u2) ≤ L2ϱ(u0, u1) = L2ϱ(u0, Au0) ,

ϱ(u3, u4) = ϱ(Au2, Au3) ≤ Lϱ(u2, u3) ≤ L3ϱ(u0, Au0) , i.ò.ä.

ϱ(um, um+p) ≤ ϱ(um, um+1) + · · ·+ ϱ(um+p−1, um+p) ≤

≤ (Lm + · · ·+ Lm+p)ϱ(u0, Au0) =
Lm−Lm+p

1−L ϱ(u0, Au0) ≤ Lm

1−Lϱ(u0, Au0)

(áî 0 < L < 1 ), à òîìó ϱ(um, um+p) → 0 , m → ∞ � ïîñëiäîâíiñòü ôóí-

äàìåíòàëüíà. Çà ïîâíîòîþ ïðîñòîðó H âîíà çáiãà¹òüñÿ äî äåÿêîãî åëåìåíòà

u ∈ H .

Ïîêàæåìî, ùî u � ðîçâ'ÿçîê ðiâíÿííÿ:
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ϱ(u,Au) ≤ ϱ(u, um) + ϱ(um, Au) = ϱ(u, um) + ϱ(Aum−1, Au) ≤

≤ ϱ(u, um) + Lϱ(um−1, u) → 0 , m→ ∞ ,

à îòæå, ϱ(u,Au) = 0 .

�äèíiñòü ðîçâ'ÿçêó äîâîäèìî ìåòîäîì âiä ñóïðîòèâíîãî: íåõàé

u = Au, v = Av , òîäi

ϱ(u, v) = ϱ(Au,Av) ≤ Lϱ(u, v) .

ßêùî ϱ(u, v) ̸= 0 , òî 1 ≤ L . Îäåðæàëè ñóïåðå÷íiñòü.

Iç ïîïåðåäíüîãî òàêîæ âèïëèâà¹ îöiíêà ïîõèáêè:

ϱ(um, u) ≤
Lm

1− L
ϱ(u,Au).

Ïðèêëàä 1. Ðîçãëÿíåìî ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ

u(x) = λ

b∫
a

K(x, y)u(y)dy + f(x), x ∈ [a, b] (2.29)

çà óìîâè
b∫
a

b∫
a

|K(x, y)|2dxdy = Q2 < +∞ , f ∈ L2(a, b) .

Íà L2(a, b) ââåäåìî îïåðàòîð (Ku)(x) = λ
b∫
a

K(x, y)u(y)dy, x ∈ (a, b) .

Ìà¹ìî

||λ[Ku1 −Ku2]||2L2(a,b)
= |λ

b∫
a

|(Ku1)(x)− (Ku2)(x)|2dx|2 =

= |λ|2
b∫
a

|
b∫
a

K(x, y)[u1(y)− u2(y)]dy|2dx ≤

≤ |λ|2
b∫
a

[ b∫
a

|K(x, y)|2dy
b∫
a

|u1(y)− u2(y)|2dy
]
dx ≤

≤ |λ|2
[ b∫
a

b∫
a

|K(x, y)|2dxdy
] b∫

a

|u1(y)− u2(y)|2dy ≤

≤ (|λ|Q)2||u1 − u2||2L2(a,b)
.

Îòæå, ïðè |λ|Q < 1 çà òåîðåìîþ Áàíàõà â L2(a, b) iñíó¹ ¹äèíèé ðîçâ'ÿîê

ðiâíÿííÿ (2.29).

Ïðèêëàä 2. Ðîçãëÿíåìî iíòåãðàëüíå ðiâíÿííÿ Óðèñîíà

u(x) = λ

b∫
a

K(x, y, u(y))dy, x ∈ [a, b], (2.30)
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äå ôóíêöiÿ K(x, y, u) íåïåðåðâíà íà Ω := [a, b] × [a, b] × [−h, h] (h > 0 ) i

çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà àðãóìåíòîì u :

∃L1 > 0 : ∀(x, y, v1), (x, y, v2) ∈ Ω

|K(x, y, v1)−K(x, y, v2)| ≤ L1|v1 − v2| .
Íåõàé Sh = {u ∈ C[a, b] : ||u|| := ||u||C[a,b] ≤ h} ,

(Au)(x) = λ
b∫
a

K(x, y, u(y))dy .

Òîäi

||Au|| = max
x∈[a,b]

|λ
b∫
a

K(x, y, u(y))dy| ≤ |λ| max
x,y∈[a,b]

|K(x, y, u(y))|(b− a) ,

òàê ùî, ïîçíà÷àþ÷è M = max
x,y∈[a,b],||u||≤h

|K(x, y, u(y))| , îäåðæó¹ìî

||Au|| ≤ h ïðè |λ|M(b− a) ≤ h � îïåðàòîð A ïåðåâîäèòü ïîâíèé ìåòðè-

÷íèé (òóò áàíàõiâ) ïðîñòið Sh â ñåáå.

Äëÿ äîâiëüíèõ u, v ∈ Sh

||Au− Av|| = max
x∈[a,b]

|λ
b∫
a

[K(x, y, u(y))−K(x, y, v(y))]dy| ≤

≤ |λ|L1

b∫
a

|u(y)− v(y)|dy| ≤ |λ|L1

b∫
a

max
x∈[a,b]

|u(y)− v(y)|dy| ,

òîáòî

||Au − Av|| ≤ |λ|L1(b − a)||u − v|| � ïðè |λ|L1(b − a) < 1 îïåðàòîð A ¹

ñòèñíèì. Îòîæ, ïðè |λ| < min{ h
M(b−a) ,

1
L1(b−a)} óìîâè òåîðåìè Áàíàõà âèêî-

íóþòüñÿ � iíòåãðàëüíå ðiâíÿííÿ (2.30) ìà¹ ¹äèíèé ðîçâ'ÿçîê â Sh .

Ïðèêëàä 3. Ðîçãëÿíåìî ðiâíÿííÿ

u(β) = u2 + g(t) (2.31)

ïðè g ∈ C[0, T ] , |g(t)| ≤ G ïðè t ∈ [0, T ] .

Ïåðåòâîðèìî ðiâíÿííÿ:

f−β(t) ∗ u(t) = u2 + g(t) ;

u(t) = fβ(t) ∗ u2(t) + fβ(t) ∗ g(t) ;

u(t) = 1
Γ(β) [

t∫
0

(t− τ)β−1u2(τ)dτ + (fβ ∗ g)(t)] := Au(t) .

Íåõàé FM = {u ∈ C[0, T ] : ||u|| = max
t∈[0,T ]

|u(t)| ≤M} . Òîäi ïðè t ∈ [0, T ]

|(Au)(t)| ≤ 1
Γ(β) [M

2
t∫
0

(t− τ)β−1dτ + |
t∫
0

(t− τ)β−1g(τ)dτ |] ≤
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≤ 1
βΓ(β) [M

2tβ + tβ max
τ∈[0,T ]

|g(τ)|] = 1
Γ(β+1)t

β[M 2 +G] ≤ T β

Γ(β+1) [M
2 +G] .

Ïîêàæåìî, ùî ||Au||C[0,T ] ≤M ïðè ïåâíèõ äîäàòíèõ M,T .

Íåõàé a = T β

Γ(β+1) i âèáåðåìî M 2 ≥ G . Òîäi G ≤ M 2 , a(M 2 +G) ≤ 2aM 2

i óìîâà ||Au||C[0,T ] ≤M âèêîíó¹òüñÿ ïðè

2aM 2 ≤M <=> a ≤ 1

2M
<=>

T β

Γ(β + 1)
≤ 1

2M
,

ùî ¹ ïðè äîñòàòíüî ìàëèõ T .

Ïåðåâiðèìî, ÷è ¹ îïåðàòîð ñòèñíèì íà âèáðàíié çàìêíåíié ïiäìíîæèíi FM
ïîâíîãî ìåòðè÷íîãî ïðîñòîðó C[0, T ] .

||Au1 − Au2||C[0,T ] = max
t∈[0,T ]

1
Γ(β)

t∫
0

(t− τ)β−1|u21(τ)− u22(τ)|2dτ =

= max
t∈[0,T ]

1
Γ(β)

t∫
0

(t− τ)β−1|u1(τ) + u2(τ)| |u1(τ)− u2(τ)|dτ ≤

≤ max
t∈[0,T ]

2M
Γ(β)

t∫
0

(t− τ)β−1 |u1(τ)− u2(τ)|dτ ≤

≤ max
t∈[0,T ]

2M
Γ(β)

t∫
0

(t− τ)β−1 dτ ||u1 − u2||C[0,T ] ≤ 2MT β

Γ(β+1)||u1 − u2||C[0,T ] .

Îòæå, îïåðàòîð A ñòèñíèé ïðè

2MT β

Γ(β + 1)
< 1 <=>

T β

Γ(β + 1)
<

1

2M
.

Òîìó ïðè âèáðàíèõ M,T ðiâíÿííÿ (2.31) ìà¹ ¹äèíèé ðîçâ'ÿçîê u ∈ FM .

Òåîðåìà Øàóäåðà (ïðèíöèï Øàóäåðà). ßêùî öiëêîì íåïåðåðâíèé îïå-

ðàòîð A âiäîáðàæà¹ çàìêíåíó îïóêëó ìíîæèíó S̄ áàíàõîâîãî ïðîñòîðó H

íà ñâîþ ÷àñòèíó, òî iñíó¹ íåðóõîìà òî÷êà öüîãî âiäîáðàæåííÿ: iñíó¹ òàêà

u ∈ S̄ , ùî Au = u .

Çàñòîñóâàííÿ òåîðåìè Øàóäåðà äî ïiâëiíiéíèõ ðiâíÿíü çi çâè÷àéíîþ ïî-

õiäíîþ äðîáîâîãî ïîðÿäêó íàâåäåíî, çîêðåìà, ó [54], à ó âèïàäêó ðiâíÿíü iç

÷àñòèííèìè ïîõiäíèìè äðîáîâîãî ïîðÿäêó � ó íàñòóïíîìó ðîçäiëi.

Îïðàöþâàòè äîñëiäæåííÿ ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ ïiâëiíiéíîãî ðiâ-

íÿííÿ çi çâè÷àéíîþ ïîõiäíîþ äðîáîâîãî ïîðÿäêó [54] i çàñòîñóâàííÿ ìåòîäó

ïîñëiäîâíèõ íàáëèæåíü ó [51].
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Êîíòðîëüíi çàïèòàííÿ.

1. Íàâåñòè ïðèêëàäè ðiâíÿíü ó çãîðòêàõ.

2. Ùî âèêîðèñòîâóþòü äëÿ ðîçâ'ÿçàííÿ ðiâíÿííÿ Àáåëÿ?

3. ßêà ôîðìóëà ÷èñëîâîãî íàáëèæåííÿ äðîáîâîãî iíòåãðàëó?

4. ßêà ôîðìóëà ÷èñëîâîãî íàáëèæåííÿ äðîáîâî¨ ïîõiäíî¨?

5. Âèâåñòè ôîðìóëó ðîçâ'ÿçêó ðiâíÿííÿ u(β) + a2u = g(t) .

6. Äàòè ñõåìó ÷èñëîâîãî ðîçâ'ÿçàííÿ ðiâíÿííÿ u(1/4) + 4u = θ(t) .

7. Âèâåñòè ôîðìóëó ðîçâ'ÿçêó ðiâíÿííÿ CDβu+ a2u = g(t) .

8. Äàòè ñõåìó ÷èñëîâîãî ðîçâ'ÿçàííÿ çàäà÷i:
CD1/2u+ 4u = θ(t) , u(0+) = 1 .

9. Äàòè îçíà÷åííÿ ïåðåòâîðåííÿ Ëàïëàñà.

10. Âèâåñòè ôîðìóëó ïåðåòâîðåííÿ Ëàïëàñà ïîõiäíî¨ äðîáîâîãî ïîðÿäêó.

Âïðàâè. Âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ Ëàïëàñà, âëàñòèâîñòi îïåðàòîðiâ

äðîáîâîãî äèôåðåíöiþâàííÿ (iíòåãðóâàííÿ), ðîçâ'ÿçàòè ðiâíÿííÿ ÷è çàäà÷ó:

1) CD1/2 − 4u = t , t > 0 , u(0+) = 1 ;

2) CD1/2u+ u = t+ 2 , u(0+) = 2 ;

3) CD1/4u− u = 2t2 , u(0+) = 1 ;

4) CD3/2u− 2CD1/2u = 0 , u(0+) = 2 , u′(0+) = 2 ;

5) CD1/2u−C D1/4u+ 4u = 0 , u(0+) = 1 ;

6) (x+)
−1/4 ∗ u(x) = x+ ;

7) u(x) +
x∫
0

(x− t)1/4u(t)dt = x+ ;

8) u(x)− 2
x∫
0

(x− t)−1/3u(t)dt = θ(x) .

Çðàçîê êîíòðîëüíîãî çàâäàííÿ.

1. f(x) ∗ θ(x) =? , f ∈ L1,loc ∩D′
+ .

2. (x2+)
(3/2) =?

3. Ðîçâ'ÿçàòè ðiâíÿííÿ (x+)
−1/4 ∗ u(x) = f(x) ó D′

+ .

4. Ðîçâ'ÿçàòè ðiâíÿííÿ u(x) + 2
x∫
0

(x− t)1/3u(t)dt = f(x) .



Ðîçäië 3

ÏÐßÌI É ÎÁÅÐÍÅÍI ÇÀÄÀ×I ÄËß
ÐIÂÍßÍÍß ÄÐÎÁÎÂÎ� ÄÈÔÓÇI�

Åëiïòè÷íi é ïàðàáîëi÷íi êðàéîâi çàäà÷i ç ðåãóëÿðíèìè é óçàãàëüíåíè-

ìè ôóíêöiÿìè ó ïðàâèõ ÷àñòèíàõ àêòèâíî âèâ÷àþòüñÿ. Óìîâè êëàñè÷íî¨

ðîçâ'ÿçíîñòi êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ äðóãîãî ïîðÿäêó

Dβ
t u(x, t)− a2∆u(x, t) = F (x, t), a = const

ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ äðîáîâîãî ïîðÿäêó β ∈ (0, 1) îäåðæàíi, çîêðåìà,

â [47].

Ôóíäàìåíòàëüíi ðîçâ'ÿçêè ðiâíÿíü âiäiãðàþòü âàæëèâó ðîëü ó âèâ÷åííi

çàäà÷i Êîøi òà êðàéîâèõ çàäà÷ ó êëàñàõ ãëàäêèõ òà óçàãàëüíåíèõ ôóíêöié.

Äåÿêi çîáðàæåííÿ, îöiíêè òà iíøi âëàñòèâîñòi ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ

ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè çà ÷àñîì òà ôóíêöié Ãðiíà çàäà÷ Êîøi äëÿ

òàêèõ ðiâíÿíü îäåðæàíi â [28,31,32,34,49,50,53] òà iíøèõ ïðàöÿõ. Òóò ðîçãëÿ-

íåìî çàäà÷ó Êîøi, ïåðøó êðàéîâó çàäà÷i i äåÿêi îáåðíåíi çàäà÷i äëÿ ðiâíÿíü

iç ÷àñòèííèìè ïîõiäíèìè äðîáîâèõ ïîðÿäêiâ, âèêîðèñòîâóþ÷è ìåòîä ðÿäiâ

Ôóð'¹ i âëàñòèâîñòi ôóíêöié Ãðiíà.

3.1 Îñíîâíi çàäà÷i äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíè-

ìè äðîáîâèõ ïîðÿäêiâ

Â [12] çíàéäåíî ôóíäàìåíòàëüíó ôóíêöiþ i âèâ÷åíî îñíîâíi êðàéîâi çàäà÷i

äëÿ ðiâíÿííÿ
∂αu

∂xα1
+
∂αu

∂xα2
= f(x1, x2), α ∈ (1, 2).
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Òóò áóäåìî âèâ÷àòè çàäà÷i äëÿ ðiâíÿíü âèãëÿäó

∂βu

∂tβ
=
∂2u

∂x2
+ f(x, t), β ∈ (0, 2).

∂βu

∂tβ
+ (−∆)α/2u+ f(x, t), β, α ∈ (0, 2),

äå îïåðàòîð (−∆)α/2 âèçíà÷åíèé çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹:

F [(−∆)α/2g(x)] = |λ|αF [g(x)] .

Ïðè α = 2 îñòàíí¹ ðiâíÿííÿ ìà¹ âèãëÿä

∂βu

∂tβ
= ∆u+ f(x, t).

Ó êóðñi ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè âèâ÷àþòü ðiâíÿííÿ òåï-

ëîïðîâiäíîñòi

ut =
3∑
j=1

(kjuxj)xj + f(x, t),

ÿêå òàêîæ ¹ ðiâíÿííÿì äèôóçi¨, íàïðèêëàä, êîíöåíòðàöiÿ u(x, t) ãàçó â ïåðå-

ðiçi x òðóáêè, çàïîâíåíî¨ ïîðèñòèì ñåðåäîâèùåì, â ìîìåíò ÷àñó t îïèñó¹òüñÿ

ðiâíÿííÿì

ut = a2uxx = f(x, t),

äå a2 = k/C , f(x, t) = g(x, t)/C , k � êîåôiöi¹íò äèôóçi¨, g(x, t) � ãóñòèíà

âíóòðiøíiõ äæåðåë ãàçó, C � êîåôiöi¹íò ïîðèñòîñòi ñåðåäîâèùà (âiäíîøåííÿ

îá'¹ìó ïîð äî ïîâíîãî îá'¹ìó òðóáêè). Ðiâíÿííÿ Øðåäiíãåðà

iℏψt = − ℏ2

2m0
∆ψ + V ψ

îïèñó¹ õâèëüîâó ôóíêöiþ ψ ÷àñòèíêè ìàñîþ m0 , à |ψ(x, t)|2dx ¹ éìîâiðíiñòþ

òîãî, ùî ÷àñòèíêà â ìîìåíò ÷àñó t çíàõîäèòüñÿ â îêîëi òî÷êè x îá'¹ìîì dx ,

V (x) � ïîòåíöiàë çîâíiøíüîãî ñèëîâîãî ïîëÿ, ℏ � ñòàëà Ïëàíêà.

Ïåðåõiä äî äðîáîâî¨ ïîõiäíî¨ çà ÷àñîì äîçâîëÿ¹ âðàõóâàòè åôåêòè ïàì'ÿòi

ñèñòåìè, ãëèáøå îñìèñëèòè âiäîìi ðåçóëüòàòè, îäåðæàòè íîâi àäåêâàòíi êiëü-

êiñíi ìîäåëi äîñëiäæóâàíèõ ÿâèù. Íàïðèêëàä, ðiâíÿííÿì

3∑
j=1

(kjuxj)xj − c(x, t)u = a2u
(α)
t
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ìîæíà îïèñàòè ðîçïîäië òèñêó u(x, t) ãàçó â ïëàñòi ïîðèñòîãî íåîäíîðiäíîãî

ñåðåäîâèùà (â ìîäåëi ïðîöåñó ôiëüòðàöi¨ ãàçó â ïiäçåìíèõ ãàçîñõîâèùàõ).

Åëåêòðîìàãíiòíi õâèëi â äiåëåêòðèêàõ îïèñóþòü òàêèìè ðiâíÿííÿìè ïðè β ∈
(1, 2) i β ∈ (2, 3) .

ßê âèíèêàþòü ðiâíÿííÿ äðîáîâî¨ äèôóçi¨? Çãàäà¹ìî âèâiä ðiâíÿííÿ ïîøè-

ðåííÿ òåïëà â ñòåðæíi. Êiëüêiñòü òåïëà, ùî ïðîõîäèòü ÷åðåç ïîâåðõíþ S çà

÷àñ âiä t1 äî t2

çà çàêîíîì Ôóð'¹ Q1 = −S
t2∫
t1

kuxdt ,

çà çàêîíîì Íüþòîíâ Q2 = S
t2∫
t1

k1(u− u0)dt ,

äå u0 � òåìïåðàòóðà çîâíiøíüîãî ñåðåäîâèùà, k, k1 � êîåôiöi¹íòè âiäïîâiä-

íî âíóòðiøíüî¨ i çîâíiøíüî¨ òåïëîïðîâiäíîñòi. Íåõàé f1(x, t) � iíòåíñèâíiñòü

äæåðåë òåïëà (êiëüêiñòü òåïëà, ÿêó äà¹ éîãî äæåðåëî â îäèíèöi îá'¹ìó çà

îäèíèöþ ÷àñó), ϱ � ãóñòèíà ìàòåðiàëó ñòåðæíÿ, c � ïèòîìà òåïëî¹ìíiñòü

ñòåðæíÿ.

Ðiâíÿííÿ òåïëîâîãî áàëàíñó â ñòåðæíi íàáóâà¹ âèãëÿäó

S
t2∫
t1

kux|x+∆xdt− S
t2∫
t1

kux|xdt−
t2∫
t1

k1P∆x(u− u0)dt+

+
t2∫
t1

x+∆x∫
x

f1(x, t)dxdt =
x+∆x∫
x

cρ(u|t=t2 − u|t=t1)dx ;

S
t2∫
t1

x+∆x∫
x

(kux)xdxdt− P
t2∫
t1

x+∆x∫
x

k1(u− u0)dxdt+

+
t2∫
t1

x+∆x∫
x

f1(x, t)dxdt =
t2∫
t1

x+∆x∫
x

cρutdxdt ,

çâiäêè

S(kux)x − Pk1(u− u0) + f1(x, t) = cρut

i ïðè ñòàëèõ k, k1 îäåðæó¹ìî

ut = a2uxx − b2u = f(x, t).

Ðiâíÿííÿ âèâ÷àþòü ïðè ïî÷àòêîâié

u(x, 0) = u0(x)

i êðàéîâèõ óìîâàõ âèãëÿäó:
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u(0, t) = µ1(t), u(l, t) = µ2(t), t ≥ 0 � ÿêùî çàäàíî çàêîí çìiíè òåìïåðà-

òóðè íà êiíöÿõ ñòåðæíÿ,

ux(0, t) = µ1(t), ux(l, t) = µ2(t), t ≥ 0 � ÿêùî äî êiíöiâ ïîäà¹òüñÿ òåïëî-

âèé ïîòiê,

ux(0, t) − hu(0, t) = µ1(t), u(l, t) + hu(0, t) = µ2(t), t ≥ 0 � ÿêùî íà

êiíöÿõ âiäáóâà¹òüñÿ òåïëîîáìií iç çîâíiøíiì ñåðåäîâèùåì, à òàêîæ ðiçíèõ

êîìáiíàöiÿõ öèõ óìîâ íà ëiâîìó i ïðàâîìó êiíöÿõ ñòåðæíÿ.

Çàêîí Ôóð'¹, ÿêèé ùå ìîæíà çàïèñàòè ó âèãëÿäi

q(t) = −k grad u ,
çàìiíþþòü íà çàêîí

q(t) = −k
t∫

0

K(t− τ)ux(x, τ)dτ

àáî

q(t) = −k ∂
∂t

t∫
0

fα(t− τ)ux(x, τ)dτ

(âðàõîâóþ÷è ïàì'ÿòü), i òîäi çàìiñòü ðiâíÿííÿ

ut = a2uxx

îäåðæóþòü

ut = a2
t∫

0

K(t− τ)uxx(x, τ)dτ

àáî

ut = a2
∂

∂t

t∫
0

fα(t− τ)uxx(x, τ)dτ.

Ç îñòàííüîãî, iíòåãðóþ÷è, îäåðæó¹ìî

u(x, t)− u(x, 0) = a2
t∫

0

fα(t− τ)uxx(x, τ)dτ (= a2fα(t) ∗ uxx(x, t)),

à äiþ÷è îïåðàòîðîì f−α(t)∗ , îäåðæèìî

f−α(t) ∗ u(x, t)− f1−α(t)u(x, 0) = a2uxx(x, t),

òîáòî ðiâíÿííÿ
CDαu = a2uxx.
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3.1.1 Êëàñè÷íèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i ìåòîäîì ðÿäiâ Ôóð'¹

Ïðè α ∈ (0, 1) ðîçãëÿíåìî [16] êðàéîâó çàäà÷ó

CDα
t u− uxx = h(x, t), (x, t) ∈ (0, l)× (0, t0] := Q, (3.1)

u(0, t) = u(l, t) = 0, t ∈ [0, t0], (3.2)

u(x, 0) = F1(x), x ∈ [0, l]. (3.3)

Íåõàé C(Q) , C(Q̄) , C[0, t0] � êëàñè íåïåðåðâíèõ âiäïîâiäíî â Q , Q̄ òà

íà [0, t0] ôóíêöié,

C2,α(Q) = {v ∈ C(Q) : vxx,
C Dα

t v ∈ C(Q)} , C2,α(Q̄) = C2,α(Q) ∩ C(Q̄) .

Êëàñè÷íèì ðîçâ'ÿçêîì çàäà÷i (3.1)-(3.3) íàçèâà¹òüñÿ ôóíêöiÿ u ∈ C2,α(Q̄) ,

ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (3.1) â Q òà óìîâè (3.2), (3.3).

Øóêàòèìåìî ðîçâ'ÿçîê çàäà÷i ó âèãëÿäi ðÿäó Ôóð'¹

u(x, t) =
∞∑
k=1

Tk(t) sin
kπx

l
, (x, t) ∈ Q (3.4)

çà âëàñíèìè ôóíêöiÿìè sin kπx
l (k = 1, 2, . . . ) çàäà÷i Øòóðìà-Ëióâiëëÿ

X ′′ + λX = 0, x ∈ (0, l), X(0) = X(l) = 0. (3.5)

Ìà¹ìî

CDα
t (

∞∑
k=1

Tk(t) sin
kπx
l )− (

∞∑
k=1

Tk(t) sin
kπx
l )xx = h(x, t) ,

∞∑
k=1

[C
DαTk(t) + (kπl ))

2Tk(t)
]
sin kπx

l = h(x, t) ,

∞∑
k=1

Tk(0) sin
kπx
l = F1(x) .

Äëÿ çíàõîäæåííÿ íåâiäîìèõ ôóíêöié Tk(t) îäåðæó¹ìî çàäà÷i Êîøi

CDαTk + λkTk = hk(t), t ∈ (0, t0), (3.6)

Tk(0) = F1k, k = 1, 2, . . . , (3.7)

äå λk =
(
kπ
l

)2
, F1k , hk(t) � êîåôiöi¹íòè ðîçâèíåííÿ âiäïîâiäíî ôóíêöié

F1(x) , h(x, t) çà âëàñíèìè ôóíêöiÿìè çàäà÷i Øòóðìà-Ëióâiëÿ:
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h(x, t) =
∞∑
k=1

hk(t) sin
kπx
l , F1(x) =

∞∑
k=1

F1k sin
kπx
l .

Âèêîðèñòîâóþ÷è çâ'ÿçîê ìiæ ïîõiäíèìè äðîáîâîãî ïîðÿäêó Äæðáàøÿíà-

Êàïóòî òà Ðiìàíà-Ëióâiëëÿ, çâîäèìî êîæíó ç çàäà÷ (3.6), (3.7) äî ðiâíÿííÿ

T
(α)
k + λkTk = hk(t) + f1−α(t)F1k, t ∈ (0, t0]

i çà âèâåäåíîþ ó ðîçäiëi 2 ôîðìóëîþ îäåðæó¹ìî éîãî ðîçâ'ÿçîê

Tk(t) = tα−1Eα,α(−λktα) ∗ hk(t) + F1kEα,1(−λktα). (3.8)

Ïðèìiòêà. Ìîæíà äîâåñòè, ùî

t∫
0

τα−1Eα,α(−λkτα)dτ =
1− Eα,1(−λktα)

λk
,

dm

dtm
Eα,1(−λktα) = −λtα−mEα,α−m+1(−λktα),

d

dt

(
tEα,2(−λktα)

)
= Eα,1(−λktα), t > 0.

Ââåäåìî ôóíêöiéíi ïðîñòîðè

C̃1(0, l) = {F ∈ C[0, l] ∩ C1(0, l) : F (0) = F (l) = 0} ,
C̃1(Q) = {v ∈ C(Q̄) : v(·, t) ∈ C̃1(0, l) ∀t ∈ (0, t0]} .

Òåîðåìà 1. Íåõàé α ∈ (0, 1] , h ∈ C̃1(Q) , F1 ∈ C̃1(0, l) . Òîäi iñíó¹ ¹äèíèé

ðîçâ'ÿçîê u ∈ C2,α(Q̄0) çàäà÷i (3.1) � (3.3). Âií ìà¹ âèãëÿä (3.4), äå Tk(t)

âèçíà÷àþòüñÿ ôîðìóëîþ (3.8). Ïðàâèëüíi îöiíêè

||u||C(Q) ≤ a0||h||C(Q) + a1||F1||C(0,l),

||uxx||C(Q) + ||CDα
t u||C(Q) ≤ â0||h||C1(Q) + â1||F1||C1(0,l),

äå a, a0, a1, â, â0, â1 � äîäàòíi ñòàëi.

Òóò ||v||C(Q) = sup
(x,t)∈Q

|v(x, t)| , ||v||Cr(0,l) = max
m=0,r

sup
x∈(0,l)

|v(m)(x)| ,

||v||Cr(Q) = max
m=0,r

max
t∈[0,t0]

sup
(x,t)∈Q

|∂
mv(x,t)
∂xm |, r = 0, 1, . . .

Äîâåäåííÿ. Ó âèïàäêó α ∈ (0, 1) ôóíêöiÿ Eα,1(−z) íå ìà¹ äiéñíèõ äîäà-

òíèõ íóëiâ, 0 ≤ Eα,1(−z) ≤ 1 , Eα,α(−z) ≥ 0 , z ≥ 0 .
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Òiëüêè ïðè íåïåðåðâíîñòi òà îáìåæåíîñòi h(x, t) íà (0, l) (äëÿ êîæíîãî t )

ïåðøèé äîäàíîê ó ôîðìóëi (3.8) ìàòèìå îöiíêó

tα−1|Eα,α(−λktα) ∗ hk(t)| ≤M1

t∫
0

τα−1Eα,α(−λkτα)dτ

=M1
[1−Eα,1(−λkτα)]

λk
≤ M2

λk
.

Òóò i äàëi Mi ( i = 0, 1, . . . ) � äîäàòíi ñòàëi. Òîäi ðÿä

∞∑
k=1

[
tα−1Eα,α(−λktα) ∗ hk(t)

]
sin

kπx

l
(3.9)

ðiâíîìiðíî é àáñîëþòíî çáiãà¹òüñÿ íà Q̄0 .

Ïðè F1 ∈ C[0, l] ìàòèìåìî

|F1kEα,1(−λktα)| ≤
C1

1 + λktα
,

äå C1 � äîäàòíà ñòàëà. Òîäi ðÿä

∞∑
k=1

F1kEα,1(−λktα) sin
kπx

l
(3.10)

ðiâíîìiðíî òà àáñîëþòíî çáiãà¹òüñÿ íà Q̄0 . ßêùî F1 ∈ C̃1(0, l) , òî

F1k =

2
l∫
0

F ′
1(x) cos(λ

1/2
k x)dx

lλ
1/2
k

=
F̃1k

λ
1/2
k

,

äå F̃1k � êîåôiöi¹íòè ðîçâèíåííÿ â ðÿä Ôóð'¹ ôóíêöi¨ F ′
1(x) çà ñèñòåìîþ

{1, cos(λ1/2k x)}∞k=1 . Òîäi ïðîäèôåðåíöiéîâàíèé äâi÷i çà x ðÿä (3.10) ìàæîðó¹-

òüñÿ çáiæíèì ÷èñëîâèì ðÿäîì

M3

∞∑
k=1

|F̃1k|
k ≤M3

[ ∞∑
k=1

1
k2

]1/2[ ∞∑
k=1

F̃ 2
1k

]1/2
.

Ïðîäèôåðåíöiéîâàíèé äâi÷i çà x ðÿä (3.9) ìà¹ âèãëÿä

∞∑
k=1

[
tα−1Eα,α(−λktα) ∗ hk(t)

]
λk sin

kπx

l
.

Ïîäiáíî äî âèùåíàâåäåíîãî äëÿ ôóíêöi¨ F1(x) , çà óìîâè h ∈ C̃1(Q) (ÿê ó

ôîðìóëþâàííi òåîðåìè) âií çáiãà¹òüñÿ ðiâíîìiðíî.
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Iç ðiâíÿííÿ çàäà÷i îäåðæó¹ìî iñíóâàííÿ íåïåðåðâíî¨ ïîõiäíî¨ CDα
t ôóíêöi¨

(3.9) òà ñóìè ðÿäó (3.4). Îöiíêè â òåîðåìi âèïëèâàþòü iç çîáðàæåííÿ ðîçâ'ÿçêó

i îäåðæàíèõ îöiíîê ðÿäiâ.

�äèíiñòü ðîçâ'ÿçêó çàäà÷i âèïëèâà¹ ç ïðèíöèïó ìàêñèìóìó [46]. Íåïåðåðâ-

íà çàëåæíiñòü ðîçâ'ÿçêó âiä äàíèõ âèïëèâà¹ ç îäåðæàíèõ îöiíîê.

Îïðàöþâàòè ïðèíöèï ìàêñèìóìó i çàñòîñóâàííÿ ìåòîäó ðÿäiâ Ôóð'¹ ïðè

ðîçâ'ÿçàííi êðàéîâî¨ çàäà÷i äëÿ çàãàëüíiøîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó ç

ðåãóëÿðèçîâàíîþ ïîõiäíîþ äðîáîâîãî ïîðÿäêó [46], à òàêîæ äîâåäåííÿ iñíó-

âàííÿ ñèëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó òàêî¨ çàäà÷i [47,35].

3.1.2 Îáåðíåíà çàäà÷à

Ïðè α ∈ (0, 1) ðîçãëÿíåìî [44] çàäà÷ó

CDα
t u− uxx = g(t)F0(x), (x, t) ∈ (0, l)× (0, t0] := Q, (3.11)

u(0, t) = u(l, t) = 0, t ∈ [0, t0], (3.12)

u(x, 0) = F1(x), x ∈ [0, l], (3.13)

u(x, t0) = F2(x), x ∈ [0, l] (3.14)

ïðî çíàõîäæåííÿ ïàðè ôóíêöié (u, F0) ∈ M := C2,α(Q̄)× C̃1(0, l) . Äîäàòêîâó

óìîâó (3.14) íàçèâàþòü óìîâîþ ïåðåâèçíà÷åííÿ.

Çà òåîðåìîþ 1 ïðè g ∈ C[0, t0] i âiäîìié F0 ∈ C̃1(0, l) iñíó¹ ¹äèíèé

ðîçâ'ÿçîê u ∈ C2,α(Q̄) ïðÿìî¨ çàäà÷i (3.11) � (3.13), ùî ìà¹ âèãëÿä (3.4),

à Tk(t) âèçíà÷àþòüñÿ ôîðìóëîþ (3.8) ç çàìiíîþ hk(t) íà F0kg(t) .

Ïiäñòàâëÿþ÷è ðîçâ'ÿçîê (3.4) ïðÿìî¨ çàäà÷i (3.11) � (3.13) â óìîâó ïåðåâè-

çíà÷åííÿ (3.14), îäåðæó¹ìî

Tk(t0) = F2k, k = 1, 2, · · · <=>

F0k

t0∫
0

τα−1Eα,α(−λkτα)g(t0 − τ)dτ + F1kEα,1(−λktα0 ) = F2k,

çâiäêè çà óìîâè

Gk :=

t0∫
0

τα−1Eα,α(−λkτα)g(t0 − τ)dτ ̸= 0, k = 1, 2, . . . (3.15)
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çíàõîäèìî âèðàçè äëÿ íåâiäîìèõ êîåôiöi¹íòiâ F0k ðîçâèíåííÿ ôóíêöi¨ F0(x)

â ðÿä Ôóð'¹:

F0k =
[
F2k − F1kEα,1(−λktα0 )

]
G−1
k , k = 1, 2, . . . (3.16)

Çàëèøà¹òüñÿ îáãðóíòóâàòè ðiâíîìiðíó çáiæíiñòü ðîçâèíåííÿ

F0(x) =
∞∑
k=1

F0k sin
kπx

l
, x ∈ (0, l), (3.17)

íàëåæíiñòü ñóìè ðÿäó äî êëàñó C̃1(0, l) (ïðè òàêié F0(x) çà äîâåäåíèì ó

òåîðåìi 1 ìîæå áóòè êëàñè÷íèì ðîçâ'ÿçîê (3.4) ïðÿìî¨ çàäà÷i).

Çà ôîðìóëîþ (3.8) ìà¹ìî

Tk(t) = F0kt
α−1Eα,α(−λktα) ∗ g(t) + F1kEα,1(−λktα) = (3.18)

= F0k

t∫
0

τα−1Eα,α(−λkτα)g(t− τ)dτ + F1kEα,1(−λktα),

äå F0k âèçíà÷åíi ôîðìóëîþ (3.16).

Äàëi âðàõîâó¹ìî, ùî 1
Gk

ìîæå ðîñòè ÿê λk ïðè k → +∞ i ïðè âåëèêèõ

λk ôóíêöi¨ Eα,µ(−λktα) (µ = 1, 2, α ) ìàþòü îäíàêîâèé õàðàêòåð ïîâåäiíêè.

Òîäi ç äîâåäåííÿ òåîðåìè 1 âèïëèâà¹, ùî ïðè F0 ∈ C̃1(0, l) ðÿä

∞∑
k=1

F0k

t∫
0

τα−1Eα,α(−λkτα)g(t− τ)dτ

Gk
sin

kπx

l

ðiâíîìiðíî òà àáñîëþòíî çáiãà¹òüñÿ íà Q̄ i ùî ïðè F0 ∈ C̃3(0, l) öåé ðÿä

ìîæíà äâi÷i ïî÷ëåííî äèôåðåíöiþâàòè çà x . Äëÿ öüîãî çà ôîðìóëîþ (3.16)

äîñòàòíüî, ùîá F1 ∈ C̃1(0, l) , F2 ∈ C̃3(0, l) . Ìè âèêîðèñòîâó¹ìî ïîçíà÷åííÿ

C̃j(0, l) = {F ∈ Cj−1[0, l] ∩ Cj(0, l) : F (0) = F (l) = 0} , j = 1, 2 ,

C̃3(0, l) = {F ∈ C2[0, l] ∩ C3(0, l) : F (0) = F (l) = 0, F
′′
(0) = F

′′
(l) = 0} .

Îäåðæàëè íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 2. Íåõàé α ∈ (0, 1) , g ∈ C[0, t0] F1 ∈ C̃1(0, l) , F2 ∈ C̃3(0, l) ,

Fj(x) =
∞∑
k=1

Fjk sin
kπx

l
, j = 1, 2
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i âèêîíó¹òüñÿ óìîâà (3.15). Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê (u, F0) ∈ M :=

C2,α(Q̄) × C̃1(0, l) çàäà÷i (3.11)-(3.14). Ôóíêöiÿ u âèçíà÷à¹òüñÿ ôîðìóëîþ

(3.4), äå Tk(t) âèçíà÷åíi çãiäíî ç (3.18), F0k � çãiäíî ç (3.16),

F0(x) =
∞∑
k=1

F0k sin
kπx

l
, x ∈ (0, l).

Ïðèìiòêà. Iç âðàõóâàííÿì ôîðìóëè

t∫
0

τα−1Eα,α(−λkτα)dτ =
1− Eα,1(−λktα)

λk
,

ïðè g(t) = const, t ∈ [0, t0] óìîâà (3.15) ðiâíîçíà÷íà óìîâi Eα,1(−λktα0 ) ̸= 1 .

Ïðè α ∈ (0, 1] ôóíêöiÿ Eα,1(−z) íå ìà¹ äiéñíèõ äîäàòíèõ íóëiâ, ìîíîòîííî

ñïàäíà, Eα,1(0) = 1 , òîìó ïðè g(t) = const, t ∈ [0, t0] óìîâà (3.15) âèêîíó¹-

òüñÿ äëÿ âñiõ t0 > 0 .

Òåîðåìà 3. Çà ïðèïóùåííÿ (3.15) ðîçâ'ÿçîê (u, F0) ∈ M = C2,α(Q̄) ×
C̃1(0, l) çàäà÷i (3.11) � (3.14) ¹äèíèé.

Äîâåäåííÿ. Ïðèïóñêàþ÷è iñíóâàííÿ äâîõ ðîçâ'ÿçêiâ (u1, F 1
0 ) , (u

2, F 2
0 ) êëà-

ñó M îáåðíåíî¨ çàäà÷i, äëÿ u = u1 − u2 , F0 = F 1
0 − F 2

0 ìàòèìåìî çàäà÷ó
CDα

t u− uxx = g(t)F0(x), (x, t) ∈ Q,

u(0, t) = u(l, t) = 0, t ∈ [0, t0],

u(x, 0) = 0, u(x, t0) = 0, x ∈ [0, l] .

Çà òåîðåìîþ 1 ïðè âiäîìié F0 ∈ C̃1(0, l) iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈
C2,α(Q̄) ïðÿìî¨ çàäà÷i, ùî ìà¹ âèãëÿä

u(x, t) =
∞∑
k=1

F0k

t∫
0

τα−1Eα,α(−λkτα)g(t− τ)dτ sin
kπx

l
,

(x, t) ∈ Q0. Ïiäñòàâëÿþ÷è éîãî â óìîâó ïåðåâèçíà÷åííÿ, îäåðæó¹ìî

∞∑
k=1

F0kGk sin
kπx

l
= 0, (x, t) ∈ Q.

Çà ïîâíîòîþ ñèñòåìè âëàñíèõ ôóíêöié

F0kGk = 0, k = 1, 2, . . .
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Çâiäñè, âðàõîâóþ÷è ïðèïóùåííÿ (3.15), îäåðæó¹ìî F0k = 0 äëÿ âñiõ k =

1, 2, . . . , à îòæå, F0(x) = 0 , x ∈ [0, l] .

Òåîðåìà 4. Çà óìîâ òåîðåìè 2 ðîçâ'ÿçîê (u, F0) ∈ M çàäà÷i (3.11) �

(3.14) íåïåðåðâíî çàëåæèòü âiä äàíèõ.

Êëàñè÷íèé ðîçâ'ÿçîê îáåðíåíî¨ çàäà÷i äëÿ ðiâíÿííÿ äðîáîâî¨ äèôóçi¨ ïðè

iíòåãðàëüíié çà ÷àñîì óìîâi ïåðåâèçíà÷åííÿ ìåòîäîì ðÿäiâ Ôóð'¹ îäåðæàíî

â [17].

3.1.3 Óçàãàëüíåíi ðîçâ'ÿçêè ìåòîäîì ðÿäiâ Ôóð'¹

Íåõàé Xk(x) = sin kx , k ∈ N . Ïîçíà÷èìî ÷åðåç D′
2π(R) ïðîñòið ïåðiîäè-

÷íèõ ðîçïîäiëiâ v ∈ D′(R) òàêèõ, ùî

v(x+ 2π) = v(x) = −v(−x) ∀x ∈ R.

Ôîðìàëüíèé ðÿä
∞∑
k=1

vkXk(x), x ∈ R (3.19)

� ðÿä Ôóð'¹ ðîçïîäiëiâ v ∈ D′
2π(R) ,

vk =
2

π
(v,Xk)2π =

2

π
(v, hXk)

� éîãî êîåôiöi¹íòè, äå h(x) � íåïàðíà ôóíêöiÿ ç D(R) :

h(x) =

{
1, x ∈ (−π + ε, π − ε)

0, x ∈ R \ (−π, π)
, 0 ≤ h(x) ≤ 1 ,

vk =
2
π

∫ π
0 v(x)Xk(x)dx ïðè v ∈ D′

2π(R) ∩ L1
loc(R) ,

i òîäi ðÿä (3.19) ¹ êëàñè÷íèì ðÿäîì Ôóð'¹ v çà ñèñòåìîþ Xk , k ∈ N .

Âiäîìî, ùî D′
2π(R) ⊂ S ′(R) , ðÿä (3.19) äëÿ ôóíêöi¨ v ∈ D′

2π(R) çáiãà¹òüñÿ
â S ′(R) äî v , êîåôiöi¹íòè ìàþòü îöiíêè

|vk| ≤ C0(m)C(v,m)(1 + k)m ∀k ∈ N

ïðè äåÿêîìó m ∈ Z+ , C0(m) , C(v,m) � ñòàëi, ùî íå çàëåæàòü âiä k ∈

N , çîêðåìà, C(v,m) =
( ∫

R(1 + x2)−m/2|v(x)|dx
)1/2

. ×èñëî m íàçèâà¹òüñÿ

ïîðÿäêîì ðîçïîäiëó v (äëÿ ðåãóëÿðíèõ ôóíêöié m < 0 ).

Íåõàé γ ∈ R ,
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Hγ(R) =
{
v ∈ D′

2π(R) : ∥v∥Hγ(R) = sup
k∈N

|vk|(1 + k)γ < +∞
}
,

C
(
[0, T ];Hγ(R)

)
� ïðîñòið íåïåðåðâíèõ çà t ∈ [0, T ] ôóíêöié v(x, t) çi

çíà÷åííÿìè v(·, t) ∈ Hγ(R) ,
∥v∥

C
(
[0,T ];Hγ(R)

) = max
t∈[0,T ]

∥v(·, t)∥Hγ(R) ,

C2,α

(
[0, T ];Hγ(R)

)
=

{
v ∈ C

(
[0, T ];H2+γ(R)

)
:C Dαv ∈ C

(
[0, T ];Hγ(R)

)}
� éîãî ïiäïðîñòið ç íîðìîþ

∥v∥
C2,α

(
[0,T ];Hγ(R)

) = max
{
∥v∥

C
(
[0,T ];H2+γ(R)

), ∥CDαv∥
C
(
[0,T ];Hγ(R)

)} .
Çàóâàæèìî, ùî Hγ+ε(R) ⊂ Hγ(R) äëÿ âñiõ ε > 0 , γ ∈ R .

Ðîçãëÿíåìî çàäà÷ó [42]

CDα
t u− uxx = F0(x), (x, t) ∈ Q := R× (0, T ], (3.20)

u(x, 0) = F1(x), ut(x, 0) = F2(x), x ∈ R, (3.21)
t0∫
0

u(x, t)dt = Φ(x), x ∈ R, t0 ∈ (0, T ] (3.22)

äå α ∈ (0, 2) , F1 , F2 , Φ � çàäàíi ôóíêöi¨, T > 0 , u, F0 � íåâiäîìi ôóíêöi¨.

Äðóãà óìîâà â (3.21) âiäñóòíÿ ïðè α ∈ (0, 1] .

Ïðèïóùåííÿ (A): γ ∈ R , θ ∈ (0, 1) , Fj ∈ Hγ+2+2θ(R) , j = 1, 2 ;

Φ ∈ Hγ+4+2θ(R) , t0 ∈ (0, T ] òàêå, ùî Eα,2(−k2tα0 ) ̸= 1 äëÿ âñiõ k ∈ N
(ÿêùî α ∈ (1, 2) ),

F1 ∈ Hγ+2(R) , F2 = 0 , Φ ∈ Hγ+4(R) i t0 ∈ (0, T ] äîâiëüíå ïðè α ∈
(0, 1) .

Ïðèìiòêà. 0 < Eα,µ(−k2tα) < 1 ïðè âñiõ t > 0 , µ ≥ α , ÿêùî α ∈ (0, 1] .

Ó âèïàäêó α ∈ (1, 2) ôóíêöiÿ 1− Eα,2(−z) ìà¹ ñêií÷åííó êiëüêiñòü äiéñíèõ
äîäàòíèõ êîðåíiâ, òîìó iñíó¹ t0 ∈ (0, T ] òàêå, ùî

Eα,2(−k2tα0 ) ̸= 1 ∀k ∈ N .

Ðîçêëàäåìî Fj(x), j ∈ {0, 1, 2}, Φ(x) ó ôîðìàëüíi ðÿäè Ôóð'¹ çà ñèñòå-

ìîþ Xk(x) , k ∈ N :

Fj(x) =
∞∑
k=1

FjkXk(x), x ∈ R, j = 0, 1, 2, (3.23)
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Φ(x) =
∞∑
k=1

ΦkXk(x), x ∈ R.

Ïàðà ôóíêöié

(u, F0) ∈ Mα,γ,θ := C2,α

(
[0, T ];Hγ(R)

)
×Hγ+2θ(R)(

(u, F0) ∈ Mα,γ = Mα,γ,0 ïðè α ∈ (0, 1)
)
,

çàäàíà ðÿäàìè

u(x, t) =
∞∑
k=1

uk(t)Xk(x), (x, t) ∈ Q (3.24)

i (3.23) ïðè j = 0 , ÿêà çàäîâîëüíÿ¹ ðiâíÿ÷ííÿ (3.20) i óìîâè (3.21), (3.22) ó

S ′(R) , íàçèâà¹òüñÿ ðîçâ'ÿçêîì çàäà÷i (3.20)�(3.22) çà óìîâ (A).

Ïiäñòàâëÿþ÷è ôóíêöiþ (3.24) â (3.20) i (3.21), (3.22), îäåðæó¹ìî çàäà÷i

CDαuk + k2uk = F0k, t ∈ (0, T ],

uk(0) = F1k, u′k(0) = F2k,
(3.25)

t0∫
0

uk(t)dt = Φk, k ∈ N (3.26)

äëÿ íåâiäîìèõ uk(t) , t ∈ [0, T ] i F0k , k ∈ N .

Ìà¹ìî

u
(α)
k + k2uk = F0k(t) + f1−α(t)F1k + f2−α(t)F2k, t ∈ (0, T ], k ∈ N, (3.27)

çâiäêè

uk(t) = F0k

t∫
0

τα−1Eα,α(−k2τα)dτ

+F1kEα,1(−k2tα) + F2ktEα,2(−k2tα), t ∈ [0, T ], k ∈ N.

Íåõàé uk0(t) � ïåðøèé äîäàíîê ó öié ôîðìóëi. Çíàéäåìî éîãî îöiíêó:

|uk0(t)| ≤ |F0k|
t∫

0

τα−1|Eα,α(−k2τα)|dτ

≤ rα,α|F0k|
t∫

0

τα−1dτ

1 + k2τα
=
rα,α
αk2

|F0k|ln(1 + k2tα)
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≤ rα,α
α

|F0k|tsαk2s−2 ∀s > 0.

Íåõàé c(γ) =

{
1, γ ≥ 0,

2−γ, γ < 0,
. Òîäi kγ ≤ c(γ)(1+k)γ, i ç ïîïåðåäíüî¨ îöiíêè

ïðè s = θ

(1 + k)γ+2|uk0(t)| ≤ K0 sup
t∈(0,T ]

|F0k(t)|(1 + k)γ+2θ, t ∈ [0, T ], k ∈ N.

Çà îáìåæåíiñòþ Eα,j(−k2tα) , j = 1, 2 ,

tj−1|FjkEα,j(−k2tα)|(1 + k)γ+2 ≤ Kj|Fjk|(1 + k)γ+2,

t ∈ [0, T ], j ∈ {1, 2}, k ∈ N.

Îòæå, ôóíêöiÿ (3.24) íàëåæèòü äî ïðîñòîðó C
(
[0, T ];Hγ+2(R)

)
i ç ôîðìóë

(3.24) i (3.29) îäåðæó¹ìî îöiíêó

||u||
C([0,T ];Hγ+2(R)

) ≤ â0||F0||Hγ+2θ(R) +
2∑
j=1

âj||Fj||Hγ+2(R), (3.28)

äå âj, j ∈ {0, 1, 2} � äîäàòíi ñòàëi, ùî íå çàëåæàòü âiä äàíèõ çàäà÷i.

Ç ðiâíÿíü ó (3.25) âèïëèâà¹ iñíóâàííÿ íåïåðåðâíèõ ïîõiäíèõ CDαuk(t) ,

t ∈ (0, T ] i îöiíêè:

|CDαuk(t)| ≤ k2|uk(t)|+ |F0k(t)|, k ∈ N,

||CDαu||
C([0,T ];Hγ(R)

) = max
t∈[0,T ]

sup
k∈N

|CDαuk(t)|(1 + k)γ

≤ max
t∈[0,T ]

[
sup
k∈N

k2|uk(t)|(1 + k)γ + sup
k∈N

|F0k(t)|(1 + k)γ+2θ(1 + k)−2θ
]

≤ ||u||
C([0,T ];Hγ+2(R)

) + ||F0||Hγ+2θ(R).

Îòæå, u ∈ C2,α([0, T ];H
γ(0, l)

)
. Ç îñòàííüî¨ íåðiâíîñòi i (3.28) âèïëèâà¹ (3.30).

Ó âèïàäêó α ∈ (0, 1) ìà¹ìî Eα,µ(−x) > 0 ïðè x > 0 , µ ≥ α i

t∫
0

τα−1Eα,α(−k2τα)dτ =

t∫
0

∞∑
p=0

(−1)pk2pτ pα+α−1dτ

Γ(pα + α)
=

=
∞∑
p=0

(−1)pk2ptpα+α

Γ(pα + α + 1)
= Eα,α+1(−k2tα).



71

Òîäi |uk0(t)| ≤ K0 sup
t∈(0,T ]

|F0k(t)| i

(1 + k)γ+2|uk0(t)| ≤ K0 sup
t∈(0,T ]

|F0k(t)|(1 + k)γ+2, t ∈ [0, T ], k ∈ N.

Äàëi, ÿê ïðè α ∈ (1, 2) , îäåðæó¹ìî, ùî u ∈ C2,α([0, T ];H
γ(R)

)
.

Íåðiâíiñòü (3.30) äà¹ íåïåðåðâíó çàëåæíiñòü ðîçâ'ÿçêó âiä äàíèõ. Ðåçóëü-

òàòîì ¹

Òåîðåìà 5. Íåõàé γ ∈ R , θ ∈ (0, 1) , F0 ∈ Hγ+2θ(R) ,
Fj ∈ Hγ+2(R) , j = 1, 2 , ÿêùî α ∈ (1, 2) ,

F0 ∈ Hγ(R) , F1 ∈ Hγ+2(R) , F2 = 0 , ÿêùî α ∈ (0, 1] .

Iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈ C2,α

(
[0, T ];Hγ(R)

)
çàäà÷i (3.20), (3.21). Âií

çàäàíèé ôîðìóëîþ (3.24), äå

uk(t) = F0kk
−2
[
1− Eα,1(−k2tα)

]
+F1kEα,1(−k2tα) + F2ktEα,2(−k2tα), t ∈ [0, T ], k ∈ N.

(3.29)

Ðîçâ'ÿçîê íåïåðåðâíî çàëåæèòü âiä äàíèõ (F0, F1, F2 ), ïðàâèëüíi îöiíêè:

||u||
C2,α

(
[0,T ];Hγ(R)

) ≤ a0||F0||Hγ+2θ(R) +
2∑
j=1

aj||Fj||Hγ+2(R), (3.30)

äå aj , j ∈ {0, 1, 2} � äîäàòíi ñòàëi, ÿêi íå çàëåæàòü âiä äàíèõ çàäà÷i,

F2 = 0 i θ = 0 ó (3.30), ÿêùî α ∈ (0, 1] .

Òåîðåìà 6. Çà ïðèïóùåííÿ (A) iñíó¹ ¹äèíèé ðîçâ'ÿçîê (u, F0) ∈ Mα,γ,θ

îáåðíåíî¨ çàäà÷i (3.20) � (3.22). Âií ìà¹ âèãëÿä (3.24) i (3.23) ïðè j = 0 , äå

uk(t) âèçíà÷åíi ôîðìóëîþ (3.29),

F0k =
[
Φk − F1kt0Eα,2(−k2tα0 )− F2kt

2
0Eα,3(−k2tα0 )

]
k2 G−1

k , k ∈ N (3.31)

iç Gk = t0
[
1− Eα,2(−k2tα0 )

]
.

Ðîçâ'ÿçîê íåïåðåðâíî çàëåæèòü âiä äàíèõ F1, F2, Φ i ïðàâèëüíi îöiíêè

||u||
C2,α

(
[0,T ];Hγ(R)

) + ||F0||Hγ+2θ(R)

≤ b0||Φ||Hγ+2θ+4(R) +
2∑
j=1

bj||Fj||Hγ+2+2θ(R), α ∈ (1, 2),

||u||
C2,α

(
[0,T ];Hγ(R)

) + ||F0||Hγ(R) ≤ b0||Φ||Hγ+4(R) + b1||F1||Hγ+2(R), α ∈ (0, 1]

(3.32)
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äå bj , j ∈ {0, 1, 2} � äîäàòíi ñòàëi, ùî íå çàëåæàòü âiä äàíèõ çàäà÷i.

Äîâåäåííÿ. Çà òåîðåìîþ 5 iñíó¹ ¹äèíèé ðîçâ'ÿçîê ïðÿìî¨ çàäà÷i (3.20),

(3.21). Íà ïiäñòàâi (3.29) çàïèøåìî óìîâè (3.26) ó âèãëÿäi

F0kk
−2

t0∫
0

[
1− Eα,1(−k2tα)

]
dt

+

t0∫
0

[
F1kEα,1(−k2tα) + F2ktEα,2(−k2tα)

]
dt = Φk, k ∈ N.

Çàóâàæèìî, ùî
t0∫
0

Eα,1(−k2tα)dt = t0Eα,2(−k2t0α), k ∈ N,

t0∫
0

tEα,2(−k2tα)dt =
1

αk4/α

k2t0
α∫

0

Eα,2(−z)z
2
α−1dz

=
1

k4/α

∞∑
p=0

(−1)p(k2t0
α)p+

2
α

Γ(pα + 3)
= t20Eα,3(−k2t0α), k ∈ N.

Çâiäñè, çãiäíî ç (A), çíàõîäèìî âèðàçè (3.31) äëÿ íåâiäîìèõ êîåôiöi¹íòiâ

F0k , k ∈ N .

Ïîêàæåìî, ùî çíàéäåíèé ðîçâ'ÿçîê íàëåæèòü äî Mα,γ,θ . Òîìó ùî

Eα,µ(−k2tα) (µ ∈ {α, 1, 2, 3} ) ìàþòü îäíàêîâi îöiíêè ïðè âåëèêèõ k ,

âðàõîâóþ÷è ôîðìóëè (3.31), îäåðæó¹ìî

(1 + k)γ+2θ|F0k| ≤ c0

[
|Φk|(1 + k)γ+2θ

+|F1k|(1 + k)γ+2θ−2 + |F2k|(1 + k)γ+2θ−2
]
(1 + k)4

= c0

[
|Φk|(1 + k)γ+4+2θ + |F1k|(1 + k)γ+2θ+2 + |F2k|(1 + k)γ+2θ+2

]
, α ∈ (1, 2),

(1 + k)γ|F0k| ≤ c0

[
|Φk|(1 + k)γ+4 + sup

t∈(0,T ]
|F1k|(1 + k)γ+2

]
, α ∈ (0, 1), k ∈ N

äå c0 > 0 , à òîäi

||F0||Hγ+2θ(R) ≤ c0

[
||Φ||Hγ+4+2θ(R) +

2∑
j=1

||Fj||Hγ+2+2θ(R)

]
, α ∈ (1, 2),

||F0||Hγ(R) ≤ c0

[
||Φ||Hγ+4(R) + ||F1||Hγ+2(R)

]
, α ∈ (0, 1].
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Îòæå, F0 ∈ Hγ+2θ(R) (F0 ∈ Hγ(R) ïðè α ∈ (0, 1] ). Òîäi ç (3.30) âèïëèâà¹

(3.32).

3.2 Çàñòîñóâàííÿ ôóíêöi¨ Ãðiíà

Ôóíêöiþ Ãðiíà øèðîêî çàñòîñîâóþòü äëÿ ðîçâ'ÿçóâàííÿ çàäà÷i Êîøi,

êðàéîâèõ i ïî÷àòêîâî-êðàéîâèõ çàäà÷ òà äîñëiäæåííÿ âëàñòèâîñòåé ¨õíiõ

ðîçâ'ÿçêiâ. Âèâ÷èìî ôóíêöi¨ Ãðiíà íà ïiäñòàâi îñíîâíèõ iíòåãðàëüíèõ

òîòîæíîñòåé òà òåîði¨ óçàãàëüíåíèõ ôóíêöié (ÿê ó [57]).

3.2.1 Ïîíÿòòÿ ôóíêöi¨ Ãðiíà

1. Âèçíà÷èìî ôóíêöiþ Ãðiíà êðàéîâî¨ çàäà÷i äëÿ îïåðàòîðà

L(x,D) =
∑
|γ|≤m

aγ(x)D
γ, aγ ∈ C∞.

Äëÿ îáìåæåíî¨ îáëàñòi Ω ⊂ Rn ç ãëàäêîþ ìåæåþ S (çàìêíåíîþ ïîâåðõ-

íåþ êëàñó C∞ ) i äîâiëüíèõ u, v ∈ D(Ω̄) = C∞(Ω̄) ïðàâèëüíà ôîðìóëà Ãðiíà∫
Ω

[vLu− uL∗v]dy =

∫
S

m∑
j=1

Lj(y, u, v)νj(y)dyS,

äå L∗ � ôîðìàëüíî ñïðÿæåíèé îïåðàòîð äî äèôåðåíöiàëüíîãî îïåðàòîðà L ,

Lj(y, u, v) � ëiíiéíi äèôåðåíöiàëüíi âèðàçè ç ãëàäêèìè (íåñêií÷åííî äèôå-

ðåíöiéîâíèìè íà S ) êîåôiöi¹íòàìè ïîðÿäêiâ ≤ m− 1 ùîäî ôóíêöié u, v .

Íåõàé ω∗(y, x) � ôóíäàìåíòàëüíà ôóíêöiÿ îïåðàòîðà L∗(y,D) :

L∗(y,D)ω∗(y, x) = δ(y − x) , y, x ∈ Ω .

ßê i êîæíó óçàãàëüíåíó ôóíêöiþ, ôóíêöiþ ω∗(y, x) ìîæíà ïîäàòè ó âè-

ãëÿäi

ω∗(y, x) = lim
k→∞

fk(y, x)

ç íåñêií÷åííî äèôåðåíöiéîâíèìè fk . Çàïèñóþ÷è ôîðìóëó Ãðiíà iç ôóíêöiÿìè

fk çàìiñòü v(y) , u ∈ Cm(Ω̄) i ïåðåõîäÿ÷è äî ãðàíèöi ïðè k → ∞ , îäåðæó¹ìî

(ω∗(y, x), L(y,D)u(y))− (L∗(y,D)ω∗(y, x), u(y)) =

=

∫
S

m∑
j=1

Lj(y, u, v)νj(y)dyS.



74

Òóò çëiâà äóæêàìè ïîçíà÷åíî çíà÷åííÿ óçàãàëüíåíî¨ ôóíêöi¨ íà îñíîâíó. Âðà-

õîâóþ÷è, ùî

(L∗(y,D)ω∗(y, x), u(y)) = (δ(y − x), u(y)) = u(x),

à ω∗(y, x) ¹ ðåãóëÿðíîþ óçàãàëüíåíîþ ôóíêöi¹þ, îòðèìà¹ìî

u(x) =

∫
Ω

ω∗(y, x)L(y,D)u(y)dy−

∫
S

m∑
j=1

Lj(y, u(y), ω
∗(y, x))νj(y)dyS, x ∈ Ω. (3.33)

Öå iíòåãðàëüíå çîáðàæåííÿ ôóíêöi¨ u ∈ Cm(Ω̄) â Ω ÷åðåç çíà÷åííÿ Lu â

Ω òà çíà÷åííÿ ôóíêöi¨ u òà ¨¨ ÷àñòèííèõ ïîõiäíèõ äî ïîðÿäêó m − 1 íà

ìåæi S îáëàñòi. Âèìàãàþ÷è âiä ôóíêöi¨ ω∗(y, x) áiëüøå, çâiäñè îäåðæó¹ìî

çîáðàæåííÿ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷.

Íàïðèêëàä, äëÿ îïåðàòîðà Ëàïëàñà (L = ∆ ) ïîïåðåäíÿ ôîðìóëà íàáóâà¹

âèãëÿäó

u(x) =

∫
Ω

∆u(y)ω(x, y)dy+

∫
S

[u(y)
∂ω(x, y)

∂νy
− ∂u(y)

∂νy
ω(x, y)]dyS, x ∈ Ω, (3.34)

äå ω(x, y) = ω∗(y, x) .

Ç (3.34), âðàõîâóþ÷è, ùî ôóíäàìåíòàëüíà ôóíêöiÿ âèçíà÷åíà ç òî÷íiñòþ

äî àäèòèâíîãî ðîçâ'ÿçêó ω0(x, y) âiäïîâiäíîãî ëiíiéíîãî îäíîðiäíîãî ðiâíÿí-

íÿ (òóò ∆xω0 = 0, x ∈ Ω ), îäåðæó¹ìî çîáðàæåííÿ ðîçâ'ÿçêó çàäà÷i Äiðiõëå

∆u(x) = f(x), x ∈ Ω, u(x) = f1(x), x ∈ S

ó âèãëÿäi

u(x) =

∫
Ω

G(x, y)f(y)dx+

∫
S

∂G(x, y)

∂νx
f1(y)dxS, x ∈ Ω,

äå G(x, y) = ω(x, y) + ω0(x, y) � ôóíêöiÿ Ãðiíà çàäà÷i Äiðiõëå � ðîçâ'ÿçîê

çàäà÷i

∆xG(x, y) = δ(x− y), x ∈ Ω, G(x, y) = 0, y ∈ S.
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Iç ôîðìóëè (3.34) òàêîæ îäåðæó¹ìî çîáðàæåííÿ ðîçâ'ÿçêó çàäà÷i Íåéìàíà

∆u(x) = f(x), x ∈ Ω,
∂u(x)

∂ν
= f1(x), x ∈ S

ó âèãëÿäi

u(x) =

∫
Ω

f(y)G1(x, y)dy −
∫
S

f1(y)G1(x, y)dyS, x ∈ Ω,

äå G1(x, y) � ôóíêöiÿ Ãðiíà çàäà÷i Íåéìàíà � ðîçâ'ÿçîê çàäà÷i

∆yG1(x, y) = δ(x− y), x ∈ Ω,
∂G1(x, y)

∂νx
= 0, x ∈ S.

Íîðìàëüíîþ ôóíäàìåíòàëüíîþ ôóíêöi¹þ äèôåðåíöiàëüíîãî îïåðàòîðà L

íàçèâàþòü òàêó ôóíäàìåíòàëüíó ôóíêöiþ ω(x, y) îïåðàòîðà L(x,D) , ÿêà

(ÿê ôóíêöiÿ çìiííî¨ y ) ¹ ôóíäàìåíòàëüíîþ ôóíêöi¹þ ôîðìàëüíî ñïðÿæåíîãî

îïåðàòîðà L∗(y,D) , òîáòî

L(x,D)ω(x, y) = δ(x− y) òà L∗(y,D)ω(x, y) = δ(x− y) .

Çâiäñè ω(x, y) = ω∗(y, x) .

Áà÷èìî, ùîôóíêöiÿ Ãðiíà G(x, y) çàäà÷i ¹ íîðìàëüíîþ ôóíäàìåíòàëüíîþ

ôóíêöi¹þ îïåðàòîðà L(x,D) , ùî çàäîâîëüíÿ¹ âiäïîâiäíó êðàéîâó óìîâó.

Ïðèìiòêà. Ìîæíà äîâåñòè, ùî ç çîáðàæåííÿ äîâiëüíîãî êëàñè÷íîãî

ðîçâ'ÿçêó çàäà÷i âèïëèâàþòü âèêîðèñòàíi íàìè âëàñòèâîñòi ôóíêöi¨ G(x, y) .

Òîìó ôóíêöi¹þ Ãðiíà çàäà÷i òàêîæ íàçèâàþòü òàêó ôóíêöiþ G(x, y) , ùî

äëÿ äîâiëüíîãî êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i ïðàâèëüíå âiäïîâiäíå iíòåãðàëüíå

çîáðàæåííÿ.

Iñíóâàííÿ ôóíêöi¨ Ãðiíà çàãàëüíî¨ êðàéîâî¨ çàäà÷i äëÿ ñàìîñïðÿæåíîãî

åëiïòè÷íîãî äèôåðåíöiàëüíîãî îïåðàòîðà äîâåäåíî â [2]. Ëîïàòèíñüêèì ß.Á.

[11] äîâåäåíî iñíóâàííÿ íîðìàëüíî¨ ôóíäàìåíòàëüíî¨ ôóíêöi¨ çàãàëüíîãî åëi-

ïòè÷íîãî äèôåðåíöiàëüíîãî îïåðàòîðà.

2. Âèçíà÷èìî ôóíêöiþ Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ îïåðàòîðà òåïëî-

ïðîâiäíîñòi

L(x, t,D) = − ∂

∂t
+ a2∆,

äå ∆u = ux1x1 + · · ·+ uxnxn, òîáòî çàäà÷i

L(x, t,D)u = f(x, t), (x, t) ∈ QT = Ω× (0, T ], (3.35)
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u(x, t) = f1(x, t), (x, t) ∈ ΓT = S × (0, T ], u|t=0 = f2(x), x ∈ Ω.

Ôîðìóëà Ãðiíà íàáóâà¹ âèãëÿäó

T∫
0

dτ

∫
Ω

[vLu− uL∗v]dy = a2
T∫

0

dτ

∫
S

[v
∂u

∂ν
− u

∂v

∂ν
]dS+

+

∫
Ω

v(y, 0)u(y, 0)dy −
∫
Ω

v(y, T )u(y, T )dy, u, v ∈ C∞(Q̄T ),

äå L∗v = ∂v
∂τ + a2∆v .

Íåõàé v = G∗(y, τ ;x, t) � ðîçâ'ÿçîê çàäà÷i

L∗(y, τ,D)G∗(y, τ ;x, t) = δ(y − x, τ − t), (x, t), (y, τ) ∈ QT , (3.36)

G∗(y, τ ;x, t) = 0, (y, τ) ∈ ΓT = S × [0, T ], (x, t) ∈ QT ,

G∗(y, τ ;x, t) = 0, x, y ∈ Ω, τ ≤ t .

ßê ó ïîïåðåäíiõ âèïàäêàõ, iç ôîðìóëè Ãðiíà çíàõîäèìî çîáðàæåííÿ ðîçâ'ÿçêó

çàäà÷i (3.35) ó âèãëÿäi

u(x, t) =

t∫
0

dτ

∫
Ω

G(x, t; y, τ)f(y, τ)dy+

+a2
t∫

0

dτ

∫
S

∂G(x, t; y, τ)

∂νy
f1(y, τ)dyS+ (3.37)

+

∫
Ω

G(x, t; y, 0)f2(y)dy, (x, t) ∈ QT ,

äå G(x, t; y, τ) = G∗(y, τ ;x, t) , òàêîæ G(x, t; y, τ) = 0 ïðè τ ≥ t , i ôóíêöiÿ

G(x, t; y, τ) ¹ ðîçâ'ÿçêîì çàäà÷i

L(x, t,D)G(x, t; y, τ) = δ(x− y, t− τ), (x, t), (y, τ) ∈ QT ,

G(x, t; y, τ) = 0, (y, τ) ∈ ΓT ,

G(x, t; y, τ) = 0, x, y ∈ Ω, τ ≥ t .

Âîíà íàçèâà¹òüñÿ ôóíêöi¹þ Ãðiíà çàäà÷i (3.35).

Iâàñèøåíèì Ñ.Ä. [9] äîâåäåíî iñíóâàííÿ ôóíêöi¨ Ãðiíà çàãàëüíî¨ ïàðàáîëi-

÷íî¨ çà Ïåòðîâñüêèì êðàéîâî¨ çàäà÷i.
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Ôóíêöi¹þ Ãðiíà çàäà÷i (3.35) òàêîæ íàçèâàþòü òàêó ôóíêöiþ G(x, t; y, τ) ,

ùî êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i íàáóâà¹ âèãëÿäó (3.37). Ç íàâåäåíîãî âèùå

âèïëèâà¹ åêâiâàëåíòíiñòü îáîõ îçíà÷åíü.

3. Íàãàäà¹ìî, ùî ðåãóëÿðèçîâàíîþ ïîõiäíîþ ïîðÿäêó β ∈ (m − 1;m) ,

m = 1, 2, . . . ôóíêöi¨ v íàçèâàþòü ôóíêöiþ

CDβ
t v(t) =

t∫
0

fm−β(t− τ)u(m)(τ)dτ

= 1
Γ(m−β)

t∫
0

(t− τ)m−β−1u(m)(τ)dτ , t ∈ [0, T ] .

Ó ïðàöÿõ Åéäåëüìàíà Ñ.Ä. i Êî÷óáåÿ Î.Í. (íàïðèêëàä, [10], [34]) áóëî

äîâåäåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi, à òàêîæ îäåðæàíî çîáðàæåííÿ çà

äîïîìîãîþ ôóíêöi¨ Ãðiíà êëàñè÷íèõ ðîçâ'ÿçêiâ çàäà÷ Êîøi äëÿ ðiâíÿííÿ

CDβ
t u(x, t) = A(x,D)u(x, t), (x, t) ∈ Rn × [0, T ]

ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ ôóíêöi¨ u ïîðÿäêó β ∈ (0, 1) çà çìiííîþ t , äå

A(x,D) � åëiïòè÷íèé äèôåðåíöiàëüíèé îïåðàòîð äðóãîãî ïîðÿäêó ç ãëàäêèìè

êîåôiöi¹íòàìè, çàëåæíèìè òiëüêè âiä ïðîñòîðîâèõ çìiííèõ x ∈ Rn .

Âiäîìi ïîòåíöiàëè Ðiñà (äèâ., íàïð., [55])

Jαu = Jα ∗ u , äå Jα(x) = cα,n|x|α−n , cα.n =
Γ(n−α

2 )

π
n
2 2α

Γ(α2 ) , ÿêùî 0 < α < n ,

ÿêi âîëîäiþòü âëàñòèâiñòÿìè

Jα ∗ Jβ = Jα+β, −∆Jα+2u = Jαu,

i âîíè ìîæóòü áóòè ïðîäîâæåíèìè íà âèïàäîê âiä'¹ìíèõ α òàê, ùî

(−∆)su = J−2su, s ∈ R ,

à òàêîæ ìîæóòü áóòè âèçíà÷åíèìè çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹:

F [(−∆)α/2g(x)] = |ξ|αF [g(x)] .

Çàóâàæèìî, ùî ïîòåíöiàëè Áåññåëÿ

Iγ(x) =
1

(4π)γ/2Γ(γ/2)

∞∫
0

e−π|x|
2/se−

s
4πs

γ−n
2 −1ds,

òàêîæ âîëîäiþòü âëàñòèâiñòþ

Iα ∗ Iγ = Iα+γ, α ≥ 0, γ ≥ 0
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i âèçíà÷åíî îïåðàòîðè

Iγf = Iγ ∗ f = (1−∆)−γ/2 i îáåðíåíi I−γf = (1−∆)γ/2 ,

äëÿ ÿêèõ òàêîæ

F [I−γf ] = (1 + |ξ|2)γ/2.

Ðîçãëÿíåìî ðiâíÿííÿ

u
(β)
t + a2(−∆)α/2u = F (x, t), (x, t) ∈ QT = Rn × (0, T ] (3.38)

ç äðîáîâîþ ïîõiäíîþ Ðiìàíà-Ëióâiëëÿ u
(β)
t ïîðÿäêó β ∈ (1, 2) .

Íåõàé D(Q̄T ) � ïðîñòið íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié ç êîìïà-

êòíèìè íîñiÿìè â Q̄T , Cα,β(QT ) � êëàñ íåïåðåðâíèõ îáìåæåíèõ ôóíêöié

v(x, t) , (x, t) ∈ Q̄T , ÿêi äîðiâíþþòü íóëþ ïðè t ≥ T òà ç íåïåðåðâíèìè

ôóíêöiÿìè (−∆)α/2v , CDβ
t v â QT .

Ââåäåìî îïåðàòîðè

L̂ : (L̂v)(x, t) ≡ f−β(t)∗̂v(x, t) + (−∆)α/2v(x, t) ,

L : (Lv)(x, t) ≡ f−β(t) ∗ v(x, t) + (−∆)α/2v(x, t), v ∈ D(Q̄T ),

Lreg : (Lregv)(x, t) ≡C Dβ
t v(x, t) + (−∆)α/2v(x, t), v ∈ Cα,β(Q̄T ) , (x, t) ∈ QT

i ôóíêöiéíèé ïðîñòið

X(Q̄T ) = {φ ∈ D(Q̄T ) : L̂φ ∈ D(Q̄T )} .

Ìîæíà äîâåñòè, ùî X(Q̄T ) íåïîðîæíèé.

Äëÿ v ∈ Cα,β(QT ) , β ∈ (1, 2) , ψ ∈ D(Q̄T ) ïðàâèëüíà ôîðìóëà Ãðiíà∫
QT

v(x, t)(L̂ψ)(x, t)dxdt =

∫
QT

(Lregv)(x, t)ψ(x, t)dxdt+ (3.39)

+
∫
Rn

v(x, 0)dx
T∫
0

f1−β(t)ψ(x, t)dt+
∫
Rn

vt(x, 0)dx
T∫
0

f2−β(t)ψ(x, t)dt .

Îñòàííüîãî äîäàíêà íåìà ïðè β ∈ (0, 1] .

Ïðè β ∈ (0, 1) ó ðîçäiëi 1 ìè âèâåëè ôîðìóëó iíòåãðóâàííÿ ÷àñòèíàìè

T∫
0

CDβu vdt =

T∫
0

u
(
f−β∗̂v

)
dt−

T∫
0

f1−β(t)u(0)v(t)dt.

Çâiäñè i ç ñàìîñïðÿæåíîñòi îïåðàòîðà (−∆)α/2 âèïëèâà¹ ôîðìóëà Ãðiíà.
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Ïðèìiòêà:
T∫
0

v(β) ψdt =
T∫
0

v
(
f−β∗̂ψ

)
dt , òîáòî

T∫
0

(f−β ∗ v) ψdt =
T∫
0

v
(
f−β∗̂ψ

)
dt .

Âåêòîð-ôóíêöi¹þ Ãðiíà çàäà÷i Êîøi

Lregu = g0(x, t), (x, t) ∈ QT , β ∈ (1, 2), (3.40)

u(x, 0) = g1(x), ut(x, 0) = g2(x), x ∈ Rn (3.41)

íàçèâà¹òüñÿ òàêà òðiéêà ôóíêöié (G0(x, t), G1(x, t), G2(x, t)) , ùî ïðè äîñòàò-

íüî ãëàäêèõ i ôiíiòíèõ g0 , g1 , g2 ôóíêöiÿ

u(x, t) =

t∫
0

dτ

∫
Rn

G0(x− y, t− τ)g0(y, τ)dy+ (3.42)

+
2∑
j=1

∫
Rn

Gj(x− y, t)gj(y)dy, (x, t) ∈ QT

¹ êëàñè÷íèì (êëàñó Cα,β(QT ) ) ðîçâ'ÿçêîì öi¹¨ çàäà÷i.

Ó âèïàäêó ñòàëèõ êîåôiöi¹íòiâ ðiâíÿííÿ êîìïîíåíòè âåêòîð-ôóíêöi¨ Ãðiíà

çàëåæàòü âiä ðiçíèöü àðãóìåíòiâ: (x, t, y, τ) ìîæíà çàìiíèòè íà (x−y, t−τ) .
Ç îçíà÷åííÿ âåêòîð-ôóíêöi¨ Ãðiíà âèïëèâà¹, ùî

LG0(x, t) = δ(x, t) , (x, t) ∈ QT ,

LregGj(x, t) = 0, (x, t) ∈ QT , j = 1, 2 ,

G0(x, 0) = 0, (G0)t(x, 0) = 0 ,

G1(x, 0) = δ(x), (G1)t(x, 0) = 0 ,

G2(x, 0) = 0, (G2)t(x, 0) = δ(x), x ∈ Rn.

3.2.2 Ïîáóäîâà ôóíäàìåíòàëüíî¨ ôóíêöi¨ i âåêòîð-ôóíêöi¨ Ãðiíà
çàäà÷i Êîøi

Âèêîðèñòîâóþòü òàêi îñíîâíi ìåòîäè ïîáóäîâè âåêòîð-ôóíêöié Ãðiíà

ïî÷àòêîâî-êðàéîâèõ çàäà÷: ìåòîä ôóíêöi¨ Ëåâi, äëÿ ïëîñêèõ îáëàñòåé ìåòîä

êîíôîðìíèõ âiäîáðàæåíü, äëÿ îáëàñòåé ñïåöiàëüíîãî âèãëÿäó ìåòîä äçåð-

êàëüíèõ âiäîáðàæåíü, ìåòîä ðÿäiâ Ôóð'¹, ìåòîä iíòåãðàëüíèõ ïåðåòâîðåíü.
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Ìåòîä ðÿäiâ Ôóð'¹ âèêîðèñòàíî, íàïðèêëàä, ó [20] äëÿ ïîáóäîâè ôóíêöi¨

Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

u
(β)
t + a(t)uxx = F (x, t).

Çàãàëîì äëÿ ïîáóäîâè ôóíäàìåíòàëüíî¨ ôóíêöi¨ ÷è âåêòîð-ôóíêöi¨ Ãðiíà

äëÿ ïàðàáîëi÷íèõ ÷è ãiïåðáîëi÷íèõ ðiâíÿíü ìîæíà âèêîðèñòîâóâàòè ïåðåòâî-

ðåííÿ Ëàïëàñà çà çìiííîþ t (òîäi îäåðæèìî çàäà÷ó íà çíàõîäæåííÿ ôóíêöi¨

Ãðiíà ñòàöiîíàðíî¨ çàäà÷i), ïåðåòâîðåííÿ Ôóð'¹ çà çìiííèìè x (òîäi òðåáà

áóäå øóêàòè ôóíêöiþ Ãðiíà çàäà÷i Êîøi), àáî é îáèäâà ïåðåòâîðåííÿ.

Âåêòîð-ôóíêöiþ Ãðiíà çàäà÷i Êîøi çíàéäåìî ìåòîäîì ïðîäîâæåííÿ

ðîçâ'ÿçêó íóëåì ïðè t < 0 (òàê çâàíèì îïåðàöiéíèì ìåòîäîì â óçàãàëüíåíèõ

ôóíêöiÿõ). Äëÿ çàäà÷ Êîøi âií çàïðîïîíîâàíèé ó [3] i ìîæå áóòè âèêîðè-

ñòàíèé äëÿ çàãàëüíèõ êðàéîâèõ çàäà÷ (äèâ., çîêðåìà, [12]). À äëÿ ïîáóäîâè

ôóíäàìåíòàëüíî¨ ôóíêöi¨ çàñòîñó¹ìî ìåòîä ïåðåòâîðåííÿ Ôóð'¹.

1. Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi

∂u

∂t
− a2∆u = f(x, t), x ∈ Rn, t ∈ (0,+∞), u(x, 0) = u0(x) (3.43)

ñïî÷àòêó ïðè íåïåðåðâíèõ äàíèõ (f, u0 ).

Íåõàé u(x, t) � ðåãóëÿðíèé ðîçâ'ÿçîê çàäà÷i (3.43),

U(x, t) =

{
u(x, t), t > 0

0, t < 0
, F (x, t) =

{
f(x, t), t > 0

0, t < 0
.

Òîäi, âèêîðèñòîâóþ÷è ôîðìóëó äèôåðåíöiþâàííÿ êóñêîâî-ãëàäêî¨ ôóíêöi¨

(äèâ. ïiäðîçäië 1.3), çíàõîäèìî

∂U
∂t =

{
∂u(x,t)
∂t , t > 0

0, t < 0
+ u0(x)δ(t) , ∆U(x, t) =

{
∆u(x, t), t > 0

0, t < 0
,

i çàìiñòü çàäà÷i (3.43) îäåðæèìî, ùî U(x, t) çàäîâîëüíÿ¹ ðiâíÿííÿ

∂U

∂t
− a2∆U = F (x, t) + u0(x)δ(t), (x, t) ∈ Rn+1 (3.44)

â ïðîñòîði óçàãàëüíåíèõ ôóíêöié D′(Rn+1) .

Ââåäåìî ïîçíà÷åííÿ Rn+1
+ = Rn × (0,∞) i ôóíêöiéíèé ïðîñòið

D′
+(Rn+1) = {F ∈ D′(Rn+1) : F = 0 ïðè t < 0}.

Ôóíêöi¨ öüîãî ïðîñòîðó ìàþòü âëàñòèâîñòi ïðîñòîðó D′
+(R) .
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Ðiâíÿííÿ (3.44) ìà¹ ñåíñ òàêîæ äëÿ äîâiëüíèõ óçàãàëüíåíèõ ôóíêöié F ∈
D′

+(Rn+1) , u0 ∈ D′(Rn) (íå òiëüêè ðåãóëÿðíèõ), à çàäà÷ó ïðî çíàõîäæåííÿ

éîãî ðîçâ'ÿçêó U ∈ D′
+(Rn+1) íàçèâàþòü óçàãàëüíåíîþ çàäà÷åþ Êîøi.

Îçíà÷åííÿ 3.1. Ïðè f ∈ D′(Rn+1
+ ) , u0 ∈ D′(Rn) ðîçâ'ÿçêîì çàäà÷i Êîøi

(3.43) íàçèâà¹ìî òàêó óçàãàëüíåíó ôóíêöiþ U ∈ D′
+(Rn+1) , ùî çàäîâîëüíÿ¹

ðiâíÿííÿ (3.44).

Çà òåîðåìàìè 4-6 iç ðîçäiëó 1, ôóíêöiÿ

U(x, t) = ω(x, t) ∗
(
F (x, t) + u0(x)δ(t)

)
,

äå ω(x, t) � ôóíäàìåíòàëüíà ôóíêöiÿ îïåðàòîðà òåïëîïðîâiäíîñòi, ¹

ðîçâ'ÿçêîì ðiâíÿííÿ (3.44), ¹äèíèì ó ïðîñòîði D′
+(Rn+1) , îñêiëüêè

ω ∈ D′
+(Rn+1) , ïðàâà ÷àñòèíà ðiâíÿííÿ íàëåæèòü öüîìó ïðîñòîðó é

iñíó¹ ¨õíÿ çãîðòêà, ùî òàêîæ íàëåæèòü öüîìó ïðîñòîðó.

Ïîáóäó¹ìî ôóíäàìåíòàëüíó ôóíêöiþ îïåðàòîðà òåïëîïðîâiäíîñòi, òîáòî

óçàãàëüíåíèé ðîçâ'ÿçîê ω(x, t) ðiâíÿííÿ

∂ω

∂t
− a2∆ω = δ(x, t), x ∈ Rn, t ∈ R.

Íåõàé ω̂(σ1 . . . , σn, t) = Fx→s[ω(x1, . . . , xn, t)] � ïåðåòâîðåííÿ Ôóð'¹ çà

çìiííèìè x1, . . . , xn ôóíêöi¨ ω(x, t) . Òîäi

Fx→s[∆ω(x, t)] = −|s|2ω̂(s, t).

Äîâåäåìî, ùî Fx→s[
∂ω
∂t ] =

∂
∂tFx→s[ω] =

∂ω̂(s,t)
∂t .

Ñïðàâäi, äëÿ äîâiëüíî¨ φ ∈ D(Rn+1)

(Fx→s[
∂ω
∂t ], φ) = (∂ω∂t ,Fx→s[φ]) = −(ω, ∂∂tFx→s[φ]) =

= −(ω,Fx→s[
∂φ
∂t ]) = −(Fx→s[ω],

∂φ
∂t ) = (∂Fx→s[ω]

∂t , φ) .

Ìè âèêîðèñòàëè ìîæëèâiñòü äèôåðåíöiþâàííÿ çà ïàðàìåòðîì t iíòåãðà-

ëiâ âiä ãëàäêèõ ôóíêöié. Òàêîæ çà âëàñòèâiñòþ ïåðåòâîðåííÿ Ôóð'¹ ïðÿìîãî

äîáóòêó

Fx→s[δ(x, t)] = Fx→s[δ(x) · δ(t)] = Fx→s[δ(x)] · δ(t) = 1(s) · δ(t) .

Òîìó ôóíêöiÿ ω̂ çàäîâîëüíÿ¹ ðiâíÿííÿ

∂ω̂

∂t
+ a2|s|2ω̂ = 1(s) · δ(t),
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à ââàæàþ÷è s ïàðàìåòðîì, îäåðæèìî çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ

dω̂

dt
+ a2|s|2ω̂ = δ(t),

òîáòî ω̂ ¹ ôóíäàìåíòàëüíîþ ôóíêöi¹þ çâè÷àéíîãî äèôåðåíöiàëüíîãî îïåðà-

òîðà d
dt + a2|s|2 i, ÿê ó ïîïåðåäíüîìó ðîçäiëi, îòðèìà¹ìî

ω̂(s, t) = θ(t)e−a
2|s|2t.

Òåïåð ω(x, t) = F−1
s→x[θ(t)e

−a2|s|2t] = (2π)−nθ(t)Fs→x[e
−a2|s|2t] .

Çíàõîäèìî

F [e−b
2σ2

] =
∫
R
e−b

2σ2

eixσdx = π1/2

b e
− x2

4b2 ïðè σ, x ∈ R , b = const ,

à ïðèéìàþ÷è b = at1/2 , ìàòèìåìî

Fs→x[e
−a2|s|2t] = Fs→x[e

−a2s21t · · · · · e−a2s2nt] =

= Fs1→x1[e
−a2s21t] · · · · · Fsn→xn[e

−a2s2nt] =

=
(
π1/2

at1/2

)n
e−

x21
4a2t · · · · · e−

x2n
4a2t =

(
π1/2

at1/2

)n
e−

|x|2

4a2t .

Ó ïiäñóìêó îäåðæó¹ìî

ω(x, t) = θ(t)e
− |x|2

4a2t

(2a)n(πt)n/2
.

Îñêiëüêè

ω(x, t) ∗
(
u0(x)δ(t)

)
= ω(x, t) ∗ u0(x) ,

äå ñïðàâà çãîðòêà ëèøå çà çìiííèìè x , ôóíäàìåíòàëüíà ôóíêöiÿ ω ïîáóäî-

âàíà òà äîðiâíþ¹ íóëþ ïðè t < 0 , îäåðæó¹ìî îäðàçó ðîçâ'ÿçîê çàäà÷i (3.43)

u(x, t) =
θ(t)e−

|x|2

4a2t

(2a)n(πt)n/2
∗ F (x, t) + θ(t)e−

|x|2

4a2t

(2a)n(πt)n/2
∗ u0(x),

x ∈ Rn, t ∈ (0,+∞).

Ó âèïàäêó êëàñè÷íî¨ çàäà÷i Êîøi (äëÿ íåïåðåðâíèõ òà îáìåæåíèõ f(x, t) ,

u0(x) ) öÿ ôîðìóëà íàáóâà¹ âèãëÿäó ôîðìóëè Ïóàññîíà äëÿ ðiâíÿííÿ òåï-

ëîïðîâiäíîñòi

u(x, t) =

t∫
0

dτ

(2a)nπn/2(t− τ)n/2

∫
Rn

e
− |x−y|2

4a2(t−τ)f(y, τ)dy+
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+
1

(2a)nπn/2tn/2

∫
Rn

e−
|x−y|2

4a2t u0(y)dy, x ∈ Rn, t ∈ (0,+∞).

Òóò G0(x− y, t− τ) = ω(x− y, t− τ) , G1(x− y, t) = ω(x− y, t) = G0|τ=0 .

2. Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ õâèëüîâîãî ðiâíÿííÿ

∂2u

∂t2
− a2∆u = f(x, t), (x, t) ∈ Rn+1

+ ,

u(x, 0) = u0(x),
∂u(x, 0)

∂t
= u1(x), x ∈ Rn. (3.45)

ßêùî u(x, t) � ðåãóëÿðíèé ðîçâ'ÿçîê çàäà÷i (3.43), U(x, t) , F (x, t) ââå-

äåíi ÿê ó ïîïåðåäíüîìó ïóíêòi, òî çàäà÷ó (3.45), âèêîðèñòîâóþ÷è ôîðìóëó

äèôåðåíöiþâàííÿ êóñêîâî-ãëàäêî¨ ôóíêöi¨, çâîäèìî äî ðiâíÿííÿ

∂U

∂t
− a2∆U = F (x, t) + u0(x)δ

′(t) + u1(x)δ(t), (x, t) ∈ Rn+1. (3.46)

Îçíà÷åííÿ 3.2. Ïðè f ∈ D′(Rn+1
+ ) , u0, u1 ∈ D′(Rn) ðîçâ'ÿçêîì çàäà÷i Êîøi

(3.45) íàçèâà¹ìî òàêó óçàãàëüíåíó ôóíêöiþ U ∈ D′
+(Rn+1) , ùî çàäîâîëüíÿ¹

ðiâíÿííÿ (3.46).

Çà òåîðåìàìè 4-6 iç ðîçäiëó 1, ôóíêöiÿ

U(x, t) = ω(x, t) ∗
(
F (x, t) + u0(x)δ

′(t) + u1(x)δ(t)
)
,

äå ω(x, t) � ôóíäàìåíòàëüíà ôóíêöiÿ õâèëüîâîãî îïåðàòîðà, ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ (3.46), ¹äèíèì ó ïðîñòîði D′
+(Rn+1) (ïðàâà ÷àñòèíà ðiâíÿííÿ íàëå-

æèòü öüîìó ïðîñòîðó é iñíó¹ çãîðòêà, ùî òàêîæ íàëåæèòü öüîìó ïðîñòîðó).

Ïîáóäó¹ìî ôóíäàìåíòàëüíó ôóíêöiþ õâèëüîâîãî îïåðàòîðà, òîáòî óçà-

ãàëüíåíèé ðîçâ'ÿçîê ω(x, t) ðiâíÿííÿ

∂2ω

∂t2
− a2∆ω = δ(x, t), x ∈ Rn, t ∈ R.

Íåõàé ω̂(s1, . . . , sn, t) = Fx→s[ω(x1, . . . , xn, t)] . Çãiäíî ç ìiðêóâàííÿìè ïî-

ïåðåäíüîãî âèïàäêó, ôóíêöiÿ ω̂ çàäîâîëüíÿ¹ ðiâíÿííÿ

∂2ω̂

∂t2
+ a2|s|2ω̂ = 1(s) · δ(t),

à ââàæàþ÷è s ïàðàìåòðîì, ìàòèìåìî çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ

d2ω̂

dt2
+ a2|s|2ω̂ = δ(t),
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òîáòî ω̂ ¹ ôóíäàìåíòàëüíîþ ôóíêöi¹þ çâè÷àéíîãî äèôåðåíöiàëüíîãî îïåðà-

òîðà d2

dt2 + a2|s|2 i, ÿê ó ðîçäiëi 2, îòðèìà¹ìî

ω̂(s, t) = θ(t)
sin(a|s|t)
a|s|

.

Òåïåð

ω(x, t) = F−1
s→x[θ(t)

sin(a|s|t)
a|s| ] .

Âèêîðèñòîâó¹ìî âiäîìi ïåðåòâîðåííÿ Ôóð'¹:

F [θ(R− |x|)] = 2 sin(Rσ)
σ , n = 1 ,

F [ θ(R
2−|x|2)

(R2−|x|2)1/2 ] =
2π sin(R|σ|)

|σ| , n = 2 ,

F [δR] =
4πR sin(R|σ|)

|σ| , n = 3 ,

äå δR � ïðîñòèé øàð íà ñôåði SR ðàäióñà R iç öåíòðîì ó ïî÷àòêó êîîðäèíàò.

Çâiäñè ïðè R = at çíàõîäèìî

ω(x, t) = 1
2aθ(at− |x|) , n = 1 ,

ω(x, t) = ω(x1, x2, t) =
θ(a2t2−|x|2)

2πa(R2−|x|2)1/2 , n = 2 ,

ω(x, t) = ω(x1, x2, x3, t) =
1

4πa2tδat , n = 3 .

Âðàõîâóþ÷è, ùî

ω(x, t) ∗
(
u0(x)δ

′(t)
)
= ∂ω(x,t)

∂t ∗ u0(x) ,

ω(x, t) ∗
(
u1(x)δ(t)

)
= ω(x, t) ∗ u1(x) ,

äå ñïðàâà çãîðòêè ëèøå çà çìiííèìè x , îäåðæó¹ìî ðîçâ'ÿçîê çàäà÷i (3.45)

u(x, t) = ω(x, t) ∗ F (x, t) + ∂

∂t
ω(x, t) ∗ u0(x) + ω(x, t) ∗ u1(x), (x, t) ∈ Rn

+,

çîêðåìà,

u(x, t) = 1
2a [θ(at− |x|) ∗ F (x, t)+

+ ∂
∂tθ(at− |x|) ∗ u0(x) + θ(at− |x|) ∗ u1(x)], n = 1,

u(x, t) = θ(a2t2−|x|2)
2πa(R2−|x|2)1/2 ∗ F (x, t) +

∂
∂t

θ(a2t2−|x|2)
2πa(R2−|x|2)1/2 ∗ u0(x)+

+ θ(a2t2−|x|2)
2πa(R2−|x|2)1/2 ∗ u1(x), n = 2,

u(x, t) = 1
4πa2

δat(x)
t ∗ F (x, t)+

+ 1
4πa2 [

∂
∂t

(δat(x)
t

)
∗ u0(x) + δat(x)

t ∗ u1(t)], n = 3.
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Çàóâàæèìî, ùî ó âèïàäêó ëîêàëüíî iíòåãðîâíèõ f, u0, u1 òà äîñòàòíüî

ãëàäêèõ îäåðæó¹ìî êëàñè÷íi ðîçâ'ÿçêè òà âiäîìi ôîðìóëè ðîçâ'ÿçêiâ (ôîð-

ìóëè Äàëàìáåðà, Ïóàññîíà, Êiðõãîôà). Ñïðàâäi,

1
2aθ(at− |x|) ∗ u1(x) = 1

2a

∫
R
u1(y)θ(at− |x− y|)dy = 1

2a

x+at∫
x−at

u1(y)dy, n = 1,

θ(a2t2−|x|2)
2πa(R2−|x|2)1/2 ∗ u1(x) =

1
2πa

∫
R2

u1(y)
θ(a2t2−|x−y|2)
(R2−|x−y|2)1/2dy =

= 1
2πa

∫
y:|y−x|<at

u1(y1,y2)dy1dy2
(R2−|x−y|2)1/2 , n = 2,

1
4πa2tδat(x) ∗ u1(x) =

1
4πa2t

(
δat(x− y), u1(y)

)
=

= 1
4πa2t

∫
y:||y−x|=at

u1(y)dyS, n = 3.

Iíøi äîäàíêè îá÷èñëþþòü ïîäiáíî.

3. Ðîçãëÿíåìî çàäà÷ó Êîøi

CDβ
t u+ a2(−∆)α/2u = F (x, t), (x, t) ∈ QT = Rn × (0, T ], (3.47)

u(x, 0) = F1(x), ut(x, 0) = F2(x), x ∈ Rn

ç ïîõiäíîþ Äæðáàøÿíà-Êàïóòî ïîðÿäêó β ∈ (1, 2) òà îïåðàòîðîì (−∆)α/2 ,

âèçíà÷åíèì âèùå çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹.

Éîãî îäíîâèìiðíèé âèïàäîê (òî÷íiøå, ïðè −b∂αu∂xα + c(u − F1) çàìiñòü

a2(−∆)α/2u ) � öå äðîáîâà ìîäåëü áiîòåïëà Ïåííåñà [30], ÿêà øèðîêî âèêîðè-

ñòîâó¹òüñÿ äëÿ âèâ÷åííÿ òåïëîïåðåäà÷i â òêàíèíàõ øêiðè. Òóò âèêîðèñòàíî

ïðèïóùåííÿ Ïåííåñà (ó 1948 ðîöi), ùî øâèäêiñòü òåïëîïåðåäà÷i ìiæ êðîâ'þ

i òêàíèíîþ ïðîïîðöiéíà, çîêðåìà, ðiçíèöi ìiæ òåìïåðàòóðîþ àðòåðiàëüíî¨

êðîâi òà ìiñöåâîþ òåìïåðàòóðîþ òêàíèíè.

ßêùî u(x, t) � ðåãóëÿðíèé ðîçâ'ÿçîê çàäà÷i (3.47), U(x, t) ââåäåíî, ÿê ó

ïîïåðåäíiõ ïóíêòàõ, òî çàäà÷à (3.47) çâîäèòüñÿ äî ðiâíÿííÿ

U
(β)
t + a2(−∆)α/2U = θ(t)F (x, t) + f1−β(t)F1(x) + f2−β(t)F2(x), x ∈ Rn+1.

(3.48)

Ïðè F ∈ D′(Rn+1
+ ) , F1, F2 ∈ D′(Rn) ôóíêöiÿ

U(x, t) = ω(x, t) ∗
(
θ(t)F (x, t) + f1−β(t)F1(x) + f2−β(t)F2(x)

)
,
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äå ω(x, t) � ôóíäàìåíòàëüíà ôóíêöiÿ, ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (3.48), ¹äèíèì

ó ïðîñòîði D′
+(Rn+1) (ïðàâà ÷àñòèíà ðiâíÿííÿ íàëåæèòü öüîìó ïðîñòîðó é

iñíó¹ çãîðòêà, ùî òàêîæ íàëåæèòü öüîìó ïðîñòîðó). Öåé ðîçâ'ÿçîê ïðè ðåãó-

ëÿðíèõ äàíèõ ìîæåìî ïîäàòè ó âèãëÿäi

u(x, t) =

t∫
0

dτ

∫
Rn

G0(x− y, t− τ)F (y, τ)dy+ (3.49)

+
2∑
j=1

∫
Rn

Gj(x− y, t)Fj(y)dy, (x, t) ∈ QT ,

äå G0(x, t) = ω(x, t) , Gj(x, t) = ω(x, t) ∗ fj−β(t) , j = 1, 2 .

Äëÿ çíàõîäæåííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó ω(x, t) = G0(x, t) òðåáà

ðîçâ'ÿçàòè ðiâíÿííÿ

G
(β)
0t + a2(−∆)α/2G0 = δ(x, t) (3.50)

ó ïðîñòîði óçàãàëüíåíèõ ôóíêöié. Ïîçíà÷èìî

Ĝ0(ξ, t) = Fx→ξ[G0(x, t)].

Ïiñëÿ ïåðåòâîðåííÿ Ôóð'¹ ðiâíÿííÿ (3.50) ïåðåéäå ó ðiâíÿííÿ

Ĝ
(β)
0t + a2|ξ|αĜ0 = δ(t), (3.51)

ÿêå âæå âìi¹ìî ðîçâ'ÿçóâàòè, à îòæå, ìà¹ìî ðîçâ'ÿçîê

Ĝ0(ξ, t) = tβ−1Eβ,β(−a2|ξ|αtβ).

Çãiäíî ç ðåçóëüòàòîì iç 2.3.2,

Eβ,1(−a2|ξ|αtβ) = f1−β(t) ∗
(
tβ−1Eβ,β(−a2|ξ|αtβ)

)
,

tEβ,2(−a2|ξ|αtβ) = f2−β(t) ∗
(
tβ−1Eβ,β(−a2|ξ|αtβ)

)
,

i äëÿ ðîçâ'ÿçêó çàäà÷i Êîøi (3.47) ìàòèìåìî

Fx→ξ[u(x, t)] = tβ−1Eβ,β(−a2|ξ|αtβ)F̂ (ξ, t)+

+Eβ,1(−a2|ξ|αtβ)F̂1(ξ) + tEβ,2(−a2|ξ|αtβ)F̂2(ξ).
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Çàëèøèëîñü çíàéòè îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹. Öå çðîáëåíî [10,38,31].

Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê G0(x, t) ðiâíÿííÿ (3.50) ìà¹ âèãëÿä

G0(x, t) =
πn/2tβ−1

|x|n
H2,1

2,3

(
|x|α

2αa2tβ

∣∣∣ (1, 1)(β, β)
(1, 1)(n/2, α/2)(1, α/2)

)
, (3.52)

äå Hm,n
p,q

(
z
∣∣∣(a1, α1) . . . (ap, αp)
(b1, β1) . . . (bq, βq)

)
:= Hm,n

p,q (z) � H-ôóíêöiÿ Ôîêñà [36],

Hm,n
p,q (z) =

∫
C

H(s)z−sds,

H(s) =
Πm
j=1Γ(bj + βjs)Π

n
i=1Γ(1− ai − αis)

Πq
i=n+1Γ(ai + αis)Π

p
j=m+1Γ(1− bj − βjs)

,

z−s = exp[−s(log|z|+ iargz)], z ̸= 0 , i2 = −1 ,

C � áåçìåæíèé êîíòóð, ùî âiäîêðåìëþ¹ ïîëþñè bjl =
−bj−l
βj

, 1 ≤ j ≤ m ,

l = 0, 1, . . . ôóíêöi¨ Γ(bj + βjs) íàëiâî i ïîëþñè aik = 1−ai−k
αi

, 1 ≤ i ≤ n ,

k = 0, 1, . . . ôóíêöi¨ Γ(1 − ai − αis) íàïðàâî (ïðèïóñêà¹òüñÿ, ùî âîíè íå

çáiãàþòüñÿ).

Çàóâàæèìî, ùî ïðàâèëüíå çîáðàæåííÿ [36]

Eβ,γ(−a2|ξ|αtβ) = H1,1
1,2

(
a2|ξ|αtβ

∣∣∣ (0, 1)
(0, 1)(1− γ, β)

)
÷åðåç H-ôóíêöi¨ Ôîêñà, à îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ [30]

F−1
ξ→x[Eβ,γ(−a2|ξ|αtβ)] =

1

α|x|
H2,1

3,3

(
|x|

(a2|tβ) 1
α

∣∣∣(1, 1α) (γ, βα) (1, 12)
(1, 1α) (1, 1) (1, 12)

)
.

Òàêîæ

E
(m)
β,γ (z) = H1,1

1,2

(
−z

∣∣∣(−m, 1)
(0, 1) (1− βm− γ, β))

)
.

Ó âèïàäêó çàäà÷i Êîøi äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ G1(x, t) = G0(x, 0) .

Äëÿ ðiâíÿííÿ ç äðîáîâîþ ïîõiäíîþ G1(x, t) ̸= G0(x, 0) . Çàãàëîì äëÿ ðiâíÿííÿ

ç äðîáîâîþ ïîõiäíîþ

Gj(x− y, t) = fj−β(t) ∗G0(x− y, t), (x, t) ∈ QT , j = 1, 2. (3.53)

Ïðè α = 2, β ∈ (0, 1) âiäîìi [38] îöiíêè êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà:
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|DαG0(x, t)| ≤ Ct−β
n+|α|

2 +β−1e−c(|x|t
−β

2 )
2

2−β
Ψn+|α|−2(|x|t−

β
2 ),

|DαG1(x, t)| ≤ Ct−β
n+|α|

2 e−c(|x|t
−β

2 )
2

2−β
Ψn+|α|−2(|x|t−

β
2 )

(3.54)

äå Ψm(z) =


1, m < 0

1 + |ln|z||, m = 0

|z|−m, m > 0

ïðè |z| < 1, Ψm(z) = Ψm(1) ïðè |z| > 1,

i, íàïðèêëàä, c < (2− β)
(
ββ

4

) 1
2−β

, ÿêùî A(D) = ∆ .

Òóò c, C i äàëi ck, Ck (k ∈ Z+ ) � äîäàòíi ñòàëi. Òàêîæ, äåòàëüíiøå,

ïðè |x| > t
β
2

|G0(x, t)| ≤ C
tβ−1

|x|n
(|x|2
tβ

)1+ n−β
2(2−β)

e−c
(

|x|2

tβ

) 1
2−β

,

|Gj(x, t)| ≤ C
tj−1

|x|n
( |x|2
tβ

)n+2−2j
2(2−β)

e−c
(

|x|2

tβ

) 1
2−β

, j = 1,m;

ïðè |x| < t
β
2

|G0(x, t)| ≤ C
tβ−1

|x|n
(|x|2
tβ

)min{1,n2 }
= C


|x|2−n

t , n > 2
1
t

(
1 +

∣∣ln |x|2
tβ

∣∣), n = 2

t
β
2−1, n = 1

,

|Gj(x, t)| ≤ C
tj−1

|x|n
( |x|2
tβ

)min{1,n2 }
= C


|x|2−ntj−1−β, n > 2

tj−1−β(1 + ∣∣ln |x|2
tβ

∣∣), n = 2

tj−1−β
2 , n = 1

,

j = 1,m.

Ïðè α ̸= 2 îöiíêè êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà çíàéäåíi â [14].

Çóïèíèìîñü íà âèïàäêó α = 2 . Ââåäåìî ïîçíà÷åííÿ:

(Gjφ)(x, t) =
∫
Rn

Gj(x− y, t)φ(y, t)dy ,

(Ĝjφ)(y, t) =
∫
Rn

Gj(x− y, t)φ(x, t)dx , j = 0, 1, 2 .

Ëåìà 1. Ïðè β ∈ (m−1,m) , m = 1, 2 , äëÿ âñiõ k ∈ Z+ , ìóëüòè-iíäåêñiâ

κ, |κ| = k, φ ∈ D(Rn) ïðàâèëüíi îöiíêè∣∣Dκ
y (Ĝ0φ)(y, t)

∣∣ ≤ ckt
β−1||φ||Dk , (y, t) ∈ Q ,∣∣Dκ

y (Ĝjφ)(y, t)
∣∣ ≤ ckt

j−1||φ||Dk , (y, t) ∈ Q̄T , j = 1,m ,
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äå ||φ||Dk = max
t∈[0,T ]

max
|κ|≤k

sup
x∈Rn

|Dκφ(x, t)| .

Äîâåäåííÿ. Ç îöiíîê êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà ïðè n > 2 äëÿ âñiõ

α , |α| = k , φ ∈ D(Q̄) ∣∣∣ ∫
Rn

G0(x− y, t)Dαφ(x, t)dx
∣∣∣

≤
∫

{x∈Rn:|x−y|2<tβ}

G0(x− y, t)|Dαφ(x, t)|dx

+

∫
{x∈Rn:|x−y|2>tβ}

G0(x− y, t)|Dαφ(x, t)|dx ≤

≤ Ct−
βn
2 +β−1

[ ∫
{x∈Rn:|x−y|<t

β
2 }

[|x− y|t−
β
2 ]2−n|Dαφ(x, t)|dx

+

∫
{x∈Rn:|x−y|>t

β
2 }

e−c[|x−y|t
−β

2 ]
2

2−β |Dαφ(x, t)|dx
]
,

à ïåðåõîäÿ÷è äî ñôåðè÷íî¨ ñèñòåìè êîîðäèíàò, ìàòèìåìî∣∣∣ ∫
Rn

G0(x− y, t)Dαφ(x, t)dx
∣∣∣ ≤

≤ C1

[
tβ−1 + tβ−1

+∞∫
1

z
n
2−βe−cz dz

]
||φ||Dk ≤

≤ C2t
β−1||φ||Dk, y ∈ Rn, 0 < t ≤ T.

Ïîäiáíî çíàõîäèìî îöiíêè∣∣∣ ∫
Rn

Gj(x− y, t)Dαφ(x, t)dx
∣∣∣ ≤

≤ C3

[
tj−1 + tj−1

+∞∫
1

z
n
2−je−cz dz

]
||φ||Dk ≤ C4t

j−1||φ||Dk, (y, t) ∈ Q̄,

j = 1,m . Iíòåãðóþ÷è ÷àñòèíàìè, Dκ
y

∫
Rn

Gj(x−y, t)φ(x, t)dx âèðàæà¹ìî ÷åðåç

âèïèñàíi âèùå iíòåãðàëè. Ç ¨õíiõ îöiíîê îäåðæó¹ìî ïîòðiáíèé ðåçóëüòàò.
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Òàêi æ îöiíêè ïðàâèëüíi äëÿ ïîõiäíèõ âiä (Gjφ)(x, t) , (x, t) ∈ Q , j =

0, 1, 2 .

Ïðèìiòêà. Ëåìà 1 çàëèøà¹òüñÿ ïðàâèëüíîþ ïðè çàìiíi îïåðàòîðiâ Ĝj

îïåðàòîðàìè Gj , j = 0, 1, 2 .

3.2.3 Âåêòîð-ôóíêöiÿ Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i òà âëàñòèâîñòi
ñïðÿæåíèõ îïåðàòîðiâ Ãðiíà

Íåõàé Ω � îáìåæåíà îáëàñòü â Rn , n ∈ N , S = ∂Ω � ìåæà îáëàñòi Ω

(êëàñó C∞ ), QT = Ω× (0, T ] , Q1T = S × (0, T ] ,

D(Ω̄) = C∞(Ω̄) ,

D(Q̄T ) = {φ ∈ C(Q̄T ) : φ(·, t) ∈ D(Ω̄) ∀t ∈ [0, T ]} ,
D(Q̄1T ) = {φ ∈ C(Q̄1T ) : φ(·, t) ∈ D(S) ∀t ∈ [0, T ]} ,
X(Q̄T ) = {φ ∈ D(Q̄T ) : φ|t=T = 0, L̂φ ∈ D(Q̄T ), φ|Q̄1T = 0} ,

D′(Ω̄), D′(Q̄T ), D
′(Q̄1T ), X

′(Q̄T ) � ïðîñòîðè ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíà-

ëiâ (óçàãàëüíåíèõ ôóíêöié) âiäïîâiäíî íà D(Ω̄), D(Q̄T ), D(Q̄1T ), X(Q̄T ) ,

(f, φ)0 � çíà÷åííÿ f ∈ D′(Q̄T ) íà îñíîâíié ôóíêöi¨ φ ∈ D(Q̄T ) ,

(f, φ)1 � çíà÷åííÿ f ∈ D′(Q̄1T ) íà îñíîâíié ôóíêöi¨ φ ∈ D(Q̄1T ) ,

(f, φ)2 � çíà÷åííÿ f ∈ D′(Ω̄) íà îñíîâíié ôóíêöi¨ φ ∈ D(Ω̄) ,

C2,β(Q̄T ) = {v ∈ C(Q̄T ) :
CDβ

t v,∆v ∈ C(QT )} .

Ðîçãëÿíåìî ïåðøó êðàéîâó çàäà÷ó

f−β(t) ∗ u(x, t)− a2∆u(x, t) = F (x, t), (x, t) ∈ QT , (3.55)

u(x, t) = F1(x, t), (x, t) ∈ Q1T , u(x, 0) = F2(x), x ∈ Ω (3.56)

ïðè β ∈ (0, 1) i F ∈ D′(Q̄T ) , F1 ∈ D′(Q̄1T ) , F2 ∈ D′(Ω̄) .

Âåêòîð-ôóíêöiÿ (G0(x, t), G1(x, t), G2(x, t)) òàêà, ùî ïðè äîñòàòíüî ðåãó-

ëÿðíèõ g0 , g1 , g2 ôóíêöiÿ

u(x, t) =

t∫
0

dτ

∫
Ω

G0(x− y, t− τ)g0(y, τ)dy+ (3.57)

+

t∫
0

dτ

∫
S

G1(x− y, t− τ)g1(y, τ)dS +

∫
Ω

G2(x− y, t)g2(y)dy, (x, t) ∈ QT
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¹ êëàñè÷íèì (êëàñó C2,β(Q̄T ) ) ðîçâ'ÿçêîì çàäà÷i

CDβ
t u(x, t)− a2∆u(x, t) = g0(x, t), (x, t) ∈ QT , (3.58)

u(x, t) = g1(x, t), (x, t) ∈ Q1T , u(x, 0) = g2(x), x ∈ Ω, (3.59)

íàçèâà¹òüñÿ âåêòîð-ôóíêöi¹þ Ãðiíà çàäà÷i (3.55), (3.56) (à òàêîæ çàäà÷i

(3.58), (3.59)).

Ç îçíà÷åííÿ âèïëèâà¹, ùî

(LG0)(x, t) = δ(x, t), (x, t) ∈ QT , G0(x, t) = 0, (x, t) ∈ Q1T ,

G0(x, 0) = 0, x ∈ Ω , äå δ � äåëüòà-ôóíêöiÿ Äiðàêà,

(LregG1)(x, t) = 0, (x, t) ∈ QT , G1(x, t) = δ(x, t), (x, t) ∈ Q1T ,

G1(x, 0) = 0, x ∈ Ω ,

(LregG2)(x, t) = 0, (x, t) ∈ QT , G2(x, t) = 0, (x, t) ∈ Q1T ,

G2(x, 0) = δ(x), x ∈ Ω.

Îïåðàòîðè

(G0ψ)(x, t) =
t∫
0

dτ
∫
Ω

G0(x− y, t− τ)ψ(y, τ)dy ,

(G1ψ)(x, t) =
t∫
0

dτ
∫
S

G1(x− y, t− τ)ψ(y, τ)dS ,

(G2ψ)(x, t) =
∫
Ω

G2(x− y, t)ψ(y, t)dy

íàçèâàþòü îïåðàòîðàìè Ãðiíà çàäà÷i.

Ñïðÿæåíi îïåðàòîðè Ãðiíà( T∫
0

dt
∫
Ω

(Gjψ)φdx =
T∫
0

∫
Ω

ψ(Ĝjφ)dydτ, j = 0, 1, 2
)

ìàþòü âèãëÿä

(Ĝ0φ)(y, τ) =
T∫
τ

dt
∫
Ω

G0(x− y, t− τ)φ(x, t)dx ,

(Ĝ1φ)(y, τ) =
T∫
τ

dt
∫
Ω

G1(x− y, t− τ)φ(x, t)dx ,

(Ĝ2φ)(y) =
T∫
0

dt
∫
Ω

G2(x− y, t)φ(x, t)dx , φ ∈ D(Q̄T ) .

Ëåìà 2. Äëÿ âñiõ ψ ∈ X(Q̄T )

(Ĝ0(L̂ψ))(y, τ) = ψ(y, t), (y, t) ∈ Q̄T , (3.60)

(Ĝ1(L̂ψ))(y, τ) =
∂ψ(y, t)

∂ν
, (y, t) ∈ Q̄1T , (3.61)
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(Ĝ2(L̂ψ))(y) =

T∫
0

f1−β(t)ψ(y, t)dt, y ∈ Ω. (3.62)

Äîâåäåííÿ. ßê ó âèïàäêó çàäà÷i Êîøi, ïðè u ∈ C2,β(Q̄T ) , ψ ∈ X(Q̄T )

ïðàâèëüíà ôîðìóëà Ãðiíà∫
QT

u(x, t)(L̂ψ)(x, t)dxdt =

∫
QT

(Lregu)(x, t)ψ(x, t)dxdt+

+

T∫
0

dt

∫
S

u(x, t)
∂ψ(x, t)

∂ν
dS +

∫
Ω

u(x, 0)dx

T∫
0

f1−β(t)ψ(x, t)dt.

(3.63)

ßêùî ïiäñòâèòè ðîçâ'ÿçîê êëàñè÷íî¨ çàäà÷i (3.58), (3.59) â ôîðìóëó Ãðiíà

(3.63), òî äëÿ âñiõ ψ ∈ X(Q̄T ) îäåðæèìî∫
QT

( t∫
0

dτ
∫
Ω

G0(x− y, t− τ)g0(y, τ)dy
)
(L̂ψ)(x, t)dxdt+

∫
QT

( t∫
0

dτ
∫
S

G1(x− y, t− τ)g1(y, τ)dS
)
(L̂ψ)(x, t)dxdt+

+
∫
QT

( ∫
Ω

G2(x− y, t)g2(y)dy
)
(L̂ψ)(x, t)dxdt =

=
∫
QT

g0(x, t)ψ(x, t)dxdt+
∫
Q1T

g1(x, t)
∂ψ(x,t)
∂ν dSdt+

+
∫
QT

g2(x)f1−β(t)ψ(x, t)dxdt ,

òîáòî
∫
QT

( T∫
τ

dt
∫
Ω

G0(x− y, t− τ)(L̂ψ)(x, t)dx
)
g0(y, τ)dydτ+

+
∫
Q1T

( T∫
τ

dt
∫
Ω

G1(x− y, t− τ)(L̂ψ)(x, t)dx
)
g1(y, τ)dSdτ+

+
∫
Ω

( ∫
QT

G2(x− y, t)(L̂ψ)(x, t)dxdt
)
g2(y)dy =

=
∫
QT

g0(x, t)ψ(x, t)dxdt+
∫
Q1T

g1(x, t)
∂ψ(x,t)
∂ν dSdt+

+
∫
QT

g2(x)f1−β(t)ψ(x, t)dxdt .

Ïðàâèëüíiñòü ëåìè òåïåð îäåðæó¹ìî ç äîâiëüíîñòi g0, g1, g2 .

Ëåìà 3. Äëÿ äîâiëüíî¨ φ ∈ D(Q̄T ) iñíó¹ òàêà ψ ∈ X(Q̄T ) , ùî

(L̂ψ)(x, t) = φ(x, t), (x, t) ∈ QT .
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Äîâåäåííÿ. Ç ôîðìóëè (3.60) âèïëèâà¹, ùî øóêàíîþ ¹ ôóíêöiÿ

ψ(y, τ) =

T∫
τ

dt

∫
Ω

G0(x− y, t− τ)φ(x, t)dx.

Ëåìà 4. Ĝ0 : D(Q̄T ) → D(Q̄T ) .

Äîâåäåííÿ. Ëåìà äîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 1 íà ïiäñòàâi îöi-

íîê êîìïîíåíò âåêòîð-ôóíêöié Ãðiíà.

Ëåìà 5. G1(x− y, t) = ∂G0(x−y,t)
∂νy

, (x, t) ∈ QT , (y, t) ∈ Q1T ,

G2(x, t) = f1−β(t) ∗G0(x, t) , (x, t) ∈ QT .

Äîâåäåííÿ. Iç (3.60) i (3.61) âèïëèâà¹, ùî äëÿ äîâiëüíèõ ψ ∈ X(Q̄T ) ,

(y, τ) ∈ Q1T

T∫
τ

∫
Ω

∂G0(x−y,t−τ)
∂νy

(L̂ψ)(x, t)dxdt =

=
T∫
τ

∫
Ω

G1(x− y, t− τ)(L̂ψ)(x, t)dxdt = ∂ψ(y,τ)
∂νy

,

à îòæå,
T∫
τ

∫
Ω

[∂G0(x−y,t−τ)
∂νy

−G1(x− y, t− τ)
]
(L̂ψ)(x, t)dxdt = 0.

Çà ëåìîþ 3 äëÿ êîæíî¨ φ ∈ D(Q̄T ) , iñíó¹ ôóíêöiÿ ψ ∈ X(Q̄T ) òàêà, ùî

L̂ψ = φ in QT . Òîäi

T∫
τ

∫
Ω

[∂G0(x− y, t− τ)

∂νy
−G1(x− y, t− τ)

]
φ(x, t)dxdt = 0 ∀φ ∈ D(Q̄T ).

Ç ëåìè Äþáóà-Ðåéìîíà âèïëèâà¹ ïåðøà ôîðìóëà â ëåìi 5.

Äðóãà ôîðìóëà äîâîäèòüñÿ ïîäiáíî ç âèêîðèñòàííÿì ôîðìóë (3.60) i (3.62).

Ñïðàâäi, çãiäíî ç (3.62) i àíàëîãîì òåîðåìè Ôóáiíi,(
f1−β(τ), ψ(y, τ)

)
=

(
f1−β(τ), (Ĝ0(L̂ψ))(y, τ)

)
=

(
f1−β(τ),

T∫
τ

∫
Ω

G0(x− y, t− τ)(L̂ψ)(x, t)dxdt
)
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=

∫
Ω

T∫
0

[

t∫
0

f1−β(τ)G0(x− y, t− τ)dτ ](L̂ψ)(x, t)dxdt

=

∫
QT

(
f1−β(t) ∗G0(x− y, t)

)
(L̂ψ)(x, t)dxdt.

Çãiäíî ç (3.60),(
f1−β(τ), ψ(y, τ)

)
= (Ĝ2(L̂ψ))(y) =

∫
QT

G2(x− y, t)(L̂ψ)(x, t)dxdt.

Òîäi äëÿ êîæíî¨ ψ ∈ X (Q̄T )∫
QT

(
G2(x− y, t)− f1−β(t) ∗G0(x− y, t)

)
(L̂ψ)(x, t)dxdt = 0, y ∈ Ω̄.

Çà ëåìîþ 3, äëÿ äîâiëüíî¨ φ ∈ D(Q̄T )∫
QT

(
G2(x− y, t)− f1−β(t) ∗G0(x− y, t)

)
φ(x, t)dxdt = 0, y ∈ Ω̄,

i ôîðìóëà âèïëèâà¹ ç ëåìè Äþáóà-Ðåéìîíà.

Ëåìà 6. Ĝ0 : D(Q̄T ) → X(Q̄T ) , Ĝ1 : D(Q̄T ) → D(Q̄1T ) ,

Ĝ2 : D(Q̄T ) → D(Ω̄) .

Äîâåäåííÿ áàçó¹òüñÿ íà ëåìàõ 1-5.

3.2.4 Óçàãàëüíåíèé ðîçâ'ÿçîê ïåðøî¨ êðàéîâî¨ çàäà÷i

Ðîçãëÿíåìî ïåðøó êðàéîâó çàäà÷ó

f−β(t) ∗ u(x, t)− a2∆u(x, t) = F (x, t), (x, t) ∈ QT , (3.64)

u(x, t) = F1(x, t), (x, t) ∈ Q1T , u(x, 0) = F2(x), x ∈ Ω (3.65)

çà ïðèïóùåííÿ

(L): F ∈ X ′(Q̄T ) , F1 ∈ D′(Q̄1T ) , F2 ∈ D′(Ω̄) .

Ïîçíà÷à¹ìî ÷åðåç ν(x) = (ν1(x), . . . , νN(x)) îðò âíóòðiøíüî¨ íîðìàëi äî

ïîâåðõíi S ó òî÷öi x ∈ S .
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Ãðóíòóþ÷èñü íà ôîðìóëi Ãðiíà (3.63), òîáòî∫
QT

u(x, t)(L̂ψ)(x, t)dxdt =

∫
QT

(Lregu)(x, t)ψ(x, t)dxdt+

+

T∫
0

dt

∫
S

u(x, t)
∂ψ(x, t)

∂ν
dS +

∫
Ω

u(x, 0)dx

T∫
0

f1−β(t)ψ(x, t)dt,

ââîäèìî (ñëàáêèé) óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i.

Ôóíêöiÿ u ∈ D′(Q̄T ) , ÿêà çàäîâîëüíÿ¹ òîòîæíiñòü

(u, L̂ψ)0 = (F, ψ)0+(F1,
∂ψ

∂ν
)1+(F2,

T∫
0

f1−β(t)ψ(·, t)dt)2 ∀ψ ∈ X(Q̄T ), (3.66)

íàçèâà¹òüñÿ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (3.64), (3.65).

Ìîæåìî ðîçãëÿäàòè çàäà÷ó (3.64), (3.65) ÿê óçàãàëüíåííÿ çàäà÷i

(Lregu)(x, t) = g0(x, t), (x, t) ∈ QT (3.67)

u(x, t) = g1(x, t), (x, t) ∈ Q1T , u(x, 0) = g2(x), x ∈ Ω (3.68)

ç ðåãóëÿðíèìè äàíèìè g0 , g1 , g2 . Ç íàñòóïíî¨ òåîðåìè ìîæíà îäåðæàòè, ùî

ïðè äîñòàòíüî ðåãóëÿðíèõ F = g0 , F1 = g1 , F2 = g2 ðîçâ'ÿçêè çàäà÷ (3.55),

(3.56) i (3.67), (3.68) çáiãàþòüñÿ.

Òåîðåìà 7. Çà ïðèïóùåííÿ (L) iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈ D′(Q̄T ) çàäà÷i

(3.64), (3.65). Âií çàäàíèé ôîðìóëîþ

(u, φ)QT
= (F, Ĝ0φ)0 + (F1, Ĝ1φ)1 + (F2, Ĝ2φ)2 ∀φ ∈ D(Q̄T ). (3.69)

Äîâåäåííÿ. Çà ëåìîþ 6

Ĝ0φ ∈ X(Q̄T ), Ĝ1φ ∈ D(Q̄1T ), Ĝ2φ ∈ D(Ω̄) ∀φ ∈ D(Q̄T ).

Îòæå, ïðàâà ÷àñòèíà ôîðìóëè (3.69) ìà¹ ñåíñ i ôîðìóëîþ (3.69) âèçíà÷åíà

ôóíêöiÿ u ∈ D′(Q̄T ) .

Ïiäñòàâëÿþ÷è ôóíêöiþ (3.69) â òîòîæíiñòü (3.66) i âèêîðèñòîâóþ÷è ëåìó

2, ïîêàçó¹ìî, ùî ôóíêöiÿ (3.69) ¹ ðîçâ'ÿçêîì çàäà÷i (3.64), (3.65):

(u, L̂ψ)QT
= (F, Ĝ0(L̂ψ))0 + (F1, Ĝ1(L̂ψ))1 + (F2, Ĝ2(L̂ψ))2 =
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= (F, ψ)0 + (F1,
∂ψ
∂ν )1 + (F2(x),

T∫
0

f1−β(t)ψ(x, t)dt)2 ∀ψ ∈ X(Q̄T ) .

ßêùî u1, u2 � äâà ðîçâ'ÿçêè çàäà÷i (3.64), (3.65), òî u = u1−u2 çàäîâîëü-

íÿ¹ óìîâó

(u, L̂ψ)QT
= 0 ∀ψ ∈ X(Q̄T ) .

Çà ëåìîþ 3 äëÿ êîæíî¨ φ ∈ D(Q̄T ) iñíó¹ ôóíêöiÿ ψ ∈ X(Q̄T ) òàêà, ùî

L̂ψ = φ â Q̄T . Òîäi, çãiäíî ç ïîïåðåäíüîþ òîòîæíiñòþ, (u, φ)QT
= 0 äëÿ

êîæíî¨ φ ∈ D(Q̄T ) , òîáòî u = 0 â D′(Q̄T ) . Òåîðåìà äîâåäåíà.

Ðîçâ'ÿçíiñòü îäíî¨ îáåðíåíî¨ êðàéîâî¨ çàäà÷i ç äàíèìè ç ïðîñòîðó óçàãàëü-

íåíèõ ôóíêöié ïîäàíî, çîêðåìà, â [21].

Îïðàöþâàòè çàñòîñóâàííÿ âåêòîð-ôóíêöi¨ Ãðiíà äî äîâåäåííÿ ¹äèíîñòi

ðîçâ'ÿçêó îáåðíåíî¨ êðàéîâî¨ çàäà÷i äëÿ ïiâëiíiéíîãî ðiâíÿííÿ ç äðîáîâîþ

ïîõiäíîþ çà ÷àñîì [45].

3.2.5 Ðîçâ'ÿçîê çàäà÷i Êîøi ó ïðîñòîðàõ áåñåëåâèõ ïîòåíöiàëiâ

Âèêîðèñòîâó¹ìî ïåðåòâîðåííÿ Ôóð'¹ çà ÷àñòèíîþ çìiííèõ i äàëi ñèìâîëè F
òà F−1 , ÿêùî íå âêàçàíî íi÷îãî äîäàòêîâî, ïîçíà÷àþòü âiäïîâiäíî îïåðàòîðè

ïåðåòâîðåííÿ Ôóð'¹ òà îáåðíåíîãî ïåðåòâîðåííÿ Ôóð'¹ F [f(x)] = f̂(ξ) ; F−1 :

f̂(ξ) → f(x) , (−∆)α/2 âèçíà÷åíî çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹:

F [(−∆)α/2ψ(x)] = |λ|αF [ψ(x)],

Lp(Rn) =
{
f : ∥f∥Lp

=
( ∫

Rn |f(x)|p dx
) 1

p <∞
}
, 1 ≤ p <∞,

L∞(Rn) =
{
f : ∥f∥L∞ = vrai maxx∈Rn |f(x)| <∞

}
,

Hs,p(Rn) =
{
v ∈ S ′(Rn) : ∥v∥Hs,p(Rn) =

∥∥F−1[(1 + |ξ|2) s
2Fv]

∥∥
Lp(Rn)

<∞
}

�

ïðîñòið áåñåëåâèõ ïîòåíöiàëiâ [25] (c. 79),

C
(
[0, T ];Hs,p(Rn)

)
=

{
v : ∥v∥C([0,T ];Hs,p(Rn)) = max

t∈[0,T ]
∥v(·, t)∥Hs,p(Rn) <∞

}
� ïðîñòið íåïåðåðâíèõ ôóíêöié v : [0, T ] ∋ t 7−→ v(·, t) ∈ Hs,p(Rn),

Cα,β
(
[0, T ];Hs,p(Rn)

)
=

{
v ∈ C

(
[0, T ];Hs+α,p(Rn)

)
:

CDβ
t v, (−∆)α/2v ∈ Cb

(
(0, T ];Hs,p(Rn)

)}
�

ïiäïðîñòið ç íîðìîþ
∥∥v∥∥

Cα,β

(
[0,T ];Hs,p(Rn)

) =

= max
{
∥v∥C([0,T ];Hs+α,p(Rn)), ∥(−∆)α/2v∥Cb((0,T ];Hs,p(Rn)), ∥CDβ

t v∥Cb((0,T ];Hs,p(Rn))

}
,
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äå Cb((0, T ];H
s,p(Rn)) � ïðîñòið íåïåðåðâíèõ îáìåæåíèõ íà (0, T ] ôóíêöié

çi çíà÷åííÿìè â Hs,p(Rn) .

Ïðèìiòêà. Äëÿ íàòóðàëüíîãî ÷èñëà m ðîçãëÿíåìî ìíîæèíó Wm
2 (Ω) òèõ

ôóíêöié f ∈ L2(Ω) , äëÿ ÿêèõ òàêîæ Dγf ∈ L2(Ω) äëÿ âñiõ |γ| ≤ m (ïî-

õiäíi Dγf ðîçóìiþòü â óçàãàëüíåíîìó ñåíñi). Wm
2 (Ω) � ïîâíèé íîðìîâàíèé

ïðîñòið iç íîðìîþ

||f ||2m :=
∑
|γ|≤m

||Dγf ||20, || · ||0 := || · ||L2(Ω),

ãiëüáåðòiâ çi ñêàëÿðíèì äîáóòêîì

< f, g >=

∫
Ω

∑
|γ|≤m

DγfDγgdx.

Öåé ïðîñòið íàçèâàþòü ïðîñòîðîì Ñîáîë¹âà, à óçàãàëüíåíi ïîõiäíi Dγf ∈
L2(Ω) � ïîõiäíèìè Ñîáîë¹âà ôóíêöi¨ f ∈ L2(Rn) . Âiäîìî, ùî

ïðîñòið Wm
2 (Rn) ñêëàäà¹òüñÿ ç óçàãàëüíåíèõ ôóíêöié f ïîâiëüíîãî çðîñòà-

ííÿ (f ∈ S ′ ) i òàêèõ, ùî ôóíêöiÿ (1 + |σ|2)m/2f̂(σ) íàëåæèòü L2(Rn) .

Ó öüîìó ðàçi íîðìà ||f ||m åêâiâàëåíòíà íîðìi

||f ||′m := ||(1 + |σ|2)m/2f̂(σ)||0 = ||(1 + |σ|2)m/2f̂(σ)||L2(Rn).

Çíàéäåìî [19] äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó

u ∈ Cα,β
(
[0, T ];Hs,p(Rn)

)
çàäà÷i Êîøi

Lregu ≡C Dβ
t u+ a2(−∆)α/2u = F0(x, t), (x, t) ∈ QT = Rn × (0, T ],

u(x, 0) = u0(x), x ∈ Rn, (3.70)

äëÿ ðiâíÿííÿ ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ ïîðÿäêó β ∈ (0, 1) çà ÷àñîâîþ

çìiííîþ, à ñàìå, äîñòàòíi óìîâè iñíóâàííÿ êëàñè÷íîãî çà ÷àñîâîþ çìiííîþ çi

çíà÷åííÿìè â ïðîñòîðàõ áåñåëåâèõ ïîòåíöiàëiâ ðîçâ'ÿçêó çàäà÷i.

Ïðèïóùåííÿ (Lα,β) : β ∈ (0, 1), min{n, 2, α} > (n− 1)/2 , α ̸= β .

Íàãàäà¹ìî, ùî iñíóâàííÿ âåêòîð-ôóíêöi¨ Ãðiíà çà ïðèïóùåííÿ (Lα,β) âñòà-

íîâëåíî â [28], [31].
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Çà ïðèïóùåííÿ iñíóâàííÿ çãîðòîê òà ïðè âèêîíàííi óìîâè

(F0 ∗G0)(x, 0) = 0 (3.71)

ôóíêöiÿ

u(x, t) = F0(x, t) ∗G0(x, t) + u0(x) ∗G1(x, t), (x, t) ∈ QT (3.72)

çàäîâîëüíÿ¹ ðiâíÿííÿ

Lregu = F0 (3.73)

òà ¹ ¹äèíèì ðîçâ'ÿçêîì çàäà÷i (3.70).

Çà äîäàòêîâèõ óìîâ [34] íà äàíi ôóíêöiÿ (3.72) íàëåæèòü êëàñó Cα,β(QT ) .

Iç âðàõóâàííÿì ôîðìóëè (3.72) îäåðæó¹ìî ðîçâ'ÿçíiñòü çàäà÷i Êîøi (3.70)

ó âñié øêàëi ïðîñòîðiâ Hs,p(Rn) çà ïðîñòîðîâèìè çìiííèìè.

Ëåìà 7. Ôóíêöi¨

gj(ξ, t, ϱ) = (1 + |ξ|2)
ϱ
2F [Gj](ξ, t), j = 0, 1

ïðè ϱ ≤ α , êîæíîìó t ∈ (0, T ] íåïåðåðâíi òà îáìåæåíi çà çìiííèìè ξ ∈
Rn . Iñíóþòü òàêi äîäàòíi ñòàëi cj = cj(p) , ùî äëÿ âñiõ p > 1 , φ ∈ Lp(Rn) ,∥∥F−1

[
gj(ξ, t, ϱ)F [φ]

]∥∥
Lp(Rn)

≤ cjwj(t, ϱ)
∥∥φ∥∥

Lp(Rn)
, t ∈ (0, T ], j = 0, 1,

(3.74)

äå w0(t, ϱ) = tβ−1max
{
1, t−

βϱ
α

}
, w1(t, ϱ) = max

{
1, t−

βϱ
α

}
äëÿ êîæíîãî t ∈

(0, T ] .

Äîâåäåííÿ. Áóëî ïîêàçàíî, ùî

F [G1](ξ, t) = Eβ,1

(
−a2|ξ|αtβ

)
, F [G0](ξ, t) = tβ−1Eβ,β

(
−a2|ξ|αtβ

)
,

äå Eβ,µ(z) =
∞∑
p=0

zp

Γ(pβ+µ) � ôóíêöiÿ Ìiòòàã-Ëåôôëåðà [8].

Ôóíêöiÿ Eβ,µ(−z) ( z > 0 ) íåñêií÷åííî äèôåðåíöiéîâíà òà êîìïàêòíî ìî-

íîòîííà ïðè β ∈ (0, 1) . Ïðè µ ≥ β : (−1)k
(
d
dz

)k
Eβ,µ(−z) ≥ 0, k ∈ Z+ i

ïðàâèëüíà îöiíêà

Eβ,µ(−a2|ξ|αtβ) ≤
C

1 + a2|ξ|αtβ
, C = const > 0.
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Îáìåæåíiñòü ôóíêöié gj(ξ, t, ϱ) , j = 0, 1 çà çìiííèìè ξ ∈ Rn ïðè âåëèêèõ

çíà÷åííÿõ |ξ|αtβ âèïëèâà¹ ç îáìåæåíîñòi ôóíêöi¨(
1 + z2

)ϱ
2

1 + a2zαtβ
=
zϱ

(
1 + 1

z2

)ϱ
2

1 + a2zαtβ
≤ M1t

−βϱ
α v

ϱ
α

1 + a2v
(z = |ξ|, v = zαtβ, M1 = const > 0).

Çãiäíî ç [23] (òåîðåìà 1.5 íà c. 276), äëÿ äîâåäåííÿ ïðàâèëüíîñòi îöiíîê

(3.74), òîáòî, ùî ôóíêöi¨ gj(ξ, t, ϱ) , j = 0, 1 ¹ ìóëüòèïëiêàòîðàìè â Lp(Rn)

çà çìiíííèìè ξ ∈ Rn , äîñòàòíüî ïîêàçàòè, ùî äëÿ êîæíîãî ìóëüòèiíäåêñà

l = (l1, . . . , ln) , êîìïîíåíòè li ÿêîãî íàáóâàþòü çíà÷åíü 0 àáî 1, äëÿ âñiõ

ξ ∈ Rn , t ∈ (0, T ] ïðàâèëüíi îöiíêè∣∣ξlDl
ξgj(ξ, t, ϱ)

∣∣ ≤ cl,jwj(t, ϱ), j = 0, 1, (3.75)

äå ξl = ξl11 · · · · · ξlnn , Dl
ξ =

∂|l|

∂ξ
l1
1 ...∂ξ

ln
n

, |l| = l1 + · · ·+ ln , vj(t, ϱ) � äåÿêi ôóíêöi¨

(ùî âiä ξ íå çàëåæàòü), cl,j � äîäàòíi ñòàëi, j = 0, 1 .

Âiäîìå çîáðàæåííÿ [36]

Eβ,µ(−a2|ξ|αtβ) = H1,1
1,2

(
a2|ξ|αtβ

∣∣∣ (0, 1)
(0, 1)(1− µ, β)

)
÷åðåç H-ôóíêöi¨ Ôîêñà. Âèêîðèñòîâóþ÷è âëàñòèâîñòi H-ôóíêöi¨ Ôîêñà, ìî-

æíà ïåðåêîíàòèñü, ùî ôóíêöi¨ gj , j = 0, 1 çàäîâîëüÿþòü (3.75).

Ïðèìiòêà. Ôóíêöi¨ g0(ξ, t, ϱ) äëÿ ϱ < α , g1(ξ, t, α) äëÿ ϱ ≤ α ïðè êîæ-

íîìó ξ ∈ Rn iíòåãðîâíi íà (0, T ) .

Äàëi ci ( i = 2, 3, . . . ) � äîäàòíi ñòàëi.

Ëåìà 8. Íåõàé âèêîíàíå ïðèïóùåííÿ (Lα,β) , 1 < p < 1
β , r ∈ R , φ ∈

Hr,p(Rn) . Òîäi iñíó¹ çãîðòêà

(G1 ∗φ)(x, t) =
∫ t

0

G1(x, t− τ) ∗φ(x) dτ =

∫ t

0

G1(x, t− τ) dτ ∗φ(x), x ∈ Rn,

ÿêà íàëåæèòü ïðîñòîðó C
(
[0, T ];Hr+α,p(Rn)

)
òà çàäîâîëüíÿ¹ îöiíêó∥∥G1 ∗ φ

∥∥
C
(
[0,T ];Hr+α,p(Rn)

) ≤ c2
∥∥φ∥∥

Hr,p(Rn)
. (3.76)

Äîâåäåííÿ. Îöiíèìî äëÿ êîæíîãî t ∈ [0, T ] íîðìó∥∥G1 ∗ φ
∥∥
Hr+α,p(Rn)

=
∥∥φ ∗G1

∥∥
Hr+α,p(Rn)

=
∥∥∥F−1

[(
1 + |ξ|2

) r+α
2 F [φ ∗G1]

]∥∥∥
Lp(Rn)

.



100

Âèêîðèñòîâóâàòèìåìî íåðiâíiñòü Ãåëüäåðà∫
Q

|uv|dx ≤
( ∫
Q

|u|pdx
) 1

p
( ∫
Q

|v|qdx
) 1

q ,
1

p
+

1

q
= 1.

Ðîçãëÿíåìî∥∥∥∥F−1

[
(1 + |ξ|2)

r+α
2 F

[∫ t

0

φ(·) ∗G1(·, t− τ) dτ

]] ∥∥∥∥
Lp(Rn)

=

=

{∫
Rn

∣∣∣∣∫ t

0

F−1
[
(1 + |ξ|2)

r+α
2 F [φ(·) ∗G1(·, t− τ)]

]
dτ

∣∣∣∣p dx}1/p

≤

≤ t1−
1
p

{∫
Rn

dx

∫ t

0

∣∣∣F−1
[
(1 + |ξ|2)

r+α
2 F [φ(·) ∗G1(·, t− τ)]

]∣∣∣p dτ}1/p

=

= t1−
1
p

{∫ t

0

dτ

∫
Rn

∣∣h(x, t, τ)∣∣p dx}1/p

,

äå

h(·, t, τ) = F−1
[
(1 + |ξ|2)

r+α
2 F [φ(·) ∗G1(·, t− τ)]

]
=

= F−1
[(
1 + |ξ|2

)α
2F [G1](ξ, t− τ)

(
1 + |ξ|2

) r
2F [φ](ξ)

]
=

= F−1
[
g1(ξ, t− τ, α)F

[
F−1[

(
1 + |ξ|2

) r
2F [φ](ξ)]

]]
.

Çà óìîâîþ ëåìè F−1
[(
1 + |ξ|2

) r
2F [φ](ξ)

]
∈ Lp(Rn) , à çà ëåìîþ 7 ôóíêöiÿ

g1(ξ, t− τ, α) � ìóëüòèïëiêàòîð â Lp(Rn) çà çìiííèìè ξ . Òîìó∥∥h(·, t, τ)∥∥
Lp(Rn)

≤ c1w1(t− τ, α)
∥∥F−1

[
(1 + |ξ|2)

r
2F [φ](ξ)

] ∥∥
Lp(Rn)

.

Iç ïîïåðåäíiõ ïåðåòâîðåíü∥∥∥∥F−1

[
(1 + |ξ|2)

r+α
2 F

[∫ t

0

φ(·) ∗G1(·, t− τ) dτ

]] ∥∥∥∥
Lp(Rn)

≤

≤ t1−
1
p

{∫ t

0

dτ

∫
Rn

∣∣h(x, t, τ)∣∣p dx}1/p

≤

≤ c1t
1− 1

p

{∫ t

0

wp
1(t− τ, α)

∥∥F−1
[
(1 + |ξ|2)

r
2F [φ](ξ)

] ∥∥p
Lp(Rn)

dτ

}1/p

,
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i ïðè p < 1/β (óìîâi iñíóâàííÿ iíòåãðàëó
∫ t
0 w

p
1(t − τ, α) dτ ) äëÿ âñiõ t ∈

[0, T ] , r ∈ R îäåðæó¹ìî iñíóâàííÿ çãîðòêè
∫ t
0 φ(·) ∗G1(·, t− τ) dτ â ïðîñòîði

Hr+α,p(Rn) òà îöiíêó∥∥∥∥∫ t

0

φ(·) ∗G1(·, t− τ) dτ

∥∥∥∥
Hr+α,p(Rn)

≤ c1t
1− 1

p

[∫ t

0

wp
1(t− τ, α) dτ

] 1
p

·
∥∥φ∥∥

Hr,p(Rn)
.

(3.77)

Îòîæ, φ ∗G1 ∈ C
(
[0, T ];Hr+α,p(Rn)

)
òà ïðàâèëüíà îöiíêà (3.76).

Òåîðåìà 8. Íåõàé âèêîíàíå ïðèïóùåííÿ (Lα,β) , 1 < p < 1
β , s ∈ R ,

u0 ∈ Hs+α,p(Rn) , F0(x, t) = f1−β(t) ∗ f(x, t) , f ∈ C
(
[0, T ];Hs,p(Rn)

)
.

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê

u(x, t) = f(x, t) ∗G1(x, t) + u0(x) ∗G1(x, t), (x, t) ∈ QT (3.78)

çàäà÷i (3.70), ïðè÷îìó u ∈ Cα,β
(
[0, T ];Hs,p(Rn)

)
òà íàÿâíà íåðiâíiñòü êî-

åðöèòèâíîñòi∥∥u∥∥
Cα,β

(
[0,T ];Hs,p(Rn)

) ≤ b0
∥∥f∥∥

C
(
[0,T ];Hs,p(Rn)

) + b1
∥∥u0∥∥Hs+α,p(Rn)

, (3.79)

äå b0, b1 � äîäàòíi ñòàëi.

Äîâåäåííÿ. Ñïî÷àòêó ïîêàæåìî iñíóâàííÿ çãîðòîê iç ôîðìóëè (3.72) ó ïðî-

ñòîði C
(
[0, T ];Hs+α,p(Rn)

)
.

Çà óìîâîþ òåîðåìè

(F0 ∗G0)(x, t) = (f1−β(t) ∗ f(x, t)) ∗G0(x, t) =

= f(x, t) ∗ (f1−β(t) ∗G0(x, t)) = (f ∗G1)(x, t),

ÿêùî îñòàííÿ çãîðòêà iñíó¹. �¨ iñíóâàííÿ âèïëèâà¹ ç ëåìè 8 ïðè r = s òà çàìiíi

φ ∈ Hs,p(Rn) ôóíêöi¹þ f(x, τ) , (x, τ) ∈ QT êëàñó C
(
[0, T ];Hs,p(Rn)

)
.

Â öüîìó âèïàäêó çàìiñòü íåðiâíîñòåé (3.77) îäåðæó¹ìî íåðiâíîñòi∥∥∥∥∫ t

0

f(·, τ) ∗G1(·, t− τ) dτ

∥∥∥∥
Hs+α,p(Rn)

≤

≤ c3t
1− 1

p

[∫ t

0

wp
1(t− τ, α) ·

∥∥f(·, τ)∥∥p
Hs,p(Rn)

dτ

] 1
p

≤

≤ c3t
1− 1

p

[∫ t

0

wp
1(t− τ, α) · max

τ∈[0,T ]

∥∥f(·, τ)∥∥p
Hs,p(Rn)

dτ

] 1
p

≤
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≤ c3t
1− 1

p

[∫ t

0

wp
1(t− τ, α) dτ

] 1
p

·
∥∥f∥∥

C
(
[0,T ];Hs,p(Rn)

),
çâiäêè äëÿ âñiõ s ∈ R , pβ < 1 âèïëèâà¹, ùî f ∗ G1 ∈ C

(
[0, T ];Hs+α,p(Rn)

)
òà îöiíêà ∥∥f ∗G1

∥∥
C
(
[0,T ];Hs+α,p(Rn)

) ≤ c4
∥∥f∥∥

C
(
[0,T ];Hs,p(Rn)

). (3.80)

ßê ïðè äîâåäåííi ëåìè 8, ìà¹ìî

F−1
[
(1 + |ξ|2)

s+α
2 F [u0(·) ∗G1(·, t)]

]
=

= F−1
[
F [G1](ξ, t)

(
1 + |ξ|2

) s+α
2 F [u0](ξ)

]
=

= F−1
[
g1(ξ, t, 0)F

[
F−1[

(
1 + |ξ|2

) s+α
2 F [u0](ξ)]

]]
.

Çà óìîâîþ òåîðåìè F−1
[(
1 + |ξ|2

) s+α
2 F [u0](ξ)

]
∈ Lp(Rn) , à çà ëåìîþ 7

ôóíêöiÿ g1(ξ, t, 0) � ìóëüòèïëiêàòîð â Lp(Rn) çà çìiííèìè ξ . Òîìó∥∥u0 ∗G1

∥∥
Hs+α,p(Rn)

=
∥∥∥F−1

[
(1 + |ξ|2)

s+α
2 F [u0(·) ∗G1(·, t)]

]∥∥∥
Lp(Rn)

≤

≤ c1w1(t, 0)
∥∥∥F−1

[
(1 + |ξ|2)

s+α
2 F [u0](ξ)

] ∥∥∥
Lp(Rn)

= c1 ∥u0∥Hs+α(Rn) .

Ìè âðàõóâàëè, ùî w1(t, 0) = 1 . Iç îäåðæàíèõ âèùå íåðiâíîñòåé äëÿ âñiõ

s ∈ R , p > 1 , t ∈ [0, T ] îäåðæó¹ìî íåðiâíiñòü∥∥u0 ∗G1

∥∥
Hs+α,p(Rn)

≤ c1 ∥u0∥Hs+α(Rn)

à îòæå, iñíóâàííÿ çãîðòêè u0 ∗G1 ∈ C
(
[0, T ];Hs+α,p(Rn)

)
òà îöiíêó∥∥u0 ∗G1

∥∥
C
(
[0,T ];Hs+α,p(Rn)

) ≤ c1
∥∥u0∥∥Hs+α,p(Rn)

. (3.81)

Ç ôîðìóëè (3.72), ðiâíîñòi F0 ∗G0 = f ∗G1 , ç óðàõóâàííÿì îöiíîê (3.80),

(3.81), îäåðæó¹ìî iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó (3.79) çàäà÷i (3.70) â êëàñi

C
(
[0, T ];Hs+α,p(Rn)

)
òà îöiíêó∥∥u∥∥

C
(
[0,T ];Hs+α,p(Rn)

) ≤ c1
∥∥u0∥∥Hs+α,p(Rn)

+ c4
∥∥f∥∥

C
(
[0,T ];Hs,p(Rn)

). (3.82)

Òîìó ùî

F−1
[
(1 + |ξ|2)

s
2F [(−∆)α/2u]

]
= F−1

[(
1 + |ξ|2

) s
2 |ξ|αF [u]

]
=
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= F−1

[
|ξ|α(

1 + |ξ|2
)α

2

(
1 + |ξ|2

) s+α
2 F [u]

]
,

çà äîâåäåíèì F−1
[
(1 + |ξ|2) s+α

2 F [u]
]
∈ Lp(Rn) äëÿ êîæíîãî t ∈ [0, T ] , à

ôóíêöiÿ |ξ|α

(1+|ξ|2)
α
2
¹ ìóëüòèïëiêàòîðîì â Lp(Rn) , òî äëÿ âñiõ t ∈ (0, T ] ìà¹ìî∥∥∥F−1

[
(1 + |ξ|2)

s
2F [(−∆)α/2u]

]∥∥∥
Lp(Rn)

≤ c5

∥∥∥F−1
[
(1 + |ξ|2)

s+α
2 F [u]

]∥∥∥
Lp(Rn)

.

Ìè îäåðæàëè, ùî äëÿ ðîçâ'ÿçêó u (êëàñó C
(
[0, T ];Hs+α,p(Rn)

)
) çàäà÷i

(3.70) òàêîæ âèêîíàíà óìîâà (−∆)α/2u ∈ Cb
(
(0, T ];Hs,p(Rn)

)
òà ïðàâèëüíà

îöiíêà ∥∥(−∆)α/2u
∥∥
Cb

(
(0,T ];Hs,p(Rn)

) ≤ c6
∥∥u∥∥

C
(
[0,T ];Hs+α,p(Rn)

). (3.83)

Òîìó ùî ôóíêöiÿ F0 ∗G0 = f ∗G1 çàäîâîëüíÿ¹ óìîâó (3.71), çà ôîðìóëîþ

(3.73) îäåðæó¹ìî

CDβ
t u = −a2(−∆)α/2u+ F0 ∈ Cb

(
(0, T ];Hs,p(Rn)

)
òà îöiíêó ∥∥CDβ

t u
∥∥
Cb

(
(0,T ];Hs,p(Rn)

) ≤

≤
∥∥a2(−∆)α/2u

∥∥
Cb

(
(0,T ];Hs,p(Rn)

) + ∥∥F0

∥∥
C
(
[0,T ];Hs,p(Rn)

) ≤

≤
∥∥a2(−∆)α/2u

∥∥
Cb

(
(0,T ];Hs,p(Rn)

) + c7∥f∥
C
(
[0,T ];Hs,p(Rn)

).
Çâiäñè òà ç îöiíîê (3.82), (3.83) âèïëèâà¹ îöiíêà (3.79).

Òàê ìè ïîêàçàëè, ùî ðîçâ'ÿçîê (3.78) çàäà÷i (3.70) íàëåæèòü êëàñó

Cα,β
(
[0, T ];Hs,p(Rn)

)
.

Ëåìà 9. Íåõàé âèêîíàíå ïðèïóùåííÿ (Lα,β) , 0 < θ < 1 , 1 < p < 1
1−βθ ,

r ∈ R , φ ∈ Hr+αθ,p(Rn) . Òîäi iñíó¹ çãîðòêà

(G0 ∗φ)(x, t) =
∫ t

0

G0(x, t− τ) ∗φ(x) dτ =

∫ t

0

G0(x, t− τ) dτ ∗φ(x), x ∈ Rn,

ÿêà íàëåæèòü ïðîñòîðó C
(
[0, T ];Hr+α,p(Rn)

)
i çàäîâîëüíÿ¹ îöiíêó∥∥G0 ∗ φ

∥∥
C
(
[0,T ];Hr+α,p(Rn)

) ≤ c8
∥∥φ∥∥

Hr+αθ,p(Rn)
. (3.84)

Äîâåäåííÿ. Îöiíèìî äëÿ êîæíîãî t ∈ [0, T ] íîðìó∥∥G0 ∗ φ
∥∥
Hr+α,p(Rn)

=
∥∥φ ∗G0

∥∥
Hr+α,p(Rn)

=
∥∥∥F−1

[(
1 + |ξ|2

) r+α
2 F [φ ∗G0]

]∥∥∥
Lp(Rn)

.
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Ç öi¹þ ìåòîþ, ÿê ïðè äîâåäåííi ïîïåðåäíüî¨ ëåìè 8, ðîçãëÿäà¹ìî∥∥∥∥F−1

[
(1 + |ξ|2)

r+α
2 F

[∫ t

0

φ(·) ∗G0(·, t− τ) dτ

]] ∥∥∥∥
Lp(Rn)

≤

≤ t1−
1
p

{∫
Rn

dx

∫ t

0

∣∣∣F−1
[
(1 + |ξ|2)

r+α
2 F [φ(·) ∗G0(·, t− τ)]

]∣∣∣p dτ}1/p

=

= t1−
1
p

{∫ t

0

dτ

∫
Rn

∣∣h0(x, t, τ)∣∣p dx}1/p

,

äå

h0(·, t, τ) = F−1
[
(1 + |ξ|2)

r+α
2 F [φ(·) ∗G0(·, t− τ)]

]
=

= F−1
[(
1 + |ξ|2

)α−αθ
2 F [G0](ξ, t− τ)

(
1 + |ξ|2

) r+αθ
2 F [φ](ξ)

]
=

= F−1
[
g0(ξ, t− τ, α− αθ)F

[
F−1[

(
1 + |ξ|2

) r+αθ
2 F [φ](ξ)]

]]
.

Çãiäíî ç ëåìîþ 7, ôóíêöiÿ g0(ξ, t− τ, α− αθ) � ìóëüòèïëiêàòîð â Lp(Rn) çà

çìiííèìè ξ . Çà óìîâîþ ëåìè F−1
[(
1 + |ξ|2

) r+αθ
2 F [φ](ξ)

]
∈ Lp(Rn) . Òîìó∥∥h0(·, t, τ)∥∥Lp(Rn)

≤ c0w0(t− τ, α− αθ)
∥∥∥F−1

[
(1 + |ξ|2)

r+αθ
2 F [φ](ξ)

] ∥∥∥
Lp(Rn)

=

= c0w0(t− τ, α− αθ) ||φ||Hr+αθ,p(Rn).

Ç ïîïåðåäíiõ ïåðåòâîðåíü∥∥∥∥F−1

[
(1 + |ξ|2)

r+α
2 F

[∫ t

0

φ(·) ∗G0(·, t− τ) dτ

]] ∥∥∥∥
Lp(Rn)

≤

≤ t1−
1
p

{∫ t

0

dτ

∫
Rn

∣∣h0(x, t, τ)∣∣p dx}1/p

≤

≤ c0t
1− 1

p

{∫ t

0

wp
0(t− τ, α− αθ) dτ

}1/p

||φ||Hr+αθ,p(Rn),

i ïðè p(1 − βθ) < 1 (óìîâi iñíóâàííÿ iíòåãðàëó
∫ t
0 w

p
0(t − τ, α − αθ) dτ ) äëÿ

âñiõ t ∈ [0, T ] , r ∈ R îäåðæó¹ìî iñíóâàííÿ çãîðòêè
∫ t
0 φ(·) ∗G0(·, t− τ) dτ â

ïðîñòîði Hr+α,p(Rn) òà îöiíêó∥∥∥∥∫ t

0

φ(·) ∗G0(·, t− τ) dτ

∥∥∥∥
Hr+α,p(Rn)

≤
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≤ c0t
1− 1

p

[∫ t

0

wp
0(t− τ, α− αθ) dτ

] 1
p

·
∥∥φ∥∥

Hr+αθ,p(Rn)
.

Îòîæ, φ ∗G0 ∈ C
(
[0, T ];Hr+α,p(Rn)

)
òà ïðàâèëüíà îöiíêà (3.84).

Òåîðåìà 9. Íåõàé âèêîíàíå ïðèïóùåííÿ (Lα,β) , 0 < θ < 1 s ∈ R , p > 1

òà p(1 − βθ) < 1 , u0 ∈ Hs+α,p(Rn) , F0 ∈ C
(
[0, T ];Hs+αθ,p(Rn)

)
. Òîäi iñíó¹

¹äèíèé ðîçâ'ÿçîê

u(x, t) = F0(x, t) ∗G0(x, t) + u0(x) ∗G1(x, t), (x, t) ∈ QT

çàäà÷i (3.70), ïðè÷îìó u ∈ Cα,β
(
[0, T ];Hs+α,p(Rn)

)
òà∥∥u∥∥

Cα,β

(
[0,T ];Hs,p(Rn)

) ≤ k0
∥∥F0

∥∥
C
(
[0,T ];Hs+αθ,p(Rn)

) + k1
∥∥u0∥∥Hs+α,p(Rn)

,

äå k0 , k1 � äîäàòíi ñòàëi.

Äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 8 ç

òîþ ðiçíèöåþ, ùî äëÿ äîâåäåííÿ iñíóâàííÿ çãîðòêè F0 ∗ G0 â ïðîñòîði

C
(
[0, T ];Hs+α,p(Rn)

)
âèêîðèñòîâó¹òüñÿ ëåìà 9.

Çàóâàæèìî, ùî òåîðåìà 9 ïðàâèëüíà i äëÿ β = 1 < α . Â öüîìó âèïàäêó

F [G0](ξ, t) = F [G1](ξ, t) = E1,1(−a2|ξ|αt) = e−a
2|ξ|αt.

3.2.6 Âèçíà÷åííÿ ïðàâî¨ ÷àñòèíè ðiâíÿííÿ äèôóçi¨ ç äðîáîâèìè
ïîõiäíèìè

Âèêîðèñòîâóþ÷è âëàñòèâîñòi ôóíêöié Ãðiíà, ó ïîïåðåäíüîìó ïiäðîçäiëi

îäåðæàíî [19] iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêó çàäà÷i Êîøi â ïðîñòîðàõ áåñåëå-

âèõ ïîòåíöiàëiâ. Âèâ÷èìî òåïåð îáåðíåíó çàäà÷ó Êîøi äëÿ ðiâíÿííÿ äèôóçi¨ ç

äðîáîâèìè ïîõiäíèìè � çàäà÷ó ïðî âèçíà÷åííÿ çàëåæíî¨ âiä ÷àñó íåïåðåðâíî¨

êîìïîíåíòè ïðàâî¨ ÷àñòèíè ðiâíÿííÿ i ðîçâ'ÿçêó çàäà÷i Êîøi, êëàñè÷íîãî çà

÷àñîì çi çíà÷åííÿìè â ïðîñòîðàõ áåñåëåâèõ ïîòåíöiàëiâ [22].

Âèâ÷à¹ìî çàäà÷ó

CDβ
t u+ a2(−∆)α/2u = F0(x)g(t), (x, t) ∈ Q, (3.85)

u(x, 0) = u0(x), x ∈ Rn, (3.86)

< u(·, t), φ0(·) >= Φ(t), t ∈ [0, T ], (3.87)
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ÿêà ïîëÿãà¹ ó çíàõîäæåííi ïàðè ôóíêöié (u, g) : óçàãàëüíåíîãî ðîçâ'ÿçêó

u (êëàñè÷íîãî çà ÷àñîì iç çíà÷åííÿìè â ïðîñòîðàõ áåñåëåâèõ ïîòíöiàëiâ)

çàäà÷i (3.85), (3.86) òà g ∈ C[0, T ] çà äîäàòêîâî¨ óìîâè � óìîâè ïåðåâè-

çíà÷åííÿ (3.87). Ïðè v ∈ Hs,p(Rn), φ0 ∈ Lp′(Rn) ( 1
p′ +

1
p = 1 ) ìà¹ìî

F−1
ξ→x

[
(1 + |ξ|2) s

2Fx→ξv
]
∈ Lp(Rn) i

< v, φ0 >=

∫
Rn

F−1
ξ→x

[
(1 + |ξ|2)

s
2Fx→ξ[v(x)]

]
φ0(x)dx.

Ïðèïóùåííÿ:

(A) β ∈ (0, 1] , α > β , θ ∈ (0, 1) , 1 < p < 1
1−βθ , s ∈ R ,

F0 ∈ Hs+αθ,p(Rn) , u0 ∈ Hs+α,p(Rn) ;

(Á) Φ,C DβΦ ∈ C[0, T ] , φ0 ∈ Lp′(Rn) ( 1
p′ +

1
p = 1 ),

< F0, φ0 ≯= 0 .

Óìîâà (3.87) íàáóâà¹ âèãäÿëó∫
Rn

F−1
ξ→x

[
(1 + |ξ|2)

s+α
2 Fx→ξ[u(z, t)]

]
φ0(x)dx = Φ(t), t ∈ [0, T ]. (3.88)

Îçíà÷åííÿ. Ïàðà

(u, g) ∈ Cα,β
(
[0, T ];Hs,p(Rn)

)
× C[0, T ],

ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (3.85) i óìîâè (3.86), (3.87), íàçèâà¹òüñÿ ðîçâ'ÿçêîì

çàäà÷i (3.85)�(3.87).

Iç (3.86) òà (3.87) âèïëèâà¹ íåîáõiäíà óìîâà ïîãîäæåííÿ äàíèõ çàäà÷i

< u0, φ0 >= Φ(0). (3.89)

Ç ðiâíÿííÿ (3.85) òà óìîâè (3.87) îäåðæó¹ìî

CDβΦ(t) + a2 < (−∆)α/2u(·, t), φ0(·) >= g(t) < F0, φ0 >, t ∈ [0, T ].

Íåõàé

ru(t) = a2 < (−∆)α/2u(·, t), φ0(·) > .

Òîäi, âðàõîâóþ÷è ïðèïóùåííÿ (Á), ç ïîïåðåäíüî¨ òîòîæíîñòi çíàõîäèìî ôóí-

êöiþ

g(t) = gu(t) =
CDβΦ(t)− ru(t)

< F0, φ0 >
, t ∈ [0, T ]. (3.90)
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Ëåìà 10. Çà ïðèïóùåííÿ (Á) äëÿ âñiõ

s ∈ R, p > 1, u ∈ C
(
[0, T ];Hs+α,p(Rn)

)
âèçíà÷åíà ôîðìóëîþ (3.90) ôóíêöiÿ gu íåïåðåðâíà íà [0, T ] i

|gu(t)| ≤
C1

∥∥u∥∥
C
(
[0,T ];Hs+α,p(Rn)

) + C2

| < F0, φ0 > |
, t ∈ [0, T ],

äå C1 = C1(φ0) = const > 0 , C2 = ∥CDβΦ∥C[0,T ] .
Äîâåäåííÿ. Äëÿ âñiõ t ∈ [0, T ] , u ∈ C

(
[0, T ];Hs+α,p(Rn)

)
ìà¹ìî

a2| < (−∆)α/2u(·, t), φ0(·) > | ≤

≤ C3

∥∥F−1
[
|ξ|α(1 + |ξ|2)

s
2F [u]

]∥∥
Lp(Rn)

∥∥φ0

∥∥
Lp′(Rn)

≤

≤ C1

∥∥F−1
[
(1 + |ξ|2)

s+α
2 F [u](ξ, t)

]∥∥
Lp(Rn)

=

= C1

∥∥u(·, t)∥∥
Hs+α,p(Rn)

,

çâiäêè äëÿ âñiõ t ∈ [0, T ]

|ru(t)| = a2| < (−∆)α/2u(·, t), φ0(·) > | ≤ C1

∥∥u∥∥
C
(
[0,T ];Hs+α,p(Rn)

).
Òåîðåìà 10. Çà ïðèïóùåíü (A), (Á) i (3.89) iñíó¹ ¹äèíèé ðîçâ'ÿçîê

(u, g) ∈ Cα,β
(
[0, T ];Hs,p(Rn)

)
× C[0, T ]

çàäà÷i (3.86)�(3.87): u âèçíà÷åíî ôîðìóëîþ

u(x, t) =
(
F0(x)g(t)

)
∗G0(x, t) + u0(x) ∗G1(x, t), (x, t) ∈ Q̄, (3.91)

g(t) =
CDβΦ(t)− r(t)

< F0, φ0 >
, t ∈ [0, T ], (3.92)

äå r(t) � ðîçâ'ÿçîê ðiâíÿííÿ

r(t) +

t∫
0

K(t, τ)r(τ)dτ = R(t), t ∈ [0, T ] (3.93)

ç iíòåãðîâíèì ÿäðîì

K(t, τ) =
a2 < (−∆)α/2

(
F0(·) ∗G0(·, t− τ)

)
, φ0(·) >

< F0, φ0 >
,

R(t) = a2 < (−∆)α/2v0(·, t), φ0(·) > +

t∫
0

K(t, τ)CDβΦ(τ)dτ,
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v0(x, t) = u0(x) ∗G1(x, t), (x, t) ∈ Q.

Äîâåäåííÿ. Çà òåîðåìîþ 9 iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈ Cα,β
(
[0, T ];Hs,p(Rn)

)
çàäà÷i Êîøi (3.85), (3.86), âèçíà÷åíèé ôîðìóëîþ (3.91). Ïiäñòàâëÿþ÷è gu(t) ,

âèçíà÷åíó ôîðìóëîþ (3.90) òà íåïåðåðâíó çà ëåìîþ 10, ó (3.91) çàìiñòü g(t) ,

îäåðæó¹ìî

u(x, t) = v0(x, t)−
1

< F0, φ0 >

(
ru(t)F0(x)

)
∗G0(y, t)+

+
1

< F0, φ0 >

(C
DβΦ(t)F0(x)

)
∗G0(x, t), (x, t) ∈ Q̄.

Òîäi

ru(t) = a2 < (−∆)α/2u(x, t), φ0(x) >= a2 < (−∆)α/2v0(x, t), φ0(x) > +

+a2
t∫

0

< (−∆)α/2
(
F0(·) ∗G0(·, t− τ)

)
, φ0(x) >

[C
DβΦ(τ)− ru(τ)

]
< F0, φ0 >

dτ,

òîáòî

ru(t) = −
t∫

0

K(t, τ)ru(τ)dτ +R(t), t ∈ [0, T ].

Îäåðæàëè ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððè äðóãîãî ðîäó (3.93) âiä-

íîñíî íåâiäîìî¨ r(t) = ru(t) . Âðàõîâóþ÷è òåîðåìó 9 i ëåìó 9, îäåðæó¹ìî, ùî

çà ïðèïóùåíü öi¹¨ òåîðåìè ôóíêöiÿ R ∈ C[0, T ] i ÿäðî K(t, τ) iíòåãðîâíå.

Òîìó iñíó¹ ¹äèíèé íåïåðåðâíèé ðîçâ'ÿçîê r(t) ðiâíÿííÿ (3.93). Ìàþ÷è r(t) ,

çíàõîäèìî g ∈ C[0, T ] çà ôîðìóëîþ (3.92) òà u ∈ Cα,β
(
[0, T ];Hs,p(Rn)

)
çà

ôîðìóëîþ (3.91).

ßêùî (u1, g1) , (u2, g2) � äâà ðîçâ'ÿçêè çàäà÷i (3.85)�(3.87), òî ïðè u =

u1 − u2 , g = g1 − g2 ìà¹ìî çàäà÷ó

(Lu)(x, t) = g(t)F0(x), (x, t) ∈ Q,

u(x, 0) = 0, x ∈ R,

< u(·, t), φ0(·) >= 0, t ∈ [0, T ].

ßê âèùå, çíàõîäèìî

g(t) = − r(t)

< F0, φ0 >
, t ∈ [0, T ], (3.94)
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u(x, t) = − 1

< F0, φ0 >

t∫
0

F0(·) ∗G0(·, t− τ)r(τ)dτ, (3.95)

äå r(t) � ðîçâ'ÿçîê ëiíiéíîãî îäíîðiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ

r(t) = −
t∫

0

K(t, τ)r(τ)dτ, t ∈ [0, T ].

Çà ¹äèíiñòþ ðîçâ'ÿçêó öüîãî ðiâíÿííÿ r(t) = 0 , t ∈ [0, T ] . Òîäi g(t) = 0 ,

t ∈ [0, T ] (çà ôîðìóëîþ (3.94)) òà u = 0 â Q̄ (çãiäíî ç (3.95)).

3.3 Ïðî îáåðíåíi êîåôiöi¹íòíi êðàéîâi çàäà÷i

Íàâîäèìî ôîðìóëþâàííÿ çàäà÷ i ñõåìó äîâåäåííÿ ¨õ ðîçâ'ÿçíîñòi. Îáåðíå-

íi çàäà÷i ç íåâiäîìèìè êîåôiöi¹íòàìè, ÿê ïðàâèëî, ¹ íåëiíiéíèìè çàäà÷àìè

â òîìó ñåíñi, ùî ¨õ ðîçâ'ÿçàííÿ ïîâ'ÿçàíå ç äîñëiäæåííÿì ÷è ðîçâ'ÿçàííÿì

ïåâíèõ íåëiíiéíèõ îïåðàòîðíèõ ðiâíÿíü. Òóò âèêîðèñòîâóâàòèìåìî îñíîâíi

ìåòîäè äîñëiäæåííÿ îïåðàòîðíèõ ðiâíÿíü, íàâåäåíi ó ïiäðîçäiëi 2.6.

3.3.1 Êðàéîâà çàäà÷à ç íåâiäîìèì ìîëîäøèì êîåôiöi¹íòîì

Ó [43] äîñëiäæåíî îáåðíåíó çàäà÷ó äëÿ ëiíiéíîãî íåîäíîðiäíîãî ðiâíÿííÿ

äèôóçi¨ ç ðåãóëÿðèçîâàíîþ ïîõiäíîþ äðîáîâîãî ïîðÿäêó β ∈ (0, 2) çà ÷àñîì

â îáìåæåíîìó öèëiíäði Ω0 × (0, T ] � çàäà÷ó ïðî âèçíà÷åííÿ ïàðè ôóíêöié:

êëàñè÷íîãî ðîçâ'ÿçêó u ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ òàêîãî ðiâíÿííÿ òà íå-

âiäîìîãî, çàëåæíîãî âiä ÷àñó, íåïåðåðâíîãî êîåôiöi¹íòà â ìîëîäøîìó ÷ëåíi

ðiâíÿííÿ ïðè iíòåãðàëüíié çà ïðîñòîðîâèìè çìiííèìè óìîâi ïåðåâèçíà÷åííÿ.

Íåõàé Qi = Ωi×(0, T ] , i = 0, 1 , Q2 = Ω0 , C(Q0) , C(Q0) , C[0, T ] � ïðî-

ñòîðè íåïåðåðâíèõ ôóíêöié âiäïîâiäíî íà Q0 , Q0 i [0, T ] , Cγ(Ω̄0) � ïðîñòið

íåïåðåðâíèõ ôóíêöié íà Ω̄0 , ÿêi çàäîâîëüíÿþòü óìîâó Ãåëüäåðà, Cγ(Q̄0)

� ïðîñòið íåïåðåðâíèõ ôóíêöié íà Q̄0 , ÿêi äëÿ êîæíîãî t ∈ (0, T ] çàäîâîëü-

íÿþòü óìîâó Ãåëüäåðà çà ïðîñòîðîâèìè çìiííèìè,

C2,β(Q0) = {v ∈ C(Q0) : ∆v,
C Dβ

t v ∈ C(Q0)} ,
C2,β(Q̄0) = C2,β(Q0) ∩ C(Q̄0) ó âèïàäêó β ∈ (0, 1] ,

C2,β(Q̄0) = {v ∈ C2,β(Q0) : v, vt ∈ C(Q̄0)} ïðè β ∈ (1, 2) .
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Ïàðà (u, b) ∈ Mβ(Q0) = Mβ := C2,β(Q̄0)×C[0, T ] íàçèâà¹òüñÿ ðîçâ'ÿçêîì
çàäà÷i

CDβ
t u−∆u− b(t)u = F0(x, t), (x, t) ∈ Ω0 × (0, T ], (3.96)

u(x, t) = 0, (x, t) ∈ Ω1 × [0, T ], (3.97)

u(x, 0) = F1(x), ut(x, 0) = F2(x), x ∈ Ω0, (3.98)∫
Ω0

u(x, t)φ0(x)dx = F (t), t ∈ [0, T ], (3.99)

ÿêùî âîíà çàäîâîëüíÿ¹ ðiâíÿííÿ (3.96) â îáëàñòi Q0 òà óìîâè (3.97)-(3.99).

Íåîáõiäíèìè ¹ óìîâè ïîãîäæåííÿ äàíèõ çàäà÷i∫
Ω0

F1(x)φ0(x)dx = F (0),

∫
Ω0

F2(x)φ0(x)dx = F ′(0), Fj|Ω1
= 0, j = 1, 2.

(3.100)

Òåîðåìà 11. ßêùî g0 ∈ Cγ(Q0) , gj ∈ Cγ(Q̄2) , gj|Ω1
= 0 , j = 1, 2 , òî

iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈ C2,β(Q̄0) ïðÿìî¨ çàäà÷i

CDβ
t u−∆u = g0(x, t), (x, t) ∈ Ω0 × (0, T ],

u(x, t) = 0, (x, t) ∈ Ω0 × [0, T ],

u(x, 0) = g1(x), ut(x, 0) = g2(x), x ∈ Ω0.

Âií âèçíà÷åíèé ôîðìóëîþ

u(x, t) =
(
G0g0

)
(x, t) +

(
G1g1)(x, t) +

(
G2g2)(x, t), (x, t) ∈ Q̄0, (3.101)

äå (G0g0)(x, t) =
t∫
0

dτ
∫
Ω0

G0(x, t, y, τ)g0(y, τ)dy ,

(Gjgj)(x, t) =
∫
Ω0

Gj(x, t, y, 0)gj(y)dy , j = 1, 2 .

Äîâåäåííÿ. Áåðó÷è äî óâàãè îöiíêè êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà, ÿê

ïðè äîâåäåííi ëåìè 1, îòðèìó¹ìî∣∣∣ t∫
0

dτ
∫
Ω0

G0(x, t, y, τ)g0(y, τ)dy
∣∣∣ ≤ k0t

β · ∥g0∥C(Q̄0) ∀(x, t) ∈ Q̄0,∣∣∣ ∫
Ω0

Gj(x, t, y)gj(y)dy
∣∣∣ ≤ kjt

j−1||gj||C(Ω̄0), (x, t) ∈ Q̄0, j = 1, 2,

äå k0, k1, k2 � äîäàòíi ñòàëi, ||g0||C(Q̄0) := max
(x,t)∈Q̄0

|g0(x, t)| , j = 0, 1 ,

||gj||C(Ω̄0) := max
x∈Ω̄0

|gj(x)| , j = 1, 2 .
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Äàëi, ïîâòîðþþ÷è ìiðêóâàííÿ [24], ìîæíà ïîêàçàòè, ùî ôóíêöiÿ (3.101)

íàëåæèòü äî C2,β(Q̄0) i ¹ ðîçâ'ÿçêîì çàäà÷i. Ïðè öüîìó âèêîðèñòîâó¹ìî ãåëü-

äåðîâiñòü êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà, äîâåäåíó â [34], à ñàìå, ùî

|Gi(x+∆x, t+∆t, y, τ)−Gi(x, t, y, τ)| ≤ Ai(x, t, y, τ)[|∆x|+ |∆t|β/2]γ (3.102)

∀(x, t), (x+∆x, t+∆t) ∈ Q̄0, (y, τ) ∈ Q̄i, i = 0, 1, 2,

äå íåâiä'¹ìíi ôóíêöi¨ Ai(x, t, y, τ) ìàþòü òàêîãî æ âèãëÿäó îöiíêè, ÿê

Gi(x, t, y, τ) , i = 0, 1, 2 , âiäïîâiäíî, i äàëi Gi(x, t, y, τ) = Gi(x, t, y) ,

Ai(x, t, y, τ) = Ai(x, t, y) ïðè i = 1, 2 , γ ∈ (0, 1) . Òàêîãî æ âèãëÿäó îöiíêè

ïðàâèëüíi i äëÿ ïîõiäíèõ êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà.

Çàóâàæèìî, ùî ó âèïàäêó êðàéîâèõ çàäà÷ äëÿ êëàñè÷íèõ ïàðàáîëi÷íèõ

ðiâíÿíü äðóãîãî ïîðÿäêó ãåëüäåðîâiñòü êîìïîíåíò âåêòîð-ôóíêöi¨ Ãðiíà òà

¨õíiõ ïîõiäíèõ îäåðæàíà ó [24], à äëÿ çàãàëüíèõ ïàðàáîëi÷íèõ çàäà÷ � ó [9].

�äèíiñòü ðîçâ'ÿçêó çàäà÷i âèïëèâà¹ ç ïðèíöèïó ìàêñèìóìó [46, 34].

Íåõàé âèêîíóþòüñÿ íàñòóïíi ïðèïóùåííÿ:

(F0) F0 ∈ Cγ(Q0) , γ ∈ (0, 1) ,

(F1) F1 ∈ Cγ(Ω̄0) , F1|Ω1
= 0 ,

(F2) F2 ∈ Cγ(Ω̄0) , F2|Ω1
= 0 ,

(F ) F,C DβF ∈ C[0, T ] , F (t) ̸= 0 , t ∈ [0, T ] ,

(Φ ) φ0 ∈ C2(Ω̄0) , φ0|Ω1
= 0 .

Ç òåîðåìè 11 âèïëèâà¹, ùî çà ïðèïóùåíü (F0), (F1), (F2) ïðè âiäîìié

b ∈ C[0, T ] ðîçâ'ÿçîê u ∈ C2,β(Q̄0) ïåðøî¨ êðàéîâî¨ çàäà÷i (3.96)�(3.98) çàäî-

âîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)b(τ)u(y, τ)dy + h(x, t), (x, t) ∈ Q̄0, (3.103)

äå

h(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)F0(y, τ)dy +
2∑
j=1

∫
Ω0

Gj(x, t, y)Fj(y)dy, (3.104)

(x, t) ∈ Q̄0.
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Êðiì òîãî, äîâiëüíèé ðîçâ'ÿçîê u ∈ C(Q̄0) iíòåãðàëüíîãî ðiâíÿííÿ (3.103) (ç

âiäîìèì êîåôiöi¹íòîì b ∈ C[0, T ] ) íàëåæèòü C2,β(Q̄0) i ¹ ðîçâ'ÿçêîì çàäà÷i

(3.96)�(3.98).

Ç ðiâíÿííÿ (3.96) i óìîâ (3.97), (3.98) âèïëèâà¹, ùî

CDβ
t

∫
Ω0

u(x, t)φ0(x)dx =

∫
Ω0

u(x, t)∆φ0(x)dx+ b(t)

∫
Ω0

u(x, t)φ0(x)dx+

+

∫
Ω0

F0(x, t)φ0(x)dx, t ∈ [0, T ].

Çà óìîâîþ (3.99) îòðèìà¹ìî

CDβ
t F (t) =

∫
Ω0

u(x, t)∆φ0(x)dx+ b(t)F (t) +

∫
Ω0

F0(x, t)φ0(x)dx

i, âðàõîâóþ÷è ïðèïóùåííÿ (F), çíàõîäèìî

b(t) =
[C
Dβ
t F (t)−

∫
Ω0

F0(x, t)φ0(x)dx−
∫
Ω0

u(x, t)∆φ0(x)dx
]
[F (t)]−1, t ∈ [0, T ].

(3.105)

Çàóâàæèìî, ùî, âiäïîâiäíî äî (3.105), b ∈ C[0, T ] ïðè u ∈ C(Q̄0) . Ïiäñòà-

âèâøè ïðàâó ÷àñòèíó ðiâíÿííÿ (3.105) â (3.103) çàìiñòü b , îòðèìó¹ìî íåëi-

íiéíå iíòåãðàëüíå ðiâíÿííÿ âiäíîñíî íåâiäîìî¨ u ∈ C(Q̄0)

u(x, t) =

t∫
0

[F (τ)]−1dτ

∫
Ω0

G0(x, t, y, τ)
[C
DβF (τ)−

∫
Ω0

F0(z, τ)φ0(z)dz−

(3.106)

−
∫
Ω0

u(z, τ)∆φ0(z)dz
]
u(y, τ)dy + h(x, t), (x, t) ∈ Q̄0.

Ìè ïîêàçàëè, ùî ðîçâ'ÿçîê çàäà÷i (3.96)�(3.99) çàäîâîëüíÿ¹ ñèñòåìó

(3.105), (3.106).

Íàâïàêè, ÿêùî ôóíêöiÿ u ∈ C(Q̄0) i ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

(3.106), b(t) âèçíà÷åíà çãiäíî ç (3.105), òî ç ïîïåðåäíiõ ìiðêóâàíü îäåðæó¹ìî,

ùî ôóíêöiÿ u ¹ ðîçâ'ÿçêîì ïðÿìî¨ çàäà÷i ïðè âiäîìié b(t) i çàäîâîëüíÿ¹

óìîâè ïîãîäæåííÿ äàíèõ. Ïîêàæåìî, ùî âîíà çàäîâîëüíÿ¹ óìîâó (3.99).
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ßêùî öå íå òàê i
∫
Ω0

u(x, t)φ0(x)dx = F ∗(t) , t ∈ [0, T ] , òî

∫
Ω0

F1(x)φ0(x)dx = F ∗(0),

∫
Ω0

F2(x)φ0(x)dx = F ∗′(0). (3.107)

ßê âèùå, ïîêàçó¹ìî, ùî∫
Ω0

u(x, t)∆φ0(x)dx =C Dβ
t F

∗(t)− b(t)F ∗(t)−
∫
Ω0

F0(x, t)φ0(x)dx,

à òîäi, âðàõîâóþ÷è (3.105), îòðèìó¹ìî

CDβ
t [F

∗(t)− F (t)]− b(t)[F ∗(t)− F (t)] = 0, t ∈ [0, T ],

òîáòî, âðàõîâóþ÷è óìîâè (3.100) i (3.107), ìà¹ìî ëiíiéíå îäíîðiäíå ðiâíÿííÿ

Âîëüòåððè ç iíòåãðîâíèì ÿäðîì

F ∗(t)− F (t) = fβ(t) ∗ [b(t)(F ∗(t)− F (t))].

Éîãî ðîçâ'ÿçîê F ∗(t) − F (t) = 0 , t ∈ [0, T ] , à îòæå, u çàäîâîëüíÿ¹ óìîâó

(3.99). Îäåðæàëè íàñòóïíèé ðåçóëüòàò.

Ëåìà 11. Çà ïðèïóùåíü (F0), (F1), (F2), (F), (Φ ) i (3.100) ïàðà ôóíêöié

(u, b) ¹ ðîç'ÿçêîì çàäà÷i (3.96)-(3.99) òîäi i ëèøå òîäi, êîëè ôóíêöiÿ u ∈
C(Q̄0) ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ (3.106), ôóíêöiÿ b ∈ C[0, T ]

âèçíà÷åíà çãiäíî ç (3.105).

Òåîðåìà 12 (ïðî ëîêàëüíó çà ÷àñîì ðîçâ'ÿçíiñòü çàäà÷i). Çà óìîâ (F0),

(F1), (F2), (F), (Φ ), (3.100) iñíó¹ T > 0 òà ðîçâ'ÿçîê (u, b) ∈ Mβ(Q0)

çàäà÷i (3.96)-(3.99): ôóíêöiÿ u ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ (3.106)

ó C(Q̄0) , ôóíêöiÿ b âèçíà÷åíà çãiäíî ç (3.105).

Äîâåäåííÿ. Çà ëåìîþ 11 äîñòàòíüî äîâåñòè ðîçâ'ÿçíiñòü ðiâíÿííÿ (3.106) â

C(Q̄0) . Íåõàé f = min
t∈[0,T ]

|F (t)| , R = const > 0 ,

MR =MR(Q0) = {v ∈ C(Q̄0) : ||v||C(Q̄0) ≤ R} .

Çàñòîñó¹ìî ïðèíöèï Øàóäåðà (äèâ. ïiäðîçäië 2.6). Ââåäåìî îïåðàòîð

(Pv)(x, t) :=
t∫
0

[F (τ)]−1dτ
∫
Ω0

G0(x, t, y, τ)
[C
DβF (τ)−

∫
Ω0

F0(z, τ)φ0(z)dz

−
∫
Ω0

v(z, τ)∆φ0(z)dz
]
v(y, τ)dy + h(x, t), (x, t) ∈ Ω0, v ∈MR ,
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äå ôóíêöiÿ h(x, t) âèçíà÷åíà ÿê (3.104).

Ñïî÷àòêó ïîêàæåìî iñíóâàííÿ R > 0 , T ∗ > 0 òàêèõ, ùî P : M ∗
R → M ∗

R ,

äå M ∗
R =MR(Ω̄0 × [0, T ∗]) .

Âèêîðèñòîâóþ÷è îäåðæàíi ïðè äîâåäåííi òåîðåìè 11 îöiíêè
(
Gjgj)(x, t) ,

j = 0, 1, 2 , îòðèìó¹ìî

|(Pv)(x, t)| ≤ k0
f
tβ(c1R + c2R

2) + |h(x, t)|,

|h(x, t)| ≤ k0t
β∥F0∥C(Q̄0) + k1∥F1∥C(Ω̄0) + k2t∥F2∥C(Ω̄0) := B0(t),

(x, t) ∈ Q̄0, v ∈MR

äå c1 = ∥CDβF −
∫
Ω0

F0(z, ·)φ0(z)dz∥C[0,T ] , c2 =
∫
Ω0

|∆φ0(z)|dz , β ∈ (0, β) .

Â ðåçóëüòàòi ìà¹ìî

|(Pv)(x, t)| ≤ k0
f t

β(c1R + c2R
2) +B0(t) ∀t ∈ [0, T ], v ∈MR .

Ùîá ñïðàâäæóâàëàñü íåðiâíiñü

d0t
βR2 +B0(t) ≤ R ∀t ∈ [0, T ∗] (3.108)

äëÿ äåÿêèõ T ∗ > 0 , R ≥ 1 iç d0 = kk0 i k = c1+c2
f , âèáåðåìî R∗ =

max{2 max
t∈[0,T ]

B0(t), 1} . Òàê ÿê B0(t) ≤ R∗/2 , t ∈ [0, T ] , òî íåîáiäíà íåðiâíiñòü

(3.108) âèïëèâà¹ ç íåðiâíîñòi

d0t
βR∗2 ≤ R∗/2 ∀t ∈ [0, t∗].

Îñòàííÿ æ âèêîíó¹òüñÿ, ÿêùî t∗ = [2d0R
∗]−1/β . Ìè äîâåëè iñíóâàííÿ ÷èñåë

R∗ ≥ 1 , T ∗ = min{t∗, T} > 0 òàêèõ, ùî P :M ∗
R∗ →M ∗

R∗ .

Îïåðàòîð P íåïåðåðâíèé íà M ∗
R∗ . Ñïðàâäi, äëÿ v1, v2 ∈M ∗

R∗

||Pv1 − Pv2||C(Q̄∗
0)
=

= max
(x,t)∈Q̄∗

0

∣∣∣ t∫
0

[F (τ)]−1dτ

∫
Ω0

G0(x, t, y, τ)
[ ∫
Ω0

v2(z, τ)∆φ0(z)dz[v2(y, τ)− v1(z, τ)]

−
∫
Ω0

[v1(z, τ)− v2(z, τ)]∆φ0(z)dz · v1(y, τ)
]
dy

∣∣∣ ≤
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≤ c2 sup
(x,t)∈Q∗

0

t∫
0

[F (τ)]−1dτ

∫
Ω0

G0(x, t, y, τ)dy ·
[
∥v1∥C(Q∗

0)
+ ∥v2∥C(Q∗

0)

]
×

×∥v1 − v2∥C(Q∗
0)
≤ 2k0c2(T

∗)βR∗

f
∥v1 − v2∥C(Q̄∗

0)
.

Àíàëîãi÷íî îòðèìó¹ìî, ùî îïåðàòîð P êîìïàêòíèé íà M ∗
R∗ : âñòàíîâëåíî,

ùî ||Pv||C(Q̄∗
0)
≤ R∗ , íà äîäàòîê, iç ãåëüäåðîâîñòi êîìïîíåíò âåêòîð-ôóíêöi¨

Ãðiíà âèïëèâà¹, ùî äëÿ âiñõ ε > 0 iñíó¹ δ = δ(ε) òàêå, ùî äëÿ âñiõ (x, t) ∈
Q̄∗

0 , |∆x| < δ , |∆t| < δ i äëÿ âñiõ v ∈M ∗
R∗

max
(x,t)∈Q̄∗

0

|(Pv)(x+∆x, t+∆t)− (Pv)(x, t)|

≤ c1R+c2R
2

f max
(x,t)∈Q̄∗

0

t∫
0

dτ
∫
Ω0

|G0(x+∆x, t+∆t, z, τ)−G0(x, t, z, τ)|dz

+ max
(x,t)∈Q∗

0

|h(x+∆x, t+∆t)− h(x, t)|

≤
[ (c1R+c2R2)c3(T

∗)β

f +B1(T
∗)
]
·
[
|∆x|+ |∆t|β/2

]γ
< ε ,

äå B1(t) = c3t
β||F0||C(Q̄0) + c4||F1||C(Ω̄0) + c5||F2||C(Ω̄0) ,

c3 = sup
(x,t)∈Q0

t−β
t∫
0

dτ
∫
Ω0

A0(x, t, y, τ)dy , c4 = sup
(x,t)∈Q0

∫
Ω0

A1(x, t, y)dy ,

c5 = sup
(x,t)∈Q0

t
∫
Ω0

A2(x, t, y)dy , A0, A1, A2 âèçíà÷åíi â ôîðìóëi (3.102).

Çà ëåìîþ Àðöåëà îïåðàòîð P öiëêîì íåïåðåðâíèé íà M ∗
R∗ . Çãiäíî ç ïðèí-

öèïîì Øàóäåðà iñíó¹ ðîçâ'ÿçîê u ∈M ∗
R∗ ðiâíÿííÿ (3.106).

Òåîðåìà 13. ßêùî F (t) ̸= 0 , t ∈ [0, T ] , òî ðîçâ'ÿçîê (u, b) ∈ Mβ(Q0)

çàäà÷i (3.96)-(3.99) ¹äèíèé.

Äîâåäåííÿ. Âiçüìåìî äâà ðîçâ'ÿçêè (u1, b1), (u2, b2) ∈ Mβ(Q0) çàäà÷i i ïiä-

ñòàâèìî ¨õ ó ðiâíÿííÿ (3.96). Äëÿ u = u1 − u2 , b = b1 − b2 îòðèìó¹ìî

Dβ
t u = ∆u+ b2u+ bu1, (x, t) ∈ Q0,

u(x, t) = 0, x ∈ Ω̄1, t ∈ [0, T ]

u(x, 0) = 0, ut(x, 0) = 0, x ∈ Ω̄0.
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Òîäi, çà òîðåìîþ 11, ôóíêöiÿ u(x, t) çàäîâîëüíÿ¹ ðiâíÿííÿ

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)[b2(τ)u(y, τ) + b(τ)u1(y, τ)]dx, (x, t) ∈ Q̄0

i íàëåæèòü äî C2,β(Q̄0) .

Ç óìîâè ïåðåâèçíà÷åííÿ (3.99) i ç (3.105) âèïëèâà¹, ùî∫
Ω0

u(x, t)∆φ0(x)dx = −b(t)F (t), t ∈ [0, T ]. (3.109)

Òîäi u(x, t) çàäîâîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ

u(x, t) =

t∫
0

dτ

∫
Ω0

G0(x, t, y, τ)
(
b2(τ)u(y, τ)−

u1(y, τ)
∫
Ω0

u(z, τ)∆φ0(z)dz

F (τ)

)
dτ,

òîáòî ëiíiéíå îäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððè äðóãîãî ðîäó

u(x, t) =

t∫
0

dτ

∫
Ω0

[
G0(x, t, z, τ)b2(τ)−

− 1

F (τ)

( ∫
Ω0

G0(x, t, y, τ)u1(y, τ)dy
)
∆φ0(z)

]
u(z, τ)dz, (x, t) ∈ Q̄0.

ç iíòåãðîâíèì ÿäðîì. Çà ¹äèíiñòþ éîãî ðîçâ'ÿçêó îòðèìó¹ìî u(x, t) = 0 ,

(x, t) ∈ Q̄0. Òîäi ç (3.109)

b(t)F (t) = 0 , t ∈ [0, T ].

Òàê ÿê F (t) ̸= 0 íà [0, T ] (çà ïðèïóùåííÿì òåîðåìè), òî

b(t) ≡ 0 , t ∈ [0, T ] .

Ïðèìiòêà. Îòðèìàíèé ðåçóëüòàò ¹ ïðàâèëüíèì ó âèïàäêó β ∈ (0, 1] (áåç

äðóãî¨ ïî÷àòêîâî¨ óìîâè ut(x, 0) = F2(x) , x ∈ Ω̄0 ), ÿêùî ó âñiõ ôîðìóëàõ ìè

ââàæàòèìåìî F2(x) ≡ 0 , x ∈ Ω̄0 .

Ó [41] îäåðæàíî òåîðåìè ïðî iñíóâàííÿ òà ¹äèíiñòü êëàñè÷íîãî ðîçâ'ÿçêó

(u, r) ∈ C2,α(Q̄0)× C[0, T ] îáåðíåíî¨ êðàéîâî¨ çàäà÷i

CDα
t u+ r(t)CDβ

t u−∆u = F0(x, t, u,
C Dβ

t u), (x, t) ∈ Q0, (3.110)

u(x, t) = 0, (x, t) ∈ Q̄1, (3.111)
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u(x, 0) = F1(x), x ∈ Ω̄0, (3.112)

ut(x, 0) = F2(x), x ∈ Ω̄0, (3.113)∫
Ω0

u(x, t)φ0(x)dx = F (t), t ∈ [0, T ] (3.114)

äëÿ ïiâëiíiéíîãî òåëåãðàôíîãî ðiâíÿííÿ ç ðåãóëÿðèçîâàíèìè äðîáîâèìè ïî-

õiäíèìè ïðè α ∈ (1, 2) , β ∈ (0, 1) .

3.3.2 Êðàéîâà çàäà÷à ç íåâiäîìèì ñòàðøèì êîåôiöi¹íòîì

Ó [18] ïðè β ∈ (0, 1] , à ó [20] ïðè β ∈ (1, 2) äîâåäåíî òåîðåìè ïðî iñíóâàííÿ

òà ¹äèíiñòü ðîçâ'ÿçêó (u, a) îáåðíåíî¨ êðàéîâî¨ çàäà÷i

CDβ
t u− a(t)uxx = F0(x, t), (x, t) ∈ Q0 := (0, l)× (0, T ], (3.115)

a(t) > 0, t ∈ [0, T ],

u(0, t) = 0, u(l, t) = 0, t ∈ [0, T ], (3.116)

u(x, 0) = F1(x), x ∈ [0, l] (3.117)

ut(x, 0) = F2(x), x ∈ [0, l], (3.118)

a(t)ux(0, t) = F3(t), t ∈ [0, T ], (3.119)

äå F0 -F3 � çàäàíi ôóíêöi¨, óìîâà (3.118) âiäñóòíÿ ó âèïàäêó β ∈ (0, 1] .

Íåõàé C(Q0) , C(Q0) , C[0, T ] � êëàñè íåïåðåðâíèõ âiäïîâiäíî â Q0 , Q0

òà íà [0, T ] ôóíêöié, C+[0, T ] � êëàñ íåïåðåðâíèõ íà [0, T ] òà îáìåæåíèõ

çíèçó äîäàòíèì ÷èñëîì ôóíêöié,

Cβ(0, T ] = {v ∈ C(0, T ] : tβv ∈ C[0, T ], inf
t∈(0,T ]

tβ|v(t)| > 0} ,

C2,β(Q̄0) = {v ∈ C(Q̄0) : vxx,
CDβ

t v ∈ C(Q0)} .
Ðîçâ'ÿçêîì çàäà÷i (3.115)-(3.119) íàçèâà¹òüñÿ ïàðà ôóíêöié

(u, a) ∈ Mβ := C2,β(Q̄0)× C+[0, T ] ,

ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (3.115) â Q0 òà óìîâè (3.116)-(3.119).

Äëÿ äîâåäåííÿ ðîçâ'ÿçíîñòi çàäà÷i (3.115)-(3.119) âèêîðèñòîâó¹ìî ìåòîä

ôóíêöi¨ Ãðiíà.

Ââåäåìî îïåðàòîðè

L : (Lv)(x, t) ≡ v
(β)
t (x, t)− a(t)vxx(x, t), (x, t) ∈ Q0 ,
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Lreg : (Lregv)(x, t) ≡C Dβ
t v(x, t)− a(t)vxx(x, t), (x, t) ∈ Q0 ,

L̂ : (L̂v)(x, t) ≡ f−β∗̂v(x, t)− a(t)vxx(x, t), (x, t) ∈ Q0 , v ∈ C2,β(Q̄0)

òà ôóíêöiéíèé ïðîñòið

X(Q0) = {v ∈ C2,β(Q̄0) : v(0, t) = v(l, t) = 0, t ∈ [0, T ]} .

Äëÿ v ∈ C2,β(Q̄0) , ψ ∈ X(Q̄0) ïðàâèëüíà ôîðìóëà Ãðiíà∫
Q0

v(y, τ)(L̂ψ)(y, τ)dydτ =
∫
Q0

(Lregv)(y, τ)ψ(y, τ)dydτ+

+
l∫
0

v(y, 0)dy
T∫
0

f1−β(τ)ψ(y, τ)dτ +
l∫
0

vτ(y, 0)dy
T∫
0

f2−β(τ)ψ(y, τ)dτ .

Âåêòîð-ôóíêöiÿ
(
G0(x, t, y, τ), G1(x, t, y, τ), G2(x, t, y, τ)

)
, òàêà ùî ïðè äî-

ñòàòíüî ðåãóëÿðíèõ g0 , g1 , g2 ôóíêöiÿ

v(x, t) =

t∫
0

dτ

l∫
0

G0(x, t, y, τ)g0(y, τ)dy+

+
2∑
j=1

l∫
0

Gj(x, t, y, 0)gj(y)dy, (x, t) ∈ Q0

(3.120)

¹ êëàñè÷íèì (êëàñó C2,β(Q0) ) ðîçâ'ÿçêîì ïåðøî¨ êðàéîâî¨ çàäà÷i

CDβ
t u− a(t)uxx = g0(x, t), (x, t) ∈ Ω0 × (0, T ], (3.121)

u(0, t) = 0, u(l, t) = 0, x ∈ [0, l], t ∈ [0, T ], (3.122)

u(x, 0) = g1(x), ut(x, 0) = g2(x), x ∈ [0, l], (3.123)

(ç âiäîìîþ ôóíêöi¹þ a(t) ), íàçèâà¹òüñÿ âåêòîð-ôóíêöi¹þ Ãðiíà öi¹¨ çàäà÷i.

Ç îçíà÷åííÿ âèïëèâà¹, ùî

(LG0)(x, t, y, τ) = δ(x− y, t− τ), (x, t), (y, τ) ∈ Q0 ,

Gj(0, t, y, τ) = Gj(l, t, y, τ) = 0 , y ∈ (0, l) , t, τ ∈ (0, T ] , j = 0, 1, 2 ,

G1(x, 0, y, 0) = δ(x− y) , ∂
∂tG2(x, 0, y, 0) = δ(x− y), x, y ∈ (0, l),

Gj(x, t, y, 0) = fj−β(t) ∗G0(x, t, y, 0), (x, t) ∈ Q0, y ∈ (0, l), j = 1, 2.

Iç ïðèíöèïó ìàêñèìóìó âèïëèâà¹ äîäàòíiñòü ôóíêöié G0(x, t, y, τ) ,

G1(x, t, y, 0) , G2(x, t, y, 0) , (x, t), (y, τ) ∈ Q0 , à çâiäñè äîäàòíiñòü
∂G0(0,t,y,τ)

∂x ,
∂G1(0,t,y,0)

∂x , ∂G2(0,t,y,0)
∂x , y ∈ [0, l] , 0 ≤ τ < t ≤ T .
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Ëåìà 12 [20]. Ïðè a ∈ C+[0, T ] âåêòîð-ôóíêöiÿ Ãðiíà ïåðøî¨ êðàéîâî¨

çàäà÷i (3.115)�(3.118) iñíó¹.

Âèêîðèñòîâó¹ìî òàêîæ ïîçíà÷åííÿ Gj(x, t, y, τ, a) çàìiñòü Gj(x, t, y, τ) ,

j = 0, 1, 2 .

Íåõàé [a(t)]−1 ≤ R äëÿ âñiõ t ∈ [0, T ] . Âèêîðèñòîâóþ÷è âëàñòèâîñòi H-

ôóíêöié Ôîêñà i ìåòîä Ëåâi [24], çíàõîäèìî îöiíêè∣∣∣( ∂
∂x

)k
G0(x, t, y, τ, a)

∣∣∣ ≤ C∗
kR

k+1
2 (t− τ)

β(1−k)
2 −1, |x− y|2 < 4(t− τ)β/R,

∣∣∣( ∂
∂x

)kG0(x, t, y, τ, a)
∣∣∣ ≤ Ck(t− τ)β−1

|x− y|k+1
, |x− y|2 > 4(t− τ)β/R, k ∈ Z+,∣∣( ∂

∂x

)k
Gj(x, t, y, 0, a)

∣∣ ≤ C∗
jkR

k+1
2 tj−1−(k+1)β2 , |x− y|2 < 4tβ/R,

∣∣( ∂
∂x

)k
Gj(x, t, y, 0, a)

∣∣ ≤ Ĉjkt
j−1

|x− y|
(R|x− y|2

4tβ
) 1−j+k+1

2
2−β e−c

(
R|x−y|2

4tβ

) 1
2−β

≤

≤ CjkR
− 1

2−β |x− y|−1− 2
2−β tj−1+ β

2−β ,

|x− y|2 > 4tβ/R, j = 1, 2, c = (2− β)ββ(2−β),

Ck, C
∗
k , Cjk, C

∗
jk, Ĉjk, òà äàëi ck, c∗k, ĉk, cjk, c

∗
jk ( j = 1, 2 , k ∈ Z+ ) � äîäàòíi

ñòàëi.

Íåõàé âèêîíóþòüñÿ óìîâè

(F0): F0 ∈ C(Q0) òà äëÿ êîæíîãî t ∈ (0, T ] ëîêàëüíî ãåëüäåðîâà çà

çìiííîþ x ,

Fi ∈ C[0, l] , i = 1, 2 , F1(0) = F1(l) = 0 .

Iç íàâåäåíîãî âèùå òà ïðèíöèïó ìàêñèìóìó, ÿê ó [24], âèïëèâà¹ ïðàâèëü-

íiñòü íàñòóïíî¨ òåîðåìè (àíàëîãà òåîðåìè 11).

Òåîðåìà 14. Çà óìîâ (F0), ïðè âiäîìié a ∈ C+[0, T ] iñíó¹ ¹äèíèé

ðîçâ'ÿçîê u ∈ C2,β(Q0) çàäà÷i (3.115)�(3.118), âií âèçíà÷åíèé ôîðìóëîþ

u(x, t) =
(
G0F0

)
(x, t) +

(
G1F1)(x, t) +

(
G2F2)(x, t), (x, t) ∈ Q0, (3.124)

äå

(G0F0

)
(x, t) =

t∫
0

dτ
l∫
0

G0(x, t, y, τ, a)F0(y, τ)dy ,
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(GjFj
)
(x, t) =

l∫
0

Gj(x, t, y, 0, a)Fj(y)dy , j = 1, 2 .

Òåîðåìè ïðî iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó îáåðíåíî¨ êðàéîâî¨ çàäà÷i.

Íåõàé âèêîíóþòüñÿ óìîâè (F0) òà óìîâè

(F): F3 ∈ Cβ/2(0, T ] òà ïîçíà÷à¹ìî inf
t∈(0,T ]

tβ/2|F3(t)| = b0 (> 0 ),

F0(x, t) > 0 , (x, t) ∈ Q0 , Fi(x) ≥ 0 , x ∈ [0, l] , i = 1, 2 , tβ/2F3(t) > 0, t ∈ [0, T ] ,

àáî

F0(x, t) < 0 , (x, t) ∈ Q0 , Fi(x) ≤ 0 , x ∈ [0, l] , i = 1, 2 , tβ/2F3(t) < 0, t ∈ [0, T ] .

Ïiäñòàâèìî ôóíêöiþ (3.120) â óìîâó (3.119). Îäåðæó¹ìî

a(t)
∂

∂x

[(
G0F0

)
(0, t) +

(
G1F1

)
(0, t) +

(
G2F2

)
(0, t)

]
= F3(t), t ∈ [0, T ]

àáî, âðàõîâóþ÷è ïðèïóùåííÿ (F),

h(t) = tβ/2
∂

∂x

[(
G0F0

)
(0, t)+

(
G1F1

)
(0, t)+

(
G2F2

)
(0, t)

]
· [tβ/2F3(t)]

−1, (3.125)

t ∈ [0, T ], äå h(t) = [a(t)]−1 .

Çàóâàæèìî, ùî ïðàâà ÷àñòèíà (3.125) ¹ íåëiíiéíîþ ôóíêöi¹þ âiä h(t) .

Ðåçóëüòàòîì òåîðåìè 14, äîäàòíîñòi ôóíêöié ∂G0(0,t,y,τ,a)
∂x , ∂G1(0,t,y,0,a)

∂x ,
∂G2(0,t,y,0,a)

∂x , y ∈ [0, l] , 0 ≤ τ < t ≤ T òà íàâåäåíèõ ìiðêóâàíü ¹ íàñòóïíà

òåîðåìà.

Òåîðåìà 15. Çà ïðèïóùåíü (F0), (F) ïàðà ôóíêöié (u, a) ∈ Mβ ¹

ðîçâ'ÿçêîì çàäà÷i (3.115)-(3.119) òîäi i òiëüêè òîäi, êîëè äîäàòíà íåïåðåðâ-

íà ôóíêöiÿ h(t) = 1/a(t) , t ∈ [0, T ] ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (3.125), ôóíêöiÿ

u(x, t) âèçíà÷åíà ôîðìóëîþ (3.124).

Òåîðåìà 16. Çà ïðèïóùåíü (F0), (F) ðîçâ'ÿçîê (u, a) ∈ Mβ çàäà÷i

(3.115)-(3.119) iñíó¹: ôóíêöiÿ u(x, t) âèçíà÷åíà ôîðìóëîþ (3.124), a(t) =

[h(t)]−1 , äå h(t) � ðîçâ'ÿçîê îïåðàòîðíîãî ðiâíÿííÿ (3.125).

Äîâåäåííÿ. Âðàõîâóþ÷è òåîðåìó 15, çàëèøà¹òüñÿ äîâåñòè ðîçâ'ÿçíiñòü ðiâ-

íÿííÿ (3.125) ó êëàñi äîäàòíèõ íåïåðåðâíèõ ôóíêöié íà [0, T ] . Äîâîäèìî ñïî-

÷àòêó ðîçâ'ÿçíiñòü ðiâíÿííÿ (3.125) ó êëàñi

MR = {h ∈ C[0, T ] : ||h||C[0,T ] = max
t∈[0,T ]

|h(t)| ≤ R}

ïðè äåÿêîìó R > 0 . Äëÿ öüîãî âèêîðèñòà¹ìî ïðèíöèï Øàóäåðà. Íà MR

ðîçãëÿíåìî îïåðàòîð
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(Ph)(t) := tβ/2
[
∂
∂x

(
G0F0

)
(0, t)+

+ ∂
∂x

(
G1F1

)
(0, t) + ∂

∂x

(
G2F2

)
(0, t)

]
· [tβ/2F3(t)]

−1, t ∈ [0, T ].

Ïîêàæåìî ñïî÷àòêó, ùî P :MR →MR .

Íà ïiäñòàâi çíàéäåíèõ îöiíîê îïåðàòîðiâ Ãðiíà òà ¨õíiõ ïîõiäíèõ, ïðè h ∈
MR , t ∈ [0, T ] ìàòèìåìî

|(Ph)(t)| ≤ b−1
0 tβ/2

[ t∫
0

dτ

l∫
0

∂G0(0, t, y, τ, 1/h)

∂x
· |F0(y, τ)|dy+

+

l∫
0

∂G1(0, t, y, 0, 1/h)

∂x
· |F1(y)|dy +

l∫
0

∂G2(0, t, y, 0, 1/h)

∂x
· |F2(y)|dy

]
≤

≤ b−1
0

[√
Rc∗0t

β||F0||C(Q̄) + c∗1

(√
R + tβ/2

)
||F1||C[0,l] + c∗2t

√
R||F2||C[0,l] ≤

≤ c1
√
R + c2,

äå ||F0||C(Q̄) := max
(x,t)∈Q̄

|F0(x, t)| , c∗i (i = 0, 1, 2), c1, c2 � äîäàòíi ÷èñëà.

Çà âëàñòèâiñòþ ôóíêöi¨ c1
√
R + c2 ïðè äîâiëüíèõ äîäàòíèõ ÷èñëàõ c1, c2

iñíó¹ òàêå R0 = R0(c1, c2) > 0 , ùî äëÿ âñiõ R > R0 âèêîíó¹òüñÿ

c1
√
R + c2 < R .

Òîäi ïðè h ∈ MR äëÿ âñiõ R > R0 ìàòèìåìî ||Ph||C[0,T ] < R , à îòæå,

P : MR →MR.

Îïåðàòîð P íåïåðåðâíèé íà MR . Ñïðàâäi, ïðè h1, h2 ∈MR , t ∈ [0, T ]

(Ph1)(t)− (Ph2)(t) =

= tβ/2[tβ/2F3(t)]
−1

t∫
0

dτ

l∫
0

[∂G0(0, t, y, τ, 1/h1)

∂x
−

−∂G0(0, t, y, τ, 1/h2)

∂x

]
F0(y, τ)dy+

+[tβ/2F3(t)]
−1

l∫
0

tβ/2
[∂G1(0, t, y, 0, 1/h1)

∂x
− ∂G1(0, t, y, 0, 1/h2)

∂x

]
F1(y)dy+
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+[tβ/2F3(t)]
−1

l∫
0

tβ/2
[∂G2(0, t, y, 0, 1/h1)

∂x
− ∂G2(0, t, y, 0, 1/h2)

∂x

]
F2(y)dy.

Ïiäiíòåãðàëüíi âèðàçè iíòåãðîâíi òà äîðiâíþþòü íóëþ ïðè h1(t) = h2(t) .

Òîìó çíà÷åííÿ |(Ph1)(t)− (Ph2)(t)| ìàëi äëÿ âñiõ t ∈ [0, T ] ïðè ìàëèõ çíà-

÷åííÿõ h1(t)− h2(t) , t ∈ [0, T ] .

Ïîäiáíî îäåðæó¹ìî, ùî îïåðàòîð P êîìïàêòíèé íà MR : âèùå áóëî âñòà-

íîâëåíî ðiâíîìiðíó îáìåæåíiñòü ìíîæèíè {(Ph)(t), t ∈ [0, T ]} ïðè h ∈MR ,

êðiì òîãî, iç âëàñòèâîñòåé îïåðàòîðiâ Ãðiíà âèïëèâà¹, ùî äëÿ äîâiëüíîãî

ε > 0 iñíó¹ δ = δ(ε) , òàêå ùî ïðè |∆t| < δ äëÿ äîâiëüíèõ h ∈MR , t ∈ [0, T ]

|(Ph)(t+∆t)− (Ph)(t)| < ε,

à îòæå, ìíîæèíà {(Ph)(t), t ∈ [0, T ]} ïðè h ∈MR îäíîñòàéíî íåïåðåðâíà.

Çãiäíî ç ïðèíöèïîì Øàóäåðà, iñíó¹ ðîçâ'ÿçîê h ∈MR ðiâíÿííÿ (3.125).

Áóëî ïîêàçàíî ñêií÷åíiñòü ïðàâî¨ ÷àñòèíè â (3.125) äëÿ âñiõ t ∈ [0, T ] . Òîäi

çà óìîâ íà çàäàíi ôóíêöi¨ ìà¹ìî:

tβ/2 ∂
∂x

(
G1F1

)
(0, t) > 0 , tβ/2 ∂

∂x

(
GiFi

)
(0, t) ≥ 0 , i = 0, 2 , t ∈ [0, T ]

àáî tβ/2 ∂
∂x

(
G1F1

)
(0, t) < 0 , tβ/2 ∂

∂x

(
GiFi

)
(0, t) ≤ 0 , i = 0, 2 , t ∈ [0, T ] .

Çâiäñè, âðàõîâóþ÷è òàêîæ óìîâè ùîäî ôóíêöi¨ F3 , îäåðæó¹ìî, ùî

(Ph)(t) > 0 äëÿ âñiõ t ∈ [0, T ] , h ∈MR . Îòæå, âðàõîâóþ÷è ðiâíÿííÿ (3.125),

äîäàòíiñòü ðîçâ'ÿçêó h(t) íà [0, T ] çàáåçïå÷ó¹òüñÿ óìîâàìè (F0) i (F).

Ïðèìiòêà. Ç äîâåäåííÿ òåîðåìè 16 âèïëèâà¹ iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i

(3.115)-(3.119) i òîäi, êîëè íåïåðåðâíiñòü ôóíêöi¨ F0(x, t) íà Q0 çàìiíèòè

ñëàáøîþ óìîâîþ � íåïåðåðâíiñòþ ôóíêöi¨ tβ/2F0(x, t) íà Q0 .

Òåîðåìà 17. Çà óìîâ (F) ùîäî ôóíêöi¨ F3 ðîçâ'ÿçîê (u, a) ∈ Mβ çàäà÷i

(3.115)-(3.119) ¹äèíèé.

Äîâåäåííÿ. ßêùî (u1, a1) , (u2, a2) ∈ Mβ � äâà ðîçâ'ÿçêè çàäà÷i, v =

u1 − u2 , a = a1 − a2 , òî

CDβ
t v − a1(t)vxx = a(t)u2xx, (x, t) ∈ Q, (3.126)

v(0, t) = v(l, t) = 0, v|t=0 = 0, (3.127)
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a1(t)
∂v(0, t)

∂x
= − a(t)

a2(t)
F3(t), t ∈ (0, T ] (3.128)

i äëÿ ôóíêöi¨ v ïðàâèëüíå çîáðàæåííÿ

v(x, t) =

t∫
0

dτ

l∫
0

G0(x, t, y, τ, a1) · a(τ)u2yydy, (x, t) ∈ Q̄0. (3.129)

Ïiäñòàâëÿþ÷è ôóíêöiþ (3.129) â óìîâó (3.128), ìàòèìåìî

a1(t)

t∫
0

dτ

l∫
0

∂G0(0, t, y, τ, a1)

∂x
· a(τ)u2yydy = − a(t)

a2(t)
F3(t),

òîáòî

a(t) +

t∫
0

dτ

l∫
0

a1(t)a2(t)

F3(t)
· ∂G0(0, t, y, τ, a1)

∂x
· a(τ)u2yydy = 0, t ∈ [0, T ].

Îäåðæàëè, ùî çà ïðèïóùåííÿ òåîðåìè ôóíêöiÿ a(t) çàäîâîëüíÿ¹ ëiíiéíå

îäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððè äðóãîãî ðîäó ç iíòåãðîâíèì ÿäðîì,

à îòæå, a(t) = 0 íà [0, T ] . Òîäi ç (3.129) îäåðæó¹ìî v(x, t) = 0 , (x, t) ∈ Q̄0 .

Êîíòðîëüíi çàïèòàííÿ i çàâäàííÿ.

1. Ñôîðìóëþâàòè êðàéîâó çàäà÷ó äëÿ ðiâíÿííÿ ç äðîáîâîþ ïîõiäíîþ i

îïèñàòè iäåþ çàñòîñóâàííÿ äî íå¨ ìåòîäó ðÿäiâ Ôóð'¹.

2. Äàòè îçíà÷åííÿ âåêòîð-ôóíêöi¨ Ãðiíà çàäà÷i Êîøi äëÿ ðiâíÿííÿ äðîáîâî¨

äèôóçi¨.

3. ßêèé çâ'ÿçîê ìiæ êîìïîíåíòàìè âåêòîð-ôóíêöi¨ Ãðiíà çàäà÷i Êîøi? ßê

îäåðæàòè éîãî?

4. Äàòè îçíà÷åííÿ âåêòîð-ôóíêöi¨ Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâ-

íÿííÿ äðîáîâî¨ äèôóçi¨.

5. ßêèé çâ'ÿçîê ìiæ êîìïîíåíòàìè âåêòîð-ôóíêöi¨ Ãðiíà ïåðøî¨ êðàéîâî¨

çàäà÷i äëÿ ðiâíÿííÿ äðîáîâî¨ äèôóçi¨ i ÿê îäåðæàòè éîãî?

6. ßê ïîáóäóâàòè ôóíäàìåíòàëüíó ôóíêöiþ ðiâíÿííÿ äðîáîâî¨ äèôóçi¨ çà

äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹?

7. Íàâåñòè ïðèêëàäè îáåðíåíèõ çàäà÷ äëÿ ðiâíÿííÿ äðîáîâî¨ äèôóçi¨ i âêà-

çàòè ìåòîäè ¨õ ðîçâ'ÿçàííÿ.
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8. ßêà iäåÿ äîâåäåííÿ òåîðåìè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ðiâíÿ-

ííÿ äðîáîâî¨ äèôóçi¨ ó ïðîñòîðàõ Ñîáîë¹âà (áåñåëåâèõ ïîòåíöiàëiâ)?

9. Íàâåñòè ôîðìóëó ðîçâ'ÿçêó ïåðøî¨ êðàéîâî¨ çàäà÷i çà äîïîìîãîþ

âåêòîð-ôóíêöi¨ Ãðiíà.

10. ßêà iäåÿ äîâåäåííÿ òåîðåìè iñíóâàííÿ ðîçâ'ÿçêó ïåðøî¨ êðàéîâî¨ çàäà÷i

äëÿ ðiâíÿííÿ äðîáîâî¨ äèôóçi¨ ó ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié?
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