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Âñòóï

Ìàòåìàòè÷íi ìîäåëi áàãàòüîõ çàäà÷ ïðèðîäîçíàâñòâà, åêîíîìiêè, ñóñïiëü-

íèõ íàóê � öå ïî÷àòêîâi ÷è êðàéîâi çàäà÷i äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü ÷è äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Ìåòà êóð-

ñó ðiâíÿíü ìàòåìàòè÷íî¨ ôiçèêè ïîëÿãà¹ â îâîëîäiííi ìåòîäàìè äîñëiäæåííÿ

êîðåêòíîñòi çàäà÷ äëÿ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõi-

äíèìè äðóãîãî ïîðÿäêó i îñíîâíèõ âëàñòèâîñòåé ¨õíiõ ðîçâ'ÿçêiâ, ó âèâ÷åííi

ìåòîäiâ ðîçâ'ÿçàííÿ òàêèõ çàäà÷.

Öi ìåòîäè÷íi âêàçiâêè ¹ åëåêòðîííèì äîïîâíåííÿì äî âèêëàäåíèõ ó ïiäðó-

÷íèêàõ i ìåòîäè÷íèõ âêàçiâêàõ [1,2,5] ðîçäiëiâ ïî çàñòîñóâàííþ ìåòîäiâ ðÿäiâ i

iíòåãðàëüíèõ ïåðåòâîðåííü äî ïîáóäîâè ðîçâ'ÿçêiâ ïî÷àòêîâî-êðàéîâèõ çàäà÷

äëÿ îñíîâíèõ ðiâíÿíü ìàòåìàòè÷íî¨ ôiçèêè i çàäà÷i Êîøi.

Ïîäàíî ðåêîìåíäàöi¨ äî âèêîíàííÿ ëàáîðàòîðíèõ ðîáiò òà iíäèâiäóàëüíi

çàâäàííÿ äëÿ çàêðiïëåííÿ äâîõ âàæëèâèõ òåì êóðñó.
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Ðîçäië 1

Ïåðåòâîðåííÿ Ôóð'¹

1.1 Îçíà÷åííÿ i âëàñòèâîñòi

Ôóíêöiÿ

φ̂(s) = F [φ](s) :=

∫
Rn

φ(x)ei(x,s)dx, s = σ + τi ∈ Cn (1.1)

íàçèâà¹òüñÿ ïåðåòâîðåííÿì Ôóð'¹ ôóíêöi¨ φ .

Òóò i2 = −1 , (x, s) = x1s1 + · · · + xnsn� ñêàëÿðíèé äîáóòîê âåêòîðiâ x

òà s .

Ïðè φ ∈ L1(Rn) (òîáòî, êîëè
∫
Rn

|φ(x)|dx < ∞ ) iíòåãðàë (1.1) iñíó¹ òà

âèçíà÷à¹ íåïåðåðâíó ôóíêöiþ φ̂(s) .

Íåõàé n = 1 . Îá÷èñëèìî

dφ̂
ds = lim

∆s→0

φ̂(s+∆s)−φ̂(s)
∆s = i

∫
R
xφ(x)ei(x,s)dx .

ßêùî
∫
R
|xφ(x)|dx < ∞ , òî ôóíêöiÿ dφ̂

ds íåïåðåðâíà äëÿ âñiõ s ∈ C i

òîäi φ̂� öiëà àíàëiòè÷íà ôóíêöiÿ (àíàëiòè÷íà ôóíêöiÿ íà âñié êîìïëåêñíié

ïëîùèíi). Ïðîäîâæóþ÷è, çíàõîäèìî∫
R

(ix)mφ(x)dx = φ̂(m)(s),

ÿêùî
∫
R
|xmφ(x)|dx <∞ , òîáòî

dmF [φ]

dsm
= F [(ix)mφ(x)](s), s ∈ C. (1.2)

5
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Äëÿ ôóíêöi¨ φ(x) , ùî ñïàäà¹ äî íóëÿ íà íåñêií÷åíîñòi ðàçîì iç ïîõiäíèìè

äî ïîðÿäêó m , îá÷èñëèìî, iíòåãðóþ÷è ÷àñòèíàìè,∫
R
φ(m)(x)eixsdx = −is

∫
R
φ(m−1)(x)e−ixsdx = · · · = (−is)m

∫
R
φ(x)eixsdx ,

òîáòî

F [φ(m)(x)](s) = (−is)mF [φ](s), s ∈ C. (1.3)

Îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ äëÿ φ̂ ∈ Z ìà¹ âèãëÿä

φ(x) = F−1[φ̂](x) :=
1

(2π)n

∫
Rn

φ̂(σ)e−i(x,σ)dσ, x ∈ Rn. (1.4)

Ïîðiâíþþ÷è ôîðìóëè (1.1) i (1.4), îäåðæó¹ìî çâ'ÿçîê ìiæ ïðÿìèì i îáåð-

íåíèì ïåðåòâîðåííÿìè òî¨ ñàìî¨ ôóíêöi¨

F−1[φ](σ) =
1

(2π)n
F [φ](−σ).

Ç'ÿñó¹ìî ùå äåÿêi âëàñòèâîñòi ïåðåòâîðåííÿ Ôóð'¹. Çà ôîðìóëîþ (1.1) çíà-

éäåìî

F [φ(x− x0)] =
∫
Rn

φ(x− x0)e
i(x,s)dx =

∫
Rn

φ(y)ei(y,s)dy · ei(x0,s),

çâiäêè

F [φ(x− x0)] = F [φ(x)] · ei(x0,s).

Ïîäiáíî

F [φ(x) · ei(x,s0)] =
∫
Rn

φ(x)ei(x,s+s0)dx = F [φ(x)](s+ s0).

Îçíà÷åííÿ. Çãîðòêîþ ôóíêöié φ, ψ íàçèâà¹òüñÿ ôóíêöiÿ

(φ ∗ ψ)(x) =
∫
Rn

φ(y)ψ(x− y)dy.

ßêùî φ, ψ ∈ L1(Rn) , òî iñíó¹ φ ∗ ψ ∈ L1(Rn) i öÿ çãîðòêà êîìóòàòèâíà:

φ ∗ ψ = ψ ∗ φ , ôîðìóëà äèôåðåíöiþâàííÿ çãîðòêè (çà óìîâè ¨¨ iñíóâàííÿ):

(φ ∗ ψ)′(x) = (φ′ ∗ ψ)(x) = (φ ∗ ψ′)(x) .

ßêùî φ, ψ ∈ L1,loc(R) , φ(x) = 0 ïðè x < 0 i ψ(x) = 0 ïðè x < 0 , òî

φ ∗ ψ iñíó¹, âèðàæà¹òüñÿ ôîðìóëîþ

(φ ∗ ψ)(x) =
x∫

0

φ(y)ψ(x− y)dy
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i (φ ∗ ψ)(x) = 0 x < 0 .

Äîâåäåìî, ùî

F [φ ∗ ψ] = F [φ] · F [ψ] ∀φ, ψ ∈ L1(Rn). (1.5)

Îòðèìó¹ìî

F [φ ∗ ψ] =
∫
Rn

( ∫
Rn

φ(y)ψ(x− y)dy
)
ei(x,s)dx

=
∫
Rn

φ(y)
( ∫
Rn

ψ(x− y)ei(x,s)dx
)
dy

=
∫
Rn

φ(y)
( ∫
Rn

ψ(z)ei(y+z,s)dz
)
dy

=
∫
Rn

φ(y)
( ∫
Rn

ψ(z)ei(z,s)dz
)
ei(y,s)dy

=
∫
Rn

ψ(z)ei(z,s)dz ·
∫
Rn

φ(y)ei(y,s)dy.

Ïîçíà÷èâøè γ = (γ1, . . . , γn) , γj ∈ Z+ , Dγφ(x) = ∂γ1+···+γnφ(x)

∂x
γ1
1 ...∂xγnn

, xγ =

xγ11 · · · · · xγnn , âèïèøåìî âëàñòèâîñòi ïåðåòâîðåííÿ Ôóð'¹ ôóíêöié äåêiëüêîõ

àðãóìåíòiâ:

1) F [Dγφ(x)](s) = (−is)γF [φ], s ∈ Cn;

2) F [(ix)γφ(x)](s) = DγF [φ](s), s ∈ Cn;

3) F [φ(x− x0)] = F [φ(x)] · ei(x0,s);

4) F [φ(x) · ei(x,s0)] = F [φ(x)](s+ s0);

5) F [φ ∗ ψ] = F [φ] · F [ψ];

6) F−1[φ](σ) = 1
(2π)nF [φ](−σ).

Ïðèêëàäè: 1) F [e−a
2x2] =

√
π
a e

− ξ2

4a2 (n = 1 );

F [e−a
2x2] =

∞∫
−∞

e−a
2x2eixξdx =

∞∫
−∞

e−a
2x2+ixξdx =

=
∞∫

−∞
e−[a2x2−2ax iξ

2a ]dx =
∞∫

−∞
e−(ax− iξ

2a )
2− ξ2

4a2 dx =

=
∞∫

−∞
e−(ax− iξ

2a )
2

dx e−
ξ2

4a2 = [ax− iξ
2a = η, adx = dη] =

= 1
a

∞∫
−∞

e−η
2

dη e−
ξ2

4a2 =
√
π
a e

− ξ2

4a2 ;
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2) F [θ(a − |x|)] =
a∫

−a
eixξdx = eiaξ−e−iaξ

iξ = 2 sin(aξ)
ξ (òóò θ(a − |x|) = 1

ïðè |x| < a , θ(a− |x|) = 0 ïîçà [−a, a] );
3) çíàéäåìî F [δR(x)] , äå δR(x) = 1 íà ñôåði |x| = R â R3 i íóëþ

ïîçà íåþ;

F [δR(x)](ξ) =

∫
|x|=R

ei(x,ξ)dS = R2

2π∫
0

dα

π∫
0

ei|x||ξ| cosβ sin βdβ =

= −2πR2

π∫
0

eiR|ξ| cosβd(cos β) =

= 2πR2

1∫
−1

eiR|ξ|ηdη = 2πR
eiR|ξ| − e−iR|ξ|

i|ξ|
,

F [δR(x)](ξ) =
4πR sin(R|ξ|)

|ξ|
;

4) F [g(|x|)] = (2π)
n
2

|ξ|
n
2−1

∞∫
0

g(r)r
n
2Jn

2−1(r|ξ|)dr , n = 1, 2, 3, . . . , äå Jν(x) �

ôóíêöiÿ Áåññåëÿ 1-ãî ðîäó ïîðÿäêó ν , çîêðåìà,

F [g(|x|)] = 2
∞∫
0

g(r) cos(r|ξ|)dr, n = 1 ,

F [g(|x|)] = 1
2π

∞∫
0

g(r)rJ0(r|ξ|)dr, n = 2 ,

F [g(|x|)] = 4π
|ξ|

∞∫
0

g(r)r sin(r|ξ|)dr, n = 3 ;

5) âèêîðèñòîâóþ÷è íàâåäåíi ôîðìóëè ïåðåòâîðåííÿ Ôóð'¹ ñôåðè÷íî-

ñèìåòðè÷íèõ ôóíêöié, çíàõîäèìî

F [e−p|x|] = 2nπ
n−1
2 Γ

(
n+1
2

)
p

(p2+|ξ|2)
n+1
2
,

çîêðåìà,

F [e−|x|] = 2
1+ξ2 ó âèïàäêó n = 1 ;

F [|x|p]
Γ
(

n+p
2

) = 2n+pπ
n
2
|ξ|−p−n

Γ
(
−p

2

) .
Çà ôîðìóëîþ (1.1) íå ìîæåìî çíàéòè, íàïðèêëàä, F [1],F [xm], m > 0 (ií-

òåãðàëè ó ôîðìóëi íå iñíóþòü). Òðåáà âèéòè ó ïðîñòið óçàãàëüíåíèõ ôóíêöié.
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Óçàãàëüíåíi ôóíêöi¨

Ôóíêöiÿ f(x) íàçèâà¹òüñÿ ôiíiòíîþ, ÿêùî iñíó¹ êîìïàêò K ⊂ Rn , ïîçà

ÿêèì f(x) ≡ 0 , ìíîæèíà suppf := {x : f(x) ̸= 0} íàçèâà¹òüñÿ íîñi¹ìôóíêöi¨

f(x) .

Íåõàé Ω� îáëàñòü â Rn , çîêðåìà, Ω = Rn , D(Ω) � ïðîñòið íåñêií÷åííî

äèôåðåíöiéîâíèõ ôiíiòíèõ ôóíêöié ó Ω (ïðîñòið îñíîâíèõ ôóíêöié). Ôóí-

êöiÿ

φ(x, a) :=

{
Cae

− a2

a2−|x|2 , |x| ≤ a

0, |x| ≥ a
,

äå a > 0 , Ca� äîäàòíà ñòàëà, íàëåæèòü ïðîñòîðó D(Rn) . Äàëi ââàæàòèìåìî

Ca òàêîþ, ùî
∫
Rn

φ(x, a)dx = 1 .

Äëÿ äîâiëüíèõ îáìåæåíî¨ îáëàñòi Ω ⊂ Rn òà êîìïàêòà B ⊂ Ω iñíó¹ òàêà

ôóíêöiÿ ψ ∈ D(Rn) , ùî 0 ≤ ψ(x) ≤ 1 òà ψ(x) =

{
1, x ∈ B

0, x ∈ Rn \ Ω
.

Êàæåìî, ùî ïîñëiäîâíiñòü φk → 0 (ïðè k → ∞ ) ó ïðîñòîði D(Ω) , ÿêùî:

a) iñíó¹ êîìïàêò K ⊂ Ω , òàêèé ùî φk(x) ≡ 0 ïîçà K äëÿ âñiõ k ∈ N ,

òîáòî suppφk ⊂ K äëÿ âñiõ k ∈ N ;

á) äëÿ äîâiëüíîãî ìóëüòèiíäåêñó γ Dγφk → 0 ðiâíîìiðíî (íà K ).

Öå äóæå ñèëüíà òîïîëîãiÿ.

D(Ω) ¹ ïðèêëàäîì ëîêàëüíî-îïóêëîãî òîïîëîãi÷íîãî ïðîñòîðó.

Çíà÷åííÿ ôóíêöiîíàëà f íà îñíîâíié ôóíêöi¨ φ ïîçíà÷à¹ìî ÷åðåç (f, φ) .

Âiäîáðàæåííÿ f : Φ → R íàçèâà¹òüñÿ ôóíêöiîíàëîì íà ìíîæèíi Φ .

Ôóíêöiîíàë f íà D(Ω) íàçèâà¹òüñÿ ëiíiéíèì, ÿêùî äëÿ äîâiëüíèõ

φ1, φ2 ∈ D(Ω) i äîâiëüíèõ äiéñíèõ (àáî êîìïëåêñíèõ) ÷èñåë C1, C2

(f, C1φ1 + C2φ2) = C1(f, φ1) + C2(f, φ2).

Ôóíêöiîíàë f íà D(Ω) íàçèâà¹òüñÿ íåïåðåðâíèì, ÿêùî çi çáiæíîñòi äî

íóëÿ ó ïðîñòîði D(Ω) ïîñëiäîâíîñòi φk ïðè k → ∞ âèïëèâà¹, ùî ÷èñëîâà

ïîñëiäîâíiñòü (f, φk) → 0 , k → ∞ .

Óçàãàëüíåíîþ ôóíêöi¹þ (ðîçïîäiëîì) â Ω íàçèâà¹òüñÿ ëiíiéíèé íåïåðåðâ-

íèé ôóíêöiîíàë íà D(Ω) . Ñóêóïíiñòü óçàãàëüíåíèõ ôóíêöié óòâîðþ¹ âåêòîð-

íèé ïðîñòið, ÿêèé ïîçíà÷àþòü D′(Ω) i íàäiëÿþòü éîãî ñëàáêîþ òîïîëîãi-
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¹þ: fk → 0 (k → ∞ ) ó ïðîñòîði D′(Ω) , ÿêùî äëÿ äîâiëüíî¨ φ ∈ D(Ω)

(fk, φ) → 0 , k → ∞ .

Ïðèêëàäè óçàãàëüíåíèõ ôóíêöié:

1) δ� ôóíêöiÿ Äiðàêà: (δ, φ) = φ(0) ∀φ ∈ D(Rn) ,

(δ(x− x0), φ(x)) = φ(x0) ∀φ ∈ D(Rn) .

2) Êîæíà çâè÷àéíà (ëîêàëüíî iíòåãðîâíà) â Ω ôóíêöiÿ f(x) âèçíà÷à¹

óçàãàëüíåíó ôóíêöiþ f

(f, φ) =

∫
Ω

f(x)φ(x)dx ∀φ ∈ D(Ω), (1.6)

(f, φ) =

∫
Ω

f(x)φ(x)dx ∀φ ∈ D(Ω), (1.7)

äå f(x)� êîìïëåêñíî ñïðÿæåíèé âèðàç äî f(x) , ÿêùî ôóíêöi¨ f, φ êîìïëåêñ-

íî-çíà÷íi. Äàëi êëàñ çâè÷àéíèõ ôóíêöié â Ω ïîçíà÷àòèìåìî ÷åðåç L1,loc(Ω) .

3) (P 1
x , φ(x)) = v.p.

∞∫
−∞

φ(x)
x dx =

∞∫
0

φ(x)−φ(0)
x dx ∀φ ∈ D(R) .

4) ßêùî S� ïîâåðõíÿ â Rn , µ ∈ C(S) , òî ðiâíiñòþ

(µδS, φ) =

∫
S

µφdS ∀φ ∈ D(Rn)

âèçíà÷åíî óçàãàëüíåíó ôóíêöiþ µδS � ïðîñòèé øàð íà ïîâåðõíi S .

Óçàãàëüíåíà ôóíêöiÿ f , äëÿ ÿêî¨ iñíó¹ çâè÷àéíà ôóíêöiÿ f(x) , òàêà ùî

âèêîíó¹òüñÿ ðiâíiñòü (1.6) àáî (1.7), íàçèâà¹òüñÿ ðåãóëÿðíîþ óçàãàëüíåíîþ

ôóíêöi¹þ, à âñÿêà iíøà � ñèíãóëÿðíîþ óçàãàëüíåíîþ ôóíêöi¹þ. Ôóíêöi¨

δ(x) , δ(x− x0) , P 1
x , µδS(x) ¹ ñèíãóëÿðíèìè óçàãàëüíåíèìè ôóíêöiÿìè.

Äâi óçàãàëüíåíi ôóíêöi¨ f1, f2 íàçèâàþòüñÿ ðiâíèìè (f1 = f2 ) ó ïðîñòîði

D′(Ω) , ÿêùî äëÿ äîâiëüíî¨ φ ∈ D(Ω) (f1, φ) = (f2, φ) .

Ìiæ ïðîñòîðîì çâè÷àéíèõ i ðåãóëÿðíèõ óçàãàëüíåíèõ ôóíêöié ¹ âçà¹ìî-

îäíîçíà÷íà âiäïîâiäíiñòü: êîæíà çâè÷àéíà ôóíêöiÿ f(x) âèçíà÷à¹ óçàãàëüíå-

íó ôóíêöiþ f (çà ôîðìóëîþ (1.6) àáî (1.7)) i äëÿ êîæíî¨ ðåãóëÿðíî¨ óçàãàëü-

íåíî¨ ôóíêöi¨ f iñíó¹ òiëüêè îäíà çâè÷àéíà ôóíêöiÿ f(x) òàêà, ùî äîðiâíþ¹

f ó ïðîñòîði D′(Ω) . Öå âèïëèâà¹ ç òàêî¨ ëåìè.

Ëåìà 1 (Äþáóà-Ðåéìîíà). ßêùî f(x)� çâè÷àéíà ôóíêöiÿ â Ω , òî

f(x) = 0 ìàéæå âñþäè â Ω òîäi i òiëüêè òîäi, êîëè
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∫
Ω

f(x)φ(x)dx = 0 ∀φ ∈ D(Ω) .

Îñíîâíi äi¨ ó ïðîñòîðàõ óçàãàëüíåíèõ ôóíêöié.

Îñêiëüêè êëàñ D′ óçàãàëüíåíèõ ôóíêöié ¹ ðîçøèðåííÿì êëàñó çâè÷àéíèõ

ôóíêöié, òî áàæàíî âèçíà÷èòè îïåðàöi¨ ó D′ òàê, ùîá âîíè ïåðåõîäèëè ó

âiäîìi îïåðàöi¨ äëÿ çâè÷àéíèõ ôóíêöié.

1. Äîäàâàííÿ óçàãàëüíåíèõ ôóíêöié i ìíîæåííÿ íà ÷èñëà. ßêùî f1, f2 ∈
D′ , C1, C2 � êîìïëåêñíi ÷èñëà, òî C1f1 + C2f2 � òàêà óçàãàëüíåíà ôóíêöiÿ

iç D′ , ùî

(C1f1 + 2f2, φ) = C1(f1, φ) + C2(f2, φ) ∀φ ∈ D.

2. Ìíîæåííÿ óçàãàëüíåíî¨ ôóíêöi¨ íà íåñêií÷åííî äèôåðåíöiéîâíó. ßêùî

f ∈ D′ , a ∈ C∞ , òî ðiâíiñòþ

(af, φ) = (f(x), a(x)φ(x)) ∀φ ∈ D

âèçíà÷åíî af ∈ D′ , îñêiëüêè aφ ∈ D .

Ïðèêëàäè:

1) (xδ(x), φ) = (δ(x), xφ) = 0 = (0, φ) ∀φ ∈ D , òîìó çà îçíà÷åííÿì

ðiâíîñòi óçàãàëüíåíèõ ôóíêöié xδ(x) = 0 ó ïðîñòîði D′ ;

2) (xP 1
x , φ(x)) = (P 1

x , xφ(x)) =
∞∫

−∞

xφ(x)
x dx =

∞∫
−∞

φ(x)dx = (1, φ) ∀φ ∈ D ,

òîìó xP 1
x = 1 ;

3) äëÿ a ∈ C∞ , φ ∈ D ìà¹ìî

(a(x)δ(x), φ(x)) = (δ(x), a(x)φ(x)) = a(0)φ(0) = a(0)(δ(x), φ(x)) =

= (a(0)δ(x), φ(x)) , à îòæå, a(x)δ(x) = a(0)δ(x) .

3. Äèôåðåíöiþâàííÿ óçàãàëüíåíèõ ôóíêöié. ßêùî f ∈ D′ , òî ðiâíiñòþ

(Dγf, φ) = (−1)|γ|(f(x), Dγφ(x)) ∀φ ∈ D

âèçíà÷åíî Dγf ∈ D′ , òàê ùî êîæíà óçàãàëüíåíà ôóíêöiÿ íåñêií÷åííî äèôå-

ðåíöiéîâíà (ó âèçíà÷åíîìó âèùå ñåíñi).

Ïðèêëàäè.

1) Íåõàé θ(x) =

{
1, x > 0

0, x < 0
. Öå çâè÷àéíà ôóíêöiÿ (à îòæå, ïîðîäæó¹

ðåãóëÿðíó óçàãàëüíåíó ôóíêöiþ ç D′(R) ), ÿêó íàçèâàþòü îäèíè÷íîþ ôóíê-

öi¹þ Õåâiñàéäà. Çà îçíà÷åííÿì ïîõiäíî¨ äëÿ äîâiëüíî¨ φ ∈ D ìàòèìåìî
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(θ′(x), φ(x)) = −(θ(x), φ′(x)) = −
∞∫

−∞
θ(x)φ′(x)dx =

= −
∞∫
0

φ′(x)dx = φ(0) = (δ, φ) , îòæå, θ′ = δ .

2) ßêùî f(x) � êóñêîâî àáñîëþòíî íåïåðåðâíà ôóíêöiÿ ç ðîçðèâàìè ïåð-

øîãî ðîäó ó òî÷êàõ x1, . . . , xm ∈ R , òî

f ′(x) = {f ′(x)}+
m∑
k=1

hkδ(x− xk) ,

äå {f ′(x)} � ïîõiäíà ôóíêöi¨ f(x) ó çâè÷àéíîìó ðîçóìiííi (âèçíà÷åíà ìàéæå

âñþäè â R ), hk = f(xk + 0)− f(xk − 0) � ñòðèáîê ôóíêöi¨ f(x) ó òî÷öi xk .

Íàïðèêëàä,

f(x) = x2+ :=

{
x2, x > 0

0, x < 0
=> f ′(x) =

{
2x, x > 0

0, x < 0
= 2x+ ,

f(x) =

{
x2 + 1, x > 0

0, x < 0
=>f ′(x) =

{
2x, x > 0

0, x < 0
+ δ(x) = 2x+ + δ(x) .

Àñîöiàòèâíèé äîáóòîê íå âèçíà÷åíî äëÿ äîâiëüíèõ óçàãàëüíåíèõ ôóíêöié.

Ñïðàâäi, ç íàâåäåíèõ âèùå ïðèêëàäiâ îòðèìó¹ìî(
P
1

x
· x

)
· δ(x) =

(
x · P 1

x

)
· δ(x) = 1 · δ(x) = δ(x)

îäíàê P 1
x ·

(
x · δ(x)

)
= P 1

x · 0 = 0 .

Âèêîðèñòîâóþòü òàêîæ iíøi ïðîñòîðè óçàãàëüíåíèõ ôóíêöié, âèáèðàþ÷è

çà ïðîñòîðè îñíîâíèõ ôóíêöié, íàïðèêëàä, C∞(Ω) � ïðîñòið íåñêií÷åííî

äèôåðåíöiéîâíèõ ôóíêöié â Ω ,

S(Rn) = {φ ∈ C∞(Rn) : sup
x∈Rn

|xβDγφ(x)| < +∞ ∀β, γ} .

Ôóíêöiÿ e−|x|2 íàëåæèòü ïðîñòîðó S(Rn) i íå íàëåæèòü äî D(Rn) (îñêiëü-

êè íå ¹ ôiíiòíîþ).

Ïîñëiäîâíiñòü φk → 0 (k → ∞ ) ó ïðîñòîði C∞(Ω) , ÿêùî äëÿ äîâiëüíîãî

ìóëüòèiíäåêñó γ Dγφk(x) → 0 ðiâíîìiðíî íà äîâiëüíîìó êîìïàêòi K ⊂ Ω .

Ïîñëiäîâíiñòü φk → 0 (k → ∞ ) ó ïðîñòîði S = S(Rn) , ÿêùî:

a) äëÿ äîâiëüíèõ ìóëüòèiíäåêñiâ β , γ iñíó¹ äîäàòíà ñòàëà Cβ,γ òàêà, ùî äëÿ

êîæíîãî k ∈ N
sup
x∈Rn

|xβDγφk(x)| ≤ Cβ,γ ;

á) äëÿ äîâiëüíîãî ìóëüòèiíäåêñó γ ðiâíîìiðíî Dγφk(x) → 0 (k → ∞ ).
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Ïîçíà÷à¹ìî:

E ′(Ω) = (C∞(Ω))′ � ïðîñòið ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà

C∞(Ω) ,

S ′ = S ′(Rn) � ïðîñòið ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà S(Rn) .

Ïðîñòið S(Rn) íàçèâà¹òüñÿ ïðîñòîðîì øâèäêî ñïàäàþ÷èõ íà áåçìåæíîñ-

òi ãëàäêèõ ôóíêöié, à ïðîñòið S ′(Rn) � ïðîñòîðîì ïîâiëüíî çðîñòàþ÷èõ íà

áåçìåæíîñòi óçàãàëüíåíèõ ôóíêöié.

Ïðèêëàäîì ðåãóëÿðíî¨ óçàãàëüíåíî¨ ôóíêöi¨ iç S ′ ¹ ôóíêöiîíàë

g : (g, ψ) =

∫
Rn

g(σ)ψ(σ)dσ ∀ψ ∈ Z,

äå g(σ) ðîñòå íå øâèäøå ïîëiíîìà (òàêi ôóíêöi¨ íàçèâàþòüñÿ ïîâiëüíî çðî-

ñòàþ÷èìè íà áåçìåæíîñòi).

Äëÿ ââåäåíèõ ïðîñòîðiâ îñíîâíèõ òà óçàãàëüíåíèõ ôóíêöié ïðàâèëüíi òàêi

âêëþ÷åííÿ:

D(Rn) ⊂ S(Rn) ⊂ C∞(Rn) ⊂ L2(Rn) = L′
2(Rn) ⊂ E ′(Rn) ⊂ S ′(Rn) ⊂ D′(Rn).

Ïåðåòâîðåííÿ Ôóð'¹ F : S → S .

Ñïðàâäi, âèêîðèñòîâóþ÷è âëàñòèâîñòi 1 òà 2, äëÿ äîâiëüíèõ φ ∈ S , σ ∈
Rn , ìóëüòèiíäåêñiâ β, γ îäåðæó¹ìî

σβDγF [φ](σ) = σβF [(ix)γφ(x)](σ) = i|β|(−iσ)βF [(ix)γφ(x)](σ) =

= i|β|F [Dβ
(
(ix)γφ(x)

)
](σ) = i|β|

∫
Rn

Dβ
(
(ix)γφ(x)

)
ei(x,σ)dx

i òàêi iíòåãðàëè ðiâíîìiðíî çáiãàþòüñÿ.

ßêùî f ∈ S(Rn) , òî F [f ] ∈ S(Rn) i äëÿ äîâiëüíî¨ φ ∈ S∫
Rn

f̂(σ)φ(σ)dσ =
∫
Rn

( ∫
Rn

f(x)ei(x,σ)dx
)
φ(σ)dσ =

=
∫
Rn

f(x)
( ∫
Rn

φ(σ)ei(x,σ)dσ
)
dx =

∫
Rn

f(x)φ̂(x)dx .

Îçíà÷åííÿ. Ïåðåòâîðåííÿì Ôóð'¹ ôóíêöi¨ f ∈ S ′ íàçèâà¹òüñÿ ôóíêöiÿ

g = F [f ] ∈ S ′ , âèçíà÷åíà ðiâíiñòþ

(F [f ], φ) = (f,F [φ]) ∀φ ∈ S,

îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ g ∈ S ′ :

(F−1[g], ψ) = (g,F−1[ψ]) ∀ψ ∈ S.
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Ââåäåíå ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíèõ ôóíêöié ¹ ëiíiéíîþ é íåïåðåðâ-

íîþ îïåðàöi¹þ. Äëÿ íüîãî âèêîíóþòüñÿ âñi âëàñòèâîñòi, ùî é äëÿ ïåðåòâîðå-

ííÿ Ôóð'¹ îñíîâíèõ ôóíêöié (iç S ). Ç'ÿñó¹ìî öå íà ïðèêëàäi ôîðìóëè (1.2).

Äëÿ f ∈ S ′ , êîæíî¨ φ ∈ S çà îçíà÷åííÿì îòðèìà¹ìî

(F [Dγf ], φ) = (Dγf,F [φ]) = (f, (−1)|γ|DγF [φ]) =

= (f(s),F [(−ix)γφ(x)]) = (F [f ](x), (−ix)γφ(x)) =

((−ix)γF [f ](x), φ(x)),

à îòæå,

F [Dγf ] = (−ix)γF [f ] ∀f ∈ S ′.

Ïðèêëàäè.

1) (F [δ], φ) = (δ,F [φ]) = F [φ](0) =
∫
Rn

φ(s)ei(s,0)ds =
∫
Rn

φds = (1, φ)

äëÿ êîæíî¨ φ ∈ S , çâiäêè F [δ] = 1 .

2) (F [1], φ) = (1,F [φ]) =
∫
Rn

φ̂(s)ds =
∫
Rn

φ̂(s)ei(s,0)ds = (2π)nφ(0) =

(2π)n(δ, φ) äëÿ êîæíî¨ φ ∈ S , çâiäêè F [1] = (2π)nδ .

3) F [xm] = (−i)mF [(ix)m · 1] = (−i)m dm

dsmF [1] = 2π(−i)mδ(m)(s) . Òóò

ìè âèêîðèñòàëè âëàñòèâiñòü 2 ïåðåòâîðåííÿ Ôóð'¹.

4) F [eax] = F [ei(axi) · 1] = F [1](s+ axi) = 2πδ(s+ axi) .

5) Íåõàé F [ 1x ] = g(σ) . Ïîçàÿê F [x · 1
x ] = F [1] = 2πδ(σ) , à çà âëàñòè-

âiñòþ ïåðåòâîðåííÿ Ôóð'¹

F [x · 1
x ] = −iF [ix · 1

x ] = −i ddσF [ 1x ] = −i dgdσ ,

òîäi −i dgdσ = 2πδ(σ) , çâiäêè g(σ) = 2πiθ(σ) + C , äå C � äîâiëüíà ñòàëà.

Äëÿ îäíîçíà÷íîñòi âèçíà÷åííÿ ôóíêöi¨ g âèêîðèñòà¹ìî òàêó âëàñòèâiñòü:

ïåðåòâîðåííÿì Ôóð'¹ ïàðíî¨ ôóíêöi¨ ¹ ïàðíà ôóíêöiÿ, à íåïàðíî¨ � íåïàðíà.

Îòðèìà¹ìî

g(−σ) = −g(σ) , à îòæå, 2πiθ(−σ) + C = −2πiθ(σ)− C , çâiäêè

C = −πi[θ(σ) + θ(−σ)] = −πi . Îòæå,

g(σ) = 2πiθ(σ)− πi = 2πi[θ(σ)− 1
2 ] ,

F [ 1x ] = πisign(σ) .

6) F [θ(R− |x|)(R2 − |x|2)−1/2](σ) = 2π sin(R|σ|)
|σ| , n = 2 .



15

Ñïðàâäi, F [θ(R− |x|)(R2 − |x|2)−1/2](σ) =

=
∫

|x|<R
(R2 − |x|2)−1/2ei(x,σ)dx =

R∫
0

(R2 − r2)−1/2rdr
2π∫
0

eiR|σ| cosβdβ =

=
R∫
0

(R2 − r2)−1/2rJ0(r|σ|)dr =

= 2πR
1∫
0

(1− t2)−1/2tJ0(Rt|σ|)dt = 2π sin(R|σ|)
|σ| .

Ìè âèêîðèñòàëè ôîðìóëó:
2π∫
0

eiR|σ| cosβdβ = 2πJ0(r|σ| ),

äå J0(x) � ôóíêöiÿ Áåññåëÿ ïåðøîãî ðîäó íóëüîâîãî ïîðÿäêó.

Ìîæíà äîâåñòè, ùî:

1) F [P 1
x2 ] = −π|s| , äå (P 1

x2 , φ) = v.p.
∞∫

−∞

φ(x)−φ(0)
x2 dx äëÿ êîæíî¨ φ ∈ S

(iíòåãðàë ó ñåíñi ãîëîâíîãî çíà÷åííÿ), òàêîæ P 1
x2 = −(P 1

x)
′ ;

2) F [signx] = 2iP 1
σ ;

3) F [xθ(x)] = −πδ′(σ)− P 1
σ2 .

1.2 Âèâiä ôîðìóëè ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ õâèëüî-

âîãî ðiâíÿííÿ

Íåõàé ∆u = ux1x1 + ux2x2 + ux3x3 .

Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ õâèëüîâîãî ðiâíÿííÿ

utt = a2∆u, u|t=0 = 0, ut|t=0 = ψ(x), x ∈ R3, t > 0, (1.8)

Ïîçíà÷èìî ÷åðåç

v(ξ, t) = Fx→ξ[u(x, t)] =
∫
R3

u(x, t)ei(x,ξ)dx

ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ u(x, t) çà çìiííèìè x = (x1, x2, x3) äëÿ êîæíîãî

t ≥ 0 i íåõàé ψ̂(ξ) = (Fψ)(x) . Çà âëàñòèâiñòþ 1 ïåðåòâîðåííÿ Ôóð'¹

Fx→ξ[uxjxj(x, t)] = (−iξj)2v(ξ, t) ,
i òîäi

Fx→ξ[∆u(x, t)] = [(−iξ1)2 + (−iξ2)2 + (−iξ3)2]v(ξ, t) =

= −(ξ21 + ξ22 + ξ23)v(ξ, t) = −|ξ|2v(ξ, t).
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Òàêîæ Fx→ξ[utt(x, t)] =
∂2

∂t2Fx→ξ[u(x, t)] =
∂2v(ξ,t)
∂t2 .

Äiþ÷è îïåðàòîðîì ïåðåòâîðåííÿ Ôóð'¹ íà ðiâíÿííÿ çàäà÷i, îäåðæó¹ìî

Fx→ξ[utt(x, t)] = a2Fx→ξ[∆u(x, t)] <=> vtt(ξ, t) = −a2|ξ|2v(ξ, t),

à ç ïî÷àòêîâèõ óìîâ

Fx→ξ[u(x, 0)] = 0, <=> lim
t→0

Fx→ξ[u(x, t)] = 0 <=> v(ξ, 0) = 0,

Fx→ξ[ut(x, 0)] = F [ψ(x)], <=> lim
t→0

Fx→ξ[ut(x, t)] = ψ̂(ξ) <=>

vt(ξ, 0) = ψ̂(ξ).

Äëÿ êîæíîãî ôiêñîâàíîãî çíà÷åííÿ ξ ∈ R3 îòðèìàëè çàäà÷ó Êîøi

d2v

dt2
+ a2|ξ|2v = 0, v|t=0 = 0, vt|t=0 = ψ̂(ξ). (1.9)

�¨ ðîçâ'ÿçîê v(ξ, t) = ψ̂(ξ) sin(a|ξ|t)
a|ξ| . Ñïðàâäi,

p2 + a2|ξ|2 = 0, v = C1 cos(a|ξ|t) + C2 sin(a|ξ|t) ,
v(ξ, 0) = C1 = 0, vt(ξ, 0) = C2a|ξ| = ψ̂(ξ), C2 =

ψ̂(ξ)
a|ξ| .

Âèêîðèñòîâóþ÷è âëàñòèâiñòü 5 ïåðåòâîðåííÿ Ôóð'¹, çíàõîäèìî

u(x, t) = F−1
ξ→x[v(ξ, t)] = F−1

ξ→x[
ψ̂(ξ) sin(a|ξ|t)

a|ξ| ] =

= F−1[ψ̂(ξ)] ∗ F−1
ξ→x[

sin(a|ξ|t)
a|ξ| ] = ψ(x) ∗ F−1

ξ→x[
sin(a|ξ|t)
a|ξ| ] .

Âèêîðèñòà¹ìî ïðèêëàä ïðè R = at :

F [δR(x)](ξ) =
4πR sin(R|ξ|)

|ξ| . Òîäi

F−1
ξ→x[

sin(a|ξ|t)
a|ξ| ] = 1

4πa2t · F
−1
ξ→x[4πat

sin(at|ξ|)
|ξ| ] = 1

4πa2tδat(x) .

Îòæå, u(x, t) = ψ(x) ∗ 1
4πa2tδat(x) =

1
4πa2t

∫
Sat(0)

ψ(z − x)dS ,

u(x, t) =
1

4πa2t

∫
Sat(x)

ψ(y)dS,

äå Sat(x) = {ξ : |ξ − x| = at} � ñôåðà ðàäióñà at ç öåíòðîì ó òî÷öi x .

Ìåòîäîì ïåðåòâîðåííÿ Ôóð'¹ ìè çíàéøëè ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i

Êîøi (1.8). Ìîæíà ïîêàçàòè, ùî âií ¹ êëàñè÷íèì (iç C2(t > 0) ∩ C1(t ≥ 0) ),

ÿêùî ψ ∈ C2(R3) , êëàñó C3(t > 0) , ÿêùî ψ ∈ C3(R3) .
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Öå êðàùå âèäíî, ÿêùî ïåðåéòè ó ôîðìóëi âiä iíòåãðóâàííÿ çà Sat(x) äî ií-

òåãðóâàííÿ çà ñôåðîþ ðàäióñà 1 ç öåíòðîì ó ïî÷àòêó êîîðäèíàò S1(0) = S1

(òîäi dS = a2t2dS1 , α = (α1, α2, α3 ) � áiæó÷i êîîðäèíàòè òî÷êè íà S1 ).

Îäåðæó¹ìî

u(x, t) =
t

4π

∫
S1

ψ(x+ atα) dS1.

1.3 Çàäà÷à Êîøi äëÿ õâèëüîâîãî ðiâíÿííÿ. Çàãàëüíèé

âèïàäîê

Êëàñè÷íèì ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ õâèëüîâîãî ðiâíÿííÿ

utt = a2∆u+ f(x, t), u|t=0 = φ(x), ut|t=0 = ψ(x), x ∈ R3, t > 0, (1.10)

íàçèâà¹òüñÿ ôóíêöiÿ u = u(x, t) , äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà â Q :=

R3 × (0,∞) , íåïåðåðâíî äèôåðåíöiéîâíà â R3 × [0,∞) (êëàñ òàêèõ ôóíêöié

ïîçíà÷àòèìåìî ÷åðåç C2(t > 0)∩C1(t ≥ 0) ), ïiäñòàâëÿþ÷è ÿêó ó ðiâíÿííÿ é

ïî÷àòêîâi óìîâè îäåðæó¹ìî òîòîæíîñòi âiäïîâiäíî â R3 × (0,∞) òà R3 .

Ðîçâ'ÿçîê çàäà÷i (1.10) øóêà¹ìî ó âèãëÿäi ñóìè

u = u1 + u2 + u3.

äå u1, u2, u3 � ðîçâ'ÿçêè âiäïîâiäíî çàäà÷

utt = a2∆u, u|t=0 = 0, ut|t=0 = ψ(x), x ∈ R3, t > 0, (1.11)

utt = a2∆u, u|t=0 = φ(x), ut|t=0 = 0, x ∈ R3, t > 0, (1.12)

utt = a2∆u+ f(x, t), u|t=0 = 0, ut|t=0 = 0, x ∈ R3, t > 0. (1.13)

Áóëî çíàéäåíî

u1(x, t) =
1

4πa2t

∫
Sat(x)

ψ(ξ) dS. (1.14)

Ðîçâ'ÿçêè çàäà÷ (1.12) i (1.13) ìîæíà çàïèñàòè, çíàþ÷è ðîçâ'ÿçîê çàäà÷i

(1.11), à ñàìå:

à) ÿêùî u1 = v(x, t, φ) � ðîçâ'ÿçîê çàäà÷i (1.11) êëàñó C3(t > 0)∩C2(t ≥ 0)

ïðè ψ = φ , òî u2 = vt(x, t, φ) � ðîçâ'ÿçîê çàäà÷i (1.12);
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á) ÿêùî u1 = w(x, t, τ, f) � ðîçâ'ÿçîê çàäà÷i

utt = a2∆u, u|t=τ = 0, ut|t=τ = f(x, τ), x ∈ R3, t > 0,

òîáòî ðîçâ'ÿçîê çàäà÷i âèãëÿäó (1.11) (ïðè çàìiíi t íà t− τ ), òî

u3(x, t) =

t∫
0

w(x, t, τ, f(x, τ)) dτ

� ðîçâ'ÿçîê çàäà÷i (1.13).

Âèêîðèñòîâóþ÷è òâåðäæåííÿ à, á, îäåðæó¹ìî ôîðìóëó Êiðãîôà ðîçâ'ÿçêó

çàäà÷i (1.10)

u(x, t) =
1

4πa2t

∫
Sat(x)

ψ(ξ) dS +
1

4πa2
∂

∂t

∫
Sat(x)

φ(ξ)

t
dS

+

t∫
0

( 1

4πa2(t− τ)

∫
Sa(t−τ)(x)

f(ξ, τ) dS
)
dτ.

Îñòàííié äîäàíîê ó ôîðìóëi ìîæíà ïîäàòè òàêîæ ó âèãëÿäi

1

4πa2

∫
|ξ−x|<at

f(ξ, t− |ξ−x|
a )

|ξ − x|
dξ.

Ñïðàâäi, ïðè çàìiíi a(t− τ) = r, τ = t− r
a (adτ = −dr) ìà¹ìî

at∫
0

(
1

4πa2 r

∫
Sr(x)

f(ξ, t− r
a) dS

)
dr =

= 1
4πa2

at∫
0

dr
∫

|ξ−x|=r

f(ξ,t− |ξ−x|
a )

|ξ−x| dSξ =
1

4πa2

∫
|ξ−x|<at

f(ξ,t− |ξ−x|
a )

|ξ−x| dξ. .

ßêùî φ ∈ C3(R3) , ψ ∈ C2(R3) , f ∈ C2(t > 0) , òî iñíó¹ êëàñè÷íèé

ðîçâ'ÿçîê çàäà÷i (1.10) i ôîðìóëó ðîçâ'ÿçêó ùå ìîæíà ïîäàòè òàê:

u(x, t) =
1

4πa2t

∫
Sat(x)

ψ(ξ) dS +
1

4πa2
∂

∂t

∫
Sat(x)

φ(ξ)

t
dS

+
1

4πa2

∫
|ξ−x|<at

f(ξ, t− |ξ−x|
a )

|ξ − x|
dξ.



19

1.4 Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ êîëèâàíü ìåì-

áðàíè

Òàê ñàìî àáî âèêîðèñòîâóþ÷è ìåòîä ñïóñêó, çíàõîäèìî, ùî ðîçâ'ÿçîê çàäà÷i

utt = a2(ux1x1 + ux2x2) + f(x1, x2, t),

u|t=0 = φ(x), ut|t=0 = ψ(x), x = (x1, x2) ∈ R2, t > 0.

ìà¹ âèãëÿä

u1(x1, x2, t) =
1

2πa

∫
|ξ−x|<at

ψ(ξ1, ξ2)√
a2t2 − (ξ1 − x1)2 − (ξ2 − x2)2

dξ1dξ2

+
1

2πa

∂

∂t

∫
|ξ−x|<at

φ(ξ1, ξ2)√
a2t2 − (ξ1 − x1)2 − (ξ2 − x2)2

dξ1dξ2

+
1

2πa

t∫
0

dτ

∫
|ξ−x|<a(t−τ)

f(ξ1, ξ2, τ)√
a2(t− τ)2 − (ξ1 − x1)2 − (ξ2 − x2)2

dξ1dξ2.

i ïðè φ ∈ C3(R2) , ψ ∈ C2(R2) , f ∈ C2(t > 0) âií ¹ ¨¨ êëàñè÷íèì ðîçâ'ÿçêîì.

1.5 Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ êîëèâàíü ñòðó-

íè

Êëàñè÷íèì ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ ðiâíÿííÿ êîëèâàíü ñòðóíè

utt = a2uxx + f(x, t), u|t=0 = φ(x), ut|t=0 = ψ(x), x ∈ R, t > 0,

íàçèâà¹òüñÿ ôóíêöiÿ u = u(x, t) , äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà â R ×
(0,∞) , íåïåðåðâíî äèôåðåíöiéîâíà â R × [0,∞) (êëàñ òàêèõ ôóíêöié ïî-

çíà÷àòèìåìî ÷åðåç C2(t > 0) ∩ C1(t ≥ 0) ), ïiäñòàâëÿþ÷è ÿêó ó ðiâíÿííÿ é

ïî÷àòêîâi óìîâè îäåðæó¹ìî òîòîæíîñòi âiäïîâiäíî â R× (0,∞) òà R .

Âèêîðèñòîâóþ÷è ìåòîä õàðàêòåðèñòèê, àáî òàêîæ çà äîïîìîãîþ ïåðåòâî-

ðåííÿ Ôóð'¹, ïîêàçó¹ìî, ùî ðîçâ'ÿçîê çàäà÷i

u(x, t) =
φ(x+ at) + φ(x− at)

2
+

1

2a

x+at∫
x−at

ψ(ξ)dξ+
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+
1

2a

t∫
0

dτ

x+a(t−τ)∫
x−a(t−τ)

f(z, τ)dz,

u ∈ C2(t > 0) ∩ C1(t ≥ 0) , ÿêùî φ ∈ C2(R) , ψ ∈ C1(R) , f ∈ C1(t > 0) .

Öÿ ôîðìóëà íàçèâà¹òüñÿ ôîðìóëîþ Äàëàìáåðà.

1.6 Ôîðìóëà ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ðiâíÿííÿ òåïëî-

ïðîâiäíîñòi

Íåõàé, ÿê âèùå, Q � ïiâïðîñòið {(x, t) : x ∈ Rn, t > 0} = {t > 0} ,
C2,1
x,t (t > 0) ∩ C(t ≥ 0) � êëàñ ôóíêöié, äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèõ

çà x òà íåïåðåðâíî äèôåðåíöiéîâíèõ çà t â Q , íåïåðåðâíèõ, îõîïëþþ÷è é

ãiïåðïëîùèíó t = 0 .

Ôîðìóëþâàííÿ çàäà÷i Êîøi. Çíàéòè ðîçâ'ÿçîê u(x, t) ðiâíÿííÿ

ut = a2∆u+ f(x, t), (1.15)

ÿêèé íàëåæèòü êëàñó C2,1
x,t (t > 0) ∩ C(t ≥ 0) , îáìåæåíèé i çàäîâîëüíÿ¹

ïî÷àòêîâó óìîâó

u|t=0 = φ(x), x ∈ Rn. (1.16)

Ðîçâ'ÿçîê çàäà÷i (1.15), (1.16) øóêà¹ìî ó âèãëÿäi ñóìè u = v+w , äå v òà

w � ðîçâ'ÿçêè âiäïîâiäíî çàäà÷

ut = a2∆u, (x, t) ∈ Q, u|t=0 = φ(x), x ∈ Rn, (1.17)

ut = a2∆u+ f(x, t), (x, t) ∈ Q, u|t=0 = 0, x ∈ Rn. (1.18)

ßê i ó âèïàäêó çàäà÷i Êîøi äëÿ õâèëüîâîãî ðiâíÿííÿ, ìîæíà ïåðåâiðèòè òàêå:

ÿêùî v = v(x, t, φ(x)) ¹ ðîçâ'ÿçêîì çàäà÷i (1.17), òî ôóíêöiÿ

w(x, t) =

t∫
0

v(x, t− τ, f(x, τ)) dτ

áóäå ðîçâ'ÿçêîì çàäà÷i (1.18).



21

Òåîðåìà. ßêùî ôóíêöiÿ φ(x) íåïåðåðâíà é îáìåæåíà â Rn , òî iñíó¹

¹äèíèé ðîçâ'ÿçîê çàäà÷i (1.17) êëàñó C2,1
x,t (t > 0)∩C(t ≥ 0) i îáìåæåíèé â Q .

Âií âèðàæà¹òüñÿ ôîðìóëîþ

v(x, t) =
1

(2a)n(πt)
n
2

∫
Rn

e−
|x−y|2

4a2t φ(y)dy. (1.19)

Öÿ ôîðìóëà íàçèâà¹òüñÿ ôîðìóëîþ Ïóàññîíà àáî iíòåãðàëîì Ïóàññîíà.

Âðàõîâóþ÷è çàóâàæåííÿ, îäåðæó¹ìî, ùî ôóíêöiÿ

w(x, t) =

t∫
0

[ 1

(2a)nπ
n
2 (t− τ)

n
2

∫
Rn

e
− |x−y|2

4a2(t−τ)f(y, τ) dy
]
dτ

¹ ðîçâ'ÿçêîì çàäà÷i (1.18). Îòæå, ðîçâ'ÿçîê çàäà÷i (1.15), (1.16) âèðàæà¹òüñÿ

ôîðìóëîþ

u(x, t) =
1

(2a)n(πt)
n
2

∫
Rn

e−
|x−y|2

4a2t φ(y) dy

+

t∫
0

[ 1

(2a)nπ
n
2 (t− τ)

n
2

∫
Rn

e
− |x−y|2

4a2(t−τ)f(y, τ) dy
]
dτ, (x, t) ∈ Q.

Âèâåäåìî ôîðìóëó (1.19). Ïîçíà÷èìî ÷åðåç

v(ξ, t) = Fx→ξ[u(x, t)] =
∫
R3

u(x, t)ei(x,ξ)dx

ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ u(x, t) çà çìiííèìè x = (x1, x2, x3) äëÿ êîæíîãî

t ≥ 0 i íåõàé φ̂(ξ) = F [φ(x)] . Çà âëàñòèâiñòþ 1 ïåðåòâîðåííÿ Ôóð'¹

Fx→ξ[∆u(x, t)] = [(−iξ1)2 + (−iξ2)2 + (−iξ3)2]v(ξ, t) =

= −(ξ21 + ξ22 + ξ23)v(ξ, t) = −|ξ|2v(ξ, t).

Òàêîæ Fx→ξ[ut(x, t)] =
∂
∂tFx→ξ[u(x, t)] =

∂v(ξ,t)
∂t .

Äiþ÷è îïåðàòîðîì ïåðåòâîðåííÿ Ôóð'¹ íà ðiâíÿííÿ çàäà÷i, îäåðæó¹ìî

Fx→ξ[ut(x, t)] = a2Fx→ξ[∆u(x, t)] <=> vt(ξ, t) = −a2|ξ|2v(ξ, t),

à ç ïî÷àòêîâî¨ óìîâè

Fx→ξ[u(x, 0)] = 0, <=> lim
t→0

Fx→ξ[u(x, t)] = φ̂(ξ) <=> v(ξ, 0) = φ̂(ξ).
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Äëÿ êîæíîãî ôiêñîâàíîãî çíà÷åííÿ ξ ∈ R3 îòðèìàëè çàäà÷ó Êîøi

dv

dt
+ a2|ξ|2v = 0, v|t=0 = φ̂(ξ).

�¨ ðîçâ'ÿçîê v(ξ, t) = ψ̂(ξ)e−a
2|ξ|2t

(p+ a2|ξ|2 = 0, v = Ce−a
2|ξ|2t , v(ξ, 0) = C = φ̂(ξ) ).

Âèêîðèñòîâóþ÷è âëàñòèâiñòü 5 ïåðåòâîðåííÿ Ôóð'¹, çíàõîäèìî

u(x, t) = F−1
ξ→x[v(ξ, t)] = F−1

ξ→x[φ̂(ξ)e
−a2|ξ|2t] =

= F−1[φ̂(ξ)] ∗ F−1
ξ→x[e

−a2|ξ|2t] = φ(x) ∗ F−1
ξ→x[e

−a2|ξ|2t] .

Âèêîðèñòà¹ìî ïðèêëàä: F [e−b
2ξ2] =

√
π
b e

− x2

4b2 . Çâiäñè

F−1[e−b
2ξ2] = 1

2πF [e−b
2ξ2](−x) = 1

2b
√
π
e−

x2

4b2 ;

e−a
2|ξ|2t = e−a

2[ξ21+···+ξ2n]t = e−a
2ξ21t · · · · · e−a2ξ2nt ,

F−1[e−a
2|ξ|2] = 1

(2π)nΠ
n
j=1F [e−a

2ξ2j t](−xj) = 1
(2π)nΠ

n
j=1

√
π

a
√
t
e−

x2j

4a2t =

= 1
(2a

√
π t)n

e−
|x|2

4a2t . Çâiäñè îäåðæó¹ìî ôîðìàëüíèé ðîçâ'ÿçîê (1.19).

1.7 Çàâäàííÿ íà âèêîðèñòàííÿ ôîðìóë

1. Ðîçâ'ÿçêîì ÿêî¨ çàäà÷i ¹ ôóíêöiÿ

u(x, t) = 1
2π

∫
|y−x|<t

sin(y2)dy√
t2−|y−x|2

? Âêàæiòü âàðiàíò âiäïîâiäi.

Âàðiàíòè âiäïîâiäåé:

1) utt = ux1x1 , (x1, t) ∈ R× (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x2) ;

2) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x2) ;

3) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x2) ;

4) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = sin(x2) , ut|t=0
= 0 ;

5) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = sin(x2) , ut|t=0
= 0 .
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2. Ðîçâ'ÿçêîì ÿêî¨ çàäà÷i ¹ ôóíêöiÿ

u(x, t) = 1
2π

∫
|y−x|<t

cos(y1)dy√
t2−|y−x|2

? Âêàæiòü âàðiàíò âiäïîâiäi.

Âàðiàíòè âiäïîâiäåé:

1) utt = ux1x1 , (x1, t) ∈ R× (0,+∞) ,

u|t=0 = 0 , ut|t=0
= cos(x1) ;

2) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= cos(x1) ;

3) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= cos(x1) ;

4) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = cos(x1) , ut|t=0
= 0 ;

5) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = cos(x1) , ut|t=0
= 0 .

3. Ðîçâ'ÿçêîì ÿêî¨ çàäà÷i ¹ ôóíêöiÿ

u(x, t) = 1
2π

∂
∂t

∫
|y−x|<t

sin(y2)dy√
t2−|y−x|2

? Âêàæiòü âàðiàíò âiäïîâiäi.

Âàðiàíòè âiäïîâiäåé:

1) utt = ux1x1 , (x1, t) ∈ R× (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x2) ;

2) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x2) ;

3) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x2) ;

4) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = sin(x2) , ut|t=0
= 0 ;

5) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = sin(x2) , ut|t=0
= 0 .

4. Ðîçâ'ÿçêîì ÿêî¨ çàäà÷i ¹ ôóíêöiÿ

u(x, t) = 1
2π

∂
∂t

∫
|y−x|<t

sin(y1)dy√
t2−|y−x|2

? Âêàæiòü âàðiàíò âiäïîâiäi.

Âàðiàíòè âiäïîâiäåé:

1) utt = ux1x1 , (x1, t) ∈ R× (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x1) ;
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2) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x1) ;

3) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x1) ;

4) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = sin(x1) , ut|t=0
= 0 ;

5) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = sin(x1) , ut|t=0
= 0 .

5. Ðîçâ'ÿçêîì ÿêî¨ çàäà÷i ¹ ôóíêöiÿ

u(x, t) = 1
4πt

∫
|y−x|=t

ey1dy ? Âêàæiòü âàðiàíò âiäïîâiäi.

Âàðiàíòè âiäïîâiäåé:

1) utt = ux1x1 + ex1 , (x1, t) ∈ R× (0,+∞) ,

u|t=0 = 0 , ut|t=0
= 0 ;

2) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= ex1 ;

3) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= ex1 ;

4) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = ex1 , ut|t=0
= 0 ;

5) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = ex1 , ut|t=0
= 0 .

6. Ðîçâ'ÿçêîì ÿêî¨ çàäà÷i ¹ ôóíêöiÿ

u(x, t) = 1
2
√
πt

∫
R

y1e
− |x−y|2

4t dy ? Âêàæiòü âàðiàíò âiäïîâiäi.

Âàðiàíòè âiäïîâiäåé:

1) utt = ux1x1 + x1 , (x1, t) ∈ R× (0,+∞) ,

u|t=0 = 0 , ut|t=0
= 0 ;

2) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= x1 ;

3) ut = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = x1 ;

4) ut = ux1x1 , (x, t) ∈ R× (0,+∞) ,

u|t=0 = x1 ;
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5) ut = ux1x1 + ux2x2 + x1 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = 0 .

7. Ðîçâ'ÿçêîì ÿêî¨ çàäà÷i ¹ ôóíêöiÿ

u(x, t) = 1
2
√
πt

∫
R

e−
|x−y|2

4t −y1dy ? Âêàæiòü âàðiàíò âiäïîâiäi.

Âàðiàíòè âiäïîâiäåé:

1) utt = ux1x1 + e−x1 , (x1, t) ∈ R× (0,+∞) ,

u|t=0 = 0 , ut|t=0
= 0 ;

2) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= e−x1 ;

3) ut = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = e−x1 ;

4) ut = ux1x1 , (x, t) ∈ R× (0,+∞) ,

u|t=0 = e−x1 ;

5) ut = ux1x1 + ux2x2 + e−x1 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = 0 .

8. Çàïèñàòè âèãëÿä ðîçâ'ÿçêó êîæíî¨ ç çàäà÷:

a) utt = ux1x1 , (x1, t) ∈ R× (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x1) ;

á) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x2) ;

â) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = 0 , ut|t=0
= sin(x2) ;

ã) utt = ux1x1 + ux2x2 + ux3x3 , (x, t) ∈ R3 × (0,+∞) ,

u|t=0 = sin(x2) , ut|t=0
= 0 ;

ä) utt = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = sin(x2) , ut|t=0
= 0 ;

å) ut = ux1x1 + ux2x2 , (x, t) ∈ R2 × (0,+∞) ,

u|t=0 = sin(x2) .



Ðîçäië 2

Ìåòîä ðÿäiâ Ôóð'¹

2.1 Çàãàëüíà ñõåìà

Ðîçãëÿíåìî ìiøàíó çàäà÷ó äëÿ ðiâíÿííÿ êîëèâàííÿ ñòðóíè

utt = uxx + f(x, t), (x, t) ∈ ΠT := (0, l)× (0, T ), (2.1)

u(x, 0) = φ(x) , ut(x, 0) = ψ(x) , x ∈ [0, l] ,

a1ux(0, t) + b1u(0, t) = µ1(t) ,

a2ux(l, t) + b2u(l, t) = µ2(t) , t ∈ [0, T ] .

Äåòàëiçó¹ìî îñíîâíó ñõåìó ¨¨ ðîçâ'ÿçàííÿ ìåòîäîì ðÿäiâ Ôóð'¹.

1-é êðîê. ßêùî õî÷ îäíà ç ôóíêöié µ1(t), µ2(t) ó êðàéîâèõ óìîâàõ âiäìií-

íà âiä íóëÿ, òî òðåáà çâåñòè çàäà÷ó äî iíøî¨, ç íóëüîâèìè êðàéîâèìè óìîâàìè.

Äëÿ öüîãî ðîçâ'ÿçîê øóêà¹ìî ó âèãëÿäi

u = u1 + u2,

äå u2 çàäîâîëüíÿ¹ êðàéîâi óìîâè çàäà÷i. Òàêó ôóíêöiþ çàâæäè ìîæíà çíàéòè

ó âèãëÿäi

u2 = A(t)x+B(t)

êðiì âèïàäêó b1 = b2 = 0 . Â îñòàííüîìó âèïàäêó øóêà¹ìî u2 ó âèãëÿäi

u2 = A(t)x2 +B(t)x+ C(t).

Çíàéøîâøè A(t), B(t), C(t) , ïiäñòàâëÿ¹ìî u = u1 + u2 çi çíàéäåíîþ u2(x, t)

ó (2.1).
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Äëÿ ôóíêöi¨ u1 îäåðæó¹ìî çàäà÷ó

utt = uxx + f1(x, t), (x, t) ∈ ΠT , (2.2)

u(x, 0) = φ1(x) , ut(x, 0) = ψ1(x) , x ∈ (0, l) ,

a1u1x(0, t) + b1u1(0, t) = 0, a2u1x(l, t) + b2u1(l, t) = 0 , t ∈ [0, T ]

ç íóëüîâèìè êðàéîâèìè óìîâàìè.

2-é êðîê. Ðîçâ'ÿçîê îäåðæàíî¨ çàäà÷i (2.2) øóêà¹ìî ó âèãëÿäi

u1 = v + w

äå v � ðîçâ'ÿçîê çàäà÷i

vtt = a2vxx, x ∈ (0, l), t > 0, (2.3)

v|t=0 = φ1(x), vt|t=0 = ψ1(x) ,

a1vx(0, t) + b1v(0, t) = 0, a2vx(l, t) + b2v(l, t) = 0 ,

à w � ðîçâ'ÿçîê çàäà÷i

wtt = a2wxx + f1(x, t), x ∈ (0, l), t > 0, (2.4)

w|t=0 = 0, wt|t=0 = 0 ,

a1w(0, t) + b1w(0, t) = 0, a2w(l, t) + b2w(l, t) = 0 .

3-é êðîê. Ñïî÷àòêó çàâæäè ðîçâ'ÿçó¹ìî çàäà÷ó äëÿ v (çàäà÷ó (2.3)) ìå-

òîäîì Ôóð'¹, òîáòî ó âèãëÿäi

v(x, t) = T (t)X(x).

Íàâiòü, ÿêùî φ1(x) = ψ1(x) ≡ 0 (òîäi çà ¹äèíiñòþ ðîçâ'ÿçêó v(x, t) ≡
0 ), öþ çàäà÷ó ïîòðiáíî ïî÷àòè, ùîá çíàéòè âëàñíi ôóíêöi¨ çàäà÷i Øòóðìà-

Ëióâiëëÿ

X ′′ + λX = 0, x ∈ (0, l), a1X
′(0) + b1X(0) = 0, a2X

′(l) + b2X(l) = 0. (2.5)

Ïðèìiòêà. Ó ïðîïîíîâàíèõ çàäà÷àõ çàâæäè âëàñíi çíà÷åííÿ λk > 0 . Âè-

íÿòêîì ¹ âèïàäîê b1 = b2 = 0 , ó ÿêîìó ùå äîäàòêîâî ¹ âëàñíå ÷èñëî λ0 = 0 ,

à âiäïîâiäíà éîìó âëàñíà ôóíêöiÿ X0(x) = 1 .
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4-é êðîê. Ðîçâ'ÿçîê çàäà÷i äëÿ w , òîáòî çàäà÷i (2.4), øóêà¹ìî ó âèãëÿäi

ðÿäó

w(x, t) =
∞∑
k=1

Gk(t)Xk(x) (2.6)

ç íåâiäîìèìè Gk(t) , äå Xk(x) � âëàñíi ôóíêöi¨ çàäà÷i Øòóðìà-Ëióâiëÿ, ùî

âiäïîâiäàþòü âëàñíèì çà÷åííÿì λk (çíàéäåíi ïðè ðîçâ'ÿçóâàííi çàäà÷i äëÿ

v ). Êîæíèé ÷ëåí öüîãî ðîçâèíåííÿ çàäîâîëüíÿ¹ êðàéîâi óìîâè çàäà÷i. Òîìó

äëÿ çíàõîäæåííÿ Gk(t) ïiäñòàâëÿ¹ìî (2.6) ó ðiâíÿííÿ òà ïî÷àòêîâi óìîâè

çàäà÷i äëÿ w . Îäåðæó¹ìî

∞∑
k=1

[G′′
k(t) + λ2kGk(t)]Xk(x) = f1(x, t),

∞∑
k=1

Gk(0)Xk(x) = 0,
∞∑
k=1

G′
k(0)Xk(x) = 0, x ∈ [0, l].

Çâiäñè çíàõîäèìî

G′′
k(t) + λ2kGk(t) = f1k(t), t ∈ [0, T ], Gk(0) = 0, G′

k(0) = 0, (2.7)

äå f1k(t) =

l∫
0

f(ξ,t)Xk(ξ)dξ

l∫
0

X2
k(ξ)dξ

� êîåôiöi¹íòè ðîçâèíåííÿ Ôóð'¹ ôóíêöi¨ f1(x, t) çà

ñèñòåìîþ Xk(x) äëÿ êîæíîãî t ∈ [0, T ] .

Îòæå, Gk(t) � ðîçâ'ÿçîê çàäà÷i Êîøi (2.7) äëÿ êîæíîãî k = 1, 2, . . . . Öå

çàäà÷à Êîøi äëÿ çâè÷àéíîãî ëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî

ïîðÿäêó çi ñòàëèìè êîåôiöi¹íòàìè. �¨ ðîçâ'ÿçó¹ìî âiäîìèì ìåòîäîì.

Äëÿ ïðèêëàäó çãàäà¹ìî, ÿê ðîçâ'ÿçàòè çàäà÷ó Êîøi

y
′′
+ q2y = 2t+ 3, y(0) = 0, y′(0) = 0. (2.8)

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

y(t) = a cos(qt) + b sin(qt) + ỹ(t),

äå a, b � äîâiëüíi ñòàëi, ỹ(t) � ÷àñòèííèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ. Éîãî

ùóêà¹ìî çà ìåòîäîì íåâèçíà÷åíèõ êîåôiöi¹íòiâ (áî ñïðàâà êâàçiïîëiíîì) ÿê

ỹ(t) = ct + d . Ùîá çíàéòè íåâiäîìi êîåôiöi¹íòè c, d , ïiäñòàâëÿ¹ìî ỹ(t) ó

ðiâíÿííÿ:
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(ct+ d)
′′
+ q2(ct+ d) ≡ 2t+ 3 <=> q2d ≡ 2t+ 3 <=>

q2c = 2, q2d = 3 => c = 2q−2, d = 3q−2 .

Òåïåð

ỹ(t) = 2q−2t+ 3q−2 ,

y(t) = a cos(qt) + b sin(qt) + 2q−2t+ 3q−2 .

Ùîá çíàéòè ñòàëi a, b , ïiäñòàâëÿ¹ìî çíàéäåíèé çàãàëüíèé ðîçâ'ÿçîê ðiâ-

íÿííÿ ó ïî÷àòêîâi óìîâè çàäà÷i (2.8). Ìà¹ìî

y(0) = a+ 3q−2 = 0 , y′(0) = bq + 2q−2 = 0 .

Çâiäñè çíàõîäèìî a = −3q−2 , b = −2q−3 ,

y(t) = −3q−2 cos(qt)− 2q−3 sin(qt) + 2q−2t+ 3q−3 .

Çàäà÷à (2.7) âiäðiçíÿ¹òüñÿ âiä çàäà÷i (2.8) òiëüêè òèì, ùî çàìiñòü y(t) ¹

íåâiäîìà ôóíêöiÿ Gk(t) , ÿêà çàëåæèòü âiä ïàðàìåòðà k , q2 = λ2k i f1k(t)

òàêîæ çàëåæèòü âiä ïàðàìåòðà k .

Çîêðåìà, ÿêùî f1k(t) = Mkt + Nk (Mk, Nk � âiäîìi ñòàëi), òî ìàòèìåìî

çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ ó çàäà÷i (2.7)

Gk(t) = ak cos(λkt) + bk sin(λkt) + G̃k(t),

äå ak, bk � äîâiëüíi ñòàëi, G̃k(t) � ÷àñòèííèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ,

G̃k(t) = ckt+ dk,

Ùîá çíàéòè íåâiäîìi êîåôiöi¹íòè ck, dk , ïiäñòàâëÿ¹ìî G̃k(t) ó ðiâíÿííÿ:

(ckt+ dk)
′′
+ λ2k(ckt+ dk) ≡Mkt+Nk <=>

λ2kckt+ λ2kdk ≡Mkt+Nk <=>

λ2kck =Mk, λ
2
kdk = Nk => ck =Mkλ

−2
k , dk = Nkλ

−2
k .

Òåïåð

G̃k(t) =Mkλ
−2
k t+Nkλ

−2
k ,

Gk(t) = ak cos(λkt) + bk sin(λkt) +Mkλ
−2
k t+Nkλ

−2
k .

Ùîá çíàéòè ñòàëi ak, bk , ïiäñòàâëÿ¹ìî çíàéäåíèé çàãàëüíèé ðîçâ'ÿçîê ðiâ-

íÿííÿ ó ïî÷àòêîâi óìîâè çàäà÷i (2.7). Ìà¹ìî

Gk(0) = ak +Nkλ
−2
k = 0 , G′

k(0) = bkλk +Mkλ
−2
k = 0 .
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Çâiäñè çíàõîäèìî

ak = −Nkλ
−2
k , bk = −Mkλ

−3
k ,

Gk(t) = −Nkλ
−2
k cos(λkt)−Mkλ

−3
k sin(λkt) +Mkλ

−2
k t+Nkλ

−2
k ,

òîáòî

Gk(t) =Mkλ
−2
k

(
t− 1

λk
sin(λkt)

)
+Nkλ

−2
k

(
1− cos(λkt)

)
.

Ïðèìiòêà: Çàäà÷ó (2.2) ìîæíà íå ðîçáèâàòè íà äâi. Àëå ñïî÷àòêó çà äî-

ïîìîãîþ äîïîìiæíî¨ çàäà÷i (ÿê äëÿ v ) çíàéòè âëàñíi çíà÷åííÿ λk i âëàñíi

ôóíêöi¨ Xk(x) . Òîäi ðîçâ'ÿçó¹ìî çàäà÷ó äëÿ u1 ÿê äëÿ w (òîáòî ó âèãëÿäi

(2.6)), àëå äëÿ çíàõîäæåííÿ Gk(t) çàìiñòü (2.7) îäåðæó¹ìî çàäà÷ó

G′′
k(t) + λ2kGk(t) = f1k(t), t ∈ [0, T ], Gk(0) = T1k, G′

k(0) = T2k, (2.9)

äå T1k, T2k � êîåôiöi¹íòè ðîçâèíåííÿ Ôóð'¹ âiäïîâiäíî ôóíêöié φ1(x), ψ1(x)

çà ñèñòåìîþ Xk(x) .

Çà òàêîþ æ ñõåìîþ ðîçâ'ÿçó¹ìî ìiøàíi çàäà÷i äëÿ ðiâíÿíü âèãëÿäó

utt = a2uxx + bux + cut + f(x, t), (x, t) ∈ ΠT .

2.2 Ïðèêëàäè ðîçâ'ÿçàííÿ ìiøàíèõ çàäà÷ äëÿ ðiâíÿííÿ

êîëèâàíü ñòðóíè

Çàäà÷à 1. Çíàéòè âiëüíi êîëèâàííÿ ñòðóíè (0, l) , ïðàâèé êiíåöü ÿêî¨ çàêði-

ïëåíèé, à ëiâèé âiëüíèé. Ó ïî÷àòêîâèé ìîìåíò ñòðóíà ìàëà ôîðìó l2 − x2 i

áóëà íåðóõîìà.

Ìàòåìàòè÷íà ìîäåëü

utt = a2uxx, (x, t) ∈ ΠT , (2.10)

ux(0, t) = 0, u(l, t) = 0 , t ∈ [0, T ] ,

u(x, 0) = l2 − x2 , ut(x, 0) = 0 , x ∈ (0, l) .

Öå ìiøàíà çàäà÷à äëÿ îäíîðiäíîãî ðiâíÿííÿ ïðè îäíîðiäíèõ êðàéîâèõ óìî-

âàõ. Òîìó ¨¨ ðîçâ'ÿçîê øóêàòèìåìî ìåòîäîì âiäîêðåìëåííÿ çìiííèõ (ìåòî-

äîì Ôóð'¹), òîáòî ó âèãëÿäi

u(x, t) = X(x)T (t).
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Ïiäñòàâëÿþ÷è öþ ôóíêöiþ ó ðiâíÿííÿ (2.12), îäåðæó¹ìî

X(x)T ′′(t) = a2X ′′(x)T (t),

çâiäêè
T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
.

Ëiâà ÷àñòèíà îäåðæàíî¨ òîòîæíîñòi çàëåæèòü âiä x , à ïðàâà � âiä t , òîìó

ðiâíiñòü ìîæëèâà ëèøå, êîëè âèðàçè ïðàâîðó÷ òà ëiâîðó÷ ñòàëi. Îòæå,

T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ,

λ� ñòàëèé ïàðàìåòð. Îäåðæó¹ìî äâà çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ

X ′′(x) + λX(x) = 0, x ∈ (0, l), T ′′(t) + a2λT (t) = 0, t > 0.

Iç êðàéîâèõ óìîâ

X ′(0)T (t) = 0 , X(l)T (t) = 0 , ∀t > 0 .

Çâiäñè X ′(0) = 0 i X(l) = 0 . Îäåðæàëè çàäà÷ó Øòóðìà-Ëióâiëëÿ

X ′′(x) + λX(x) = 0, X ′(0) = 0, X(l) = 0.

Ðîçâ'ÿçó¹ìî ¨¨. Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

X(x) = C1 cos(
√
λx) + C2 sin(

√
λx),

äå C1, C2 � äîâiëüíi ñòàëi. Ïiäñòàâëÿ¹ìî éîãî â êðàéîâi óìîâè

X ′(0) = C2

√
λ = 0 => C2 = 0 , X(l) = C1 cos(

√
λ l) = 0 .

Ïðè C1 = 0 îäåðæàëè á X(x) ≡ 0 , òîìó cos(
√
λ l) = 0 . Çâiäñè çíàõîäèìî

âëàñíi çíà÷åííÿ çàäà÷i
√
λ l = π(2k+1)

2 , λk = [π(2k+1)
2l ]2 , k = 0, 1, 2, . . . ,

âëàñíi ôóíêöi¨ Xk(x) = cos π(2k+1)x
2l .

Ïiäñòàâëÿ¹ìî çíàéäåíi âëàñíi çíà÷åííÿ ó ðiâíÿííÿ äëÿ T (t) , îäåðæó¹ìî

ïîñëiäîâíiñòü ðiâíÿíü

T ′′
k (t) + [

a(2k + 1)π

2l
]2Tk(t) = 0, k = 0, 1, 2, . . .
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�õíi çàãàëüíi ðîçâ'ÿçêè

Tk(t) = Ak cos(
a(2k + 1)π

2l
t) +Bk sin(

a(2k + 1)π

2l
t),

Ak , Bk � äîâiëüíi ñòàëi, k = 0, 1, 2, . . . .

Ïðè âñiõ k = 0, 1, 2, . . . ôóíêöi¨ uk(x, t) = Xk(x)Tk(t) çàäîâîëüíÿþòü ðiâ-

íÿííÿ i êðàéîâi óìîâè çàäà÷i (2.12). Çàïèñó¹ìî ðÿä

u(x, t) =
∞∑
k=0

uk(x, t) =
∞∑
k=0

[Ak cos(
a(2k + 1)π

2l
t)+ (2.11)

+Bk sin(
a(2k + 1)π

2l
t)] cos

π(2k + 1)x

2l
.

Ïiäñòàâëÿ¹ìî éîãî â ïî÷àòêîâi óìîâè. Îäåðæó¹ìî

∞∑
k=0

Ak cos
π(2k + 1)x

2l
= l2 − x2,

∞∑
k=0

Bk
aπ(2k + 1)

2l
cos

π(2k + 1)x

2l
= 0, x ∈ [0, l].

Çâiäñè çíàõîäèìî íåâiäîìi ñòàëi Ak , Bk ÿê êîåôiöi¹íòè Ôóð'¹ ôóíêöié ó

ïðàâèõ ÷àñòèíàõ ïîïåðåäíiõ ðiâíîñòåé:

Ak =

l∫
0

(l2 − x2) cos π(2k+1)x
2l dx

l∫
0

cos2 π(2k+1)x
2l dx

=
2

l

l∫
0

(l2 − x2) cos
π(2k + 1)x

2l
dx := Ãk,

Bk = 0, k = 0, 1, 2, . . . .

Ïiäñòàâëÿþ÷è çíàéäåíi ñòàëi â (2.13), îäåðæó¹ìî øóêàíèé ðîçâ'ÿçîê çàäà÷i

u(x, t) =
∞∑
k=0

Ãk cos
aπ(2k + 1)

2l
t cos

π(2k + 1)x

2l
.

Ãk =
2·2l

lπ(2k+1)

[
(l2 − x2) sin π(2k+1)x

2l |l0 +
l∫
0

2x sin π(2k+1)x
2l dx

]
=

= − 8
π(2k+1)

2l
π(2k+1)

[
x cos π(2k+1)x

2l dx|l0 −
l∫
0

cos π(2k+1)x
2l dx

]
=
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= 32l2

π3(2k+1)3 sin
π(2k+1)x

2l |l0 = 32l2

π3(2k+1)3 sin
π(2k+1)

2 = 32l2(−1)k

π3(2k+1)3 ,

u(x, t) =
32l2

π3

∞∑
k=0

(−1)k

(2k + 1)3
cos

aπ(2k + 1)

2l
t cos

π(2k + 1)x

2l
.

Çàäà÷à 2. Çíàéòè âiëüíi êîëèâàííÿ ñòåðæíÿ (0, l) , ëiâèé êiíåöü ÿêîãî çà-

êðiïëåíèé, à ïðàâèé çàêðiïëåíèé ïðóæíî.

Ìàòåìàòè÷íà ìîäåëü

utt = a2uxx, (x, t) ∈ ΠT , (2.12)

u(0, t) = 0, ux(l, t) + hu(l, t) = 0 , t ∈ [0, T ] ,

u(x, 0) = ϕ(x) , ut(x, 0) = ψ(x) , x ∈ [0, l] .

Öå ìiøàíà çàäà÷à äëÿ îäíîðiäíîãî ðiâíÿííÿ ïðè îäíîðiäíèõ êðàéîâèõ óìî-

âàõ. Òîìó ¨¨ ðîçâ'ÿçîê øóêàòèìåìî ìåòîäîì âiäîêðåìëåííÿ çìiííèõ (ìåòî-

äîì Ôóð'¹), òîáòî ó âèãëÿäi

u(x, t) = X(x)T (t).

Ïiäñòàâëÿþ÷è öþ ôóíêöiþ ó ðiâíÿííÿ (2.12), îäåðæó¹ìî

X(x)T ′′(t) = a2X ′′(x)T (t),

çâiäêè
T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
.

Ëiâà ÷àñòèíà îäåðæàíî¨ òîòîæíîñòi çàëåæèòü âiä x , à ïðàâà � âiä t , òîìó

ðiâíiñòü ìîæëèâà ëèøå, êîëè âèðàçè ïðàâîðó÷ òà ëiâîðó÷ ñòàëi. Îòæå,

T ′′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ,

λ� ñòàëèé ïàðàìåòð. Îäåðæó¹ìî äâà çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ

X ′′(x) + λX(x) = 0, x ∈ (0, l), T ′′(t) + a2λT (t) = 0, t > 0.

Iç êðàéîâèõ óìîâ

X(0)T (t) = 0 , [X ′(l) + hX(l)]T (t) = 0 , ∀t > 0 .

Çâiäñè X(0) = 0 i X ′(l)+hX(l) = 0 . Îäåðæàëè çàäà÷ó Øòóðìà-Ëióâiëëÿ

X ′′(x) + λX(x) = 0, X(0) = 0, X ′(l) + hX(l) = 0.
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Ðîçâ'ÿçó¹ìî ¨¨. Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

X(x) = C1 cos(
√
λx) + C2 sin(

√
λx),

äå C1, C2 � äîâiëüíi ñòàëi. Ïiäñòàâëÿ¹ìî éîãî â êðàéîâi óìîâè

X(0) = C1 = 0 , X ′(l) + hX(l) = C2

√
λ cos(

√
λ l) + hC2 sin(

√
λ l) = 0 .

Ïðè C2 = 0 îäåðæàëè á X(x) ≡ 0 , òîìó
√
λ cos(

√
λ l) + h sin(

√
λ l) = 0 <=> tg(

√
λ l) = −

√
λ
h

<=> tg(µ) = − µ
hl , äå µ =

√
λ l .

Îäåðæàíå ðiâíÿííÿ ìà¹ äîäàòíi êîðåíi µ1, µ2, . . . Çâiäñè çíàõîäèìî âëàñíi

çíà÷åííÿ çàäà÷i λk = [µk

l ]
2 , k = 1, 2, . . . , âëàñíi ôóíêöi¨ Xk(x) = sin µkx

l .

Ïiäñòàâëÿ¹ìî çíàéäåíi âëàñíi çíà÷åííÿ ó ðiâíÿííÿ äëÿ T (t) , îäåðæó¹ìî

ïîñëiäîâíiñòü ðiâíÿíü

T ′′
k (t) + [

aµk
l

]2Tk(t) = 0, k = 1, 2, . . .

�õíi çàãàëüíi ðîçâ'ÿçêè

Tk(t) = Ak cos(
aµkt

l
) +Bk sin(

aµkt

l
),

Ak , Bk � äîâiëüíi ñòàëi, k = 1, 2, . . . .

Ïðè âñiõ k = 1, 2, . . . ôóíêöi¨ uk(x, t) = Xk(x)Tk(t) çàäîâîëüíÿþòü ðiâ-

íÿííÿ i êðàéîâi óìîâè çàäà÷i. Çàïèñó¹ìî ðÿä

u(x, t) =
∞∑
k=1

uk(x, t) =
∞∑
k=1

[Ak cos(
aµkt

l
)+ (2.13)

+Bk sin(
aµkt

l
)] sin

µkx

l
.

Ïiäñòàâëÿ¹ìî éîãî â ïî÷àòêîâi óìîâè. Îäåðæó¹ìî

∞∑
k=1

Ak sin
µkx

l
= φ(x),

∞∑
k=1

Bk
aµk
l

sin
µkx

l
= ψ(x), x ∈ [0, l].
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Çâiäñè çíàõîäèìî íåâiäîìi ñòàëi Ak , Bk ÿê êîåôiöi¹íòè Ôóð'¹ ôóíêöié ó

ïðàâèõ ÷àñòèíàõ ïîïåðåäíiõ ðiâíîñòåé:

Ak =

l∫
0

φ(x) sin µkx
l dx

l∫
0

sin2 µkx
l dx

:= Ãk,

Bk =
l

aµk

l∫
0

ψ(x) sin µkx
l dx

l∫
0

sin2 µkx
l dx

:= B̃k, , k = 1, 2, . . . .

Ïiäñòàâëÿþ÷è çíàéäåíi ñòàëi â ðÿä, îäåðæó¹ìî øóêàíèé ðîçâ'ÿçîê çàäà÷i

u(x, t) =
∞∑
k=1

[
Ãk cos

aµkt

l
+ B̃k sin

aµkt

l

]
sin

µkx

l
,

||Xk||2 =
l∫
0

sin2 µkx
l dx = 1

2

l∫
0

[1− cos 2µkx
l ]dx = 1

2 [l −
l

2µk
sin(2µk)] ,

tg(µk) = −µk

hl , sin(2µk) =
2tg(µk)

1+tg2(µk)
, cos(2µk) =

1−tg2(µk)
1+tg2(µk)

,

||Xk||2 = l
2

[
1− tgµk

µk(1+tg2(µk))

]
= l

2

[
1+ 1

hl(1+
µ2
k

h2l2
)

]
= l

2

[
1+ hl

h2l2+µ2
k

]
= l

2
h2l2+µ2

k+hl

h2l2+µ2
k

.

Çàäà÷à 3. Ðîçâ'ÿçàòè çàäà÷ó

utt = uxx − 5, (x, t) ∈ ΠT , (2.14)

ux(0, t)− u(0, t) = 0, ux(2, t) = t2 , t ∈ [0, T ] ,

u(x, 0) = 0 , ut(x, 0) = 0 , x ∈ (0, l) .

Êðàéîâi óìîâè íåíóëüîâi, òîìó ðîçâ'ÿçîê çàäà÷i øóêà¹ìî ó âèãëÿäi

u = u1 + u2 ,

äå u2 çàäîâîëüíÿ¹ êðàéîâi óìîâè çàäà÷i, òîáòî

(u2)x(0, t)− u2(0, t) = 0, (u2)x(2, t) = t2, t ∈ [0, T ].

Òàêó ôóíêöiþ çíàõîäèìî ó âèãëÿäi u2 = A(t)x+B(t) . Ìà¹ìî

(u2)x(0, t)− u2(0, t) = A(t)−B(t) = 0, (u2)x(2, t) = A(t) = t2 , çâiäêè
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B(t) = A(t) = t2 i òåïåð u2(x, t) = t2(x+ 1) , u = u1 + t2(x+ 1) .

Äëÿ ôóíêöi¨ u1 îäåðæó¹ìî çàäà÷ó

(u1)tt + 2(x+ 1) = (u1)xx − 5 <=> (u1)tt = (u1)xx − (2x+ 7), (x, t) ∈ ΠT ,

(2.15)

u1(x, 0) = 0 , (u1)t(x, 0) = 0 , x ∈ (0, 2) ,

u1x(0, t)− u1(0, t) = 0, u1x(2, t) = 0 , t ∈ [0, T ]

ç íóëüîâèìè êðàéîâèìè óìîâàìè. �¨ ðîçâ'ÿçîê øóêà¹ìî ó âèãëÿäi u1 = v+w ,

äå v � ðîçâ'ÿçîê çàäà÷i

vtt = vxx, x ∈ (0, 2), t > 0,

v|t=0 = 0, vt|t=0 = 0, vx(0, t)− v(0, t) = 0, vx(2, t) = 0,

à w � ðîçâ'ÿçîê çàäà÷i

wtt = wxx − (2x+ 7), x ∈ (0, 2), t > 0,

w|t=0 = 0, wt|t=0 = 0, wx(0, t)− w(0, t) = 0, wx(2, t) = 0.

Ó íàøîìó âèïàäêó (çà ¹äèíiñòþ ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i) v(x, t) ≡ 0 , òîìó

u1 = w . À çàäà÷ó äëÿ v ïîòðiáíî ðîçâ'çóâàòè òiëüêè äî ìîìåíòó çíàõî-

äæåííÿ âëàñíèõ ôóíêöié âiäïîâiäíî¨ çàäà÷i Øòóðìà-Ëióâiëÿ. Ïiäñòàâëÿþ÷è

v(x, t) = T (t)X(x) ó ðiâíÿííÿ i êðàéîâi óìîâè, îäåðæó¹ìî òàêó çàäà÷ó íà

âëàñíi çíà÷åííÿ:

X
′′
+ λX = 0, x ∈ (0, 2), X ′(0)−X(0) = 0, X ′(2) = 0.

Ðîçâ'ÿçó¹ìî ¨¨. Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

X(x) = C1 cos(
√
λx) + C2 sin(

√
λx),

äå C1, C2 � äîâiëüíi ñòàëi. Ïiäñòàâëÿ¹ìî éîãî â êðàéîâi óìîâè

X ′(0)−X(0) = C2

√
λ− C1 = 0 ,

X ′(2) =
√
λ(−C1 sin(2

√
λ) + C2 cos(

√
2λ)) = 0 ,

çâiäêè

C1 = C2

√
λ ,

√
λC2(−

√
λ sin(2

√
λ) + cos(

√
2λ)) = 0 i C2

√
λ ̸= 0 .
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Îòæå, äëÿ çíàõîäæåííÿ λ îäåðæàëè ðiâíÿííÿ

−
√
λ sin(2

√
λ) + cos(

√
2λ) = 0 <=> tg(2

√
λ) =

1√
λ
<=>

tgµ =
2

µ
(µ = 2

√
λ),

ÿêå ìà¹ äîäàòíi êîðåíi µ1, µ2, . . . , i òîäi λk = (µk

2 )
2 , k ∈ N . Âiäïîâiäíi âëàñíi

ôóíêöi¨ (ïðè C2 = 1 )

Xk(x) =
µk
2
cos

µkx

2
+ sin

µkx

2
, k ∈ N.

Ðîçâ'ÿçîê çàäà÷i äëÿ w øóêà¹ìî ó âèãëÿäi

w(x, t) =
∞∑
k=1

gk(t)Xk(x) (2.16)

ç íåâiäîìèìè gk(t) , äå Xk(x) =
µk

2 cos µkx
2 + sin µkx

2 � çíàéäåíi âëàñíi ôóíêöi¨

çàäà÷i Øòóðìà-Ëióâiëÿ. Êîæíèé ÷ëåí öüîãî ðîçâèíåííÿ çàäîâîëüíÿ¹ êðàéîâi

óìîâè çàäà÷i. Òîìó äëÿ çíàõîäæåííÿ gk(t) ïiäñòàâëÿ¹ìî (2.16) ó ðiâíÿííÿ òà

ïî÷àòêîâi óìîâè çàäà÷i äëÿ w . Îäåðæó¹ìî
∞∑
k=1

[g′′k(t) + (
µk
2
)2gk(t)]Xk(x) = −(2x+ 7),

∞∑
k=1

gk(0)Xk(x) = 0,
∞∑
k=1

g′k(0)Xk(x) = 0, x ∈ [0, l].

Çâiäñè çíàõîäèìî

g′′k(t) +
µ2k
4
gk(t) = ck(t), t ∈ [0, T ], gk(0) = 0, g′k(0) = 0, (2.17)

äå

ck(t) = −

2∫
0

(2x+ 7)Xk(x)dx

2∫
0

X2
k(x)dx

:= Dk

� êîåôiöi¹íòè ðîçâèíåííÿ Ôóð'¹ ôóíêöi¨ −(2x+7) çà ñèñòåìîþ Xk(x) . Îòæå,

gk(t) � ðîçâ'ÿçîê çàäà÷i Êîøi (2.17). Ðîçâ'ÿçó¹ìî ¨¨.

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

gk(t) = ak cos
µkt

2
+ bk sin

µkt

2
+ g̃k(t),
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äå ak, bk � äîâiëüíi ñòàëi, g̃k(t) � ÷àñòèííèé ðîçâ'ÿçîê ðiâíÿííÿ. Âií ó íàøîìó

âèïàäêó ìà¹ âèãëÿä g̃k(t) =
4Dk

µ2
k
, i òîäi

gk(t) = ak cos
µkt

2
+ bk sin

µkt

2
+

4Dk

µ2k
.

Ç ïî÷àòêîâèõ óìîâ

gk(0) = ak +
4Dk

µ2k
= 0, g′k(0) =

bkµk
2

= 0,

çâiäêè çíàõîäèìî ak = −4Dk

µ2
k
, bk = 0 , à òîäi

gk(t) = −4Dk

µ2k
cos

µkt

2
+

4Dk

µ2k
=

4Dk

µ2k
(1− cos

µkt

2
),

w(x, t) = u1(x, t) =
∞∑
k=1

gk(t)Xk(x) =

=
∞∑
k=1

4Dk

µ2k
(1− cos

µkt

2
)(
µk
2
cos

µkx

2
+ sin

µkx

2
),

u(x, t) =
∞∑
k=1

4Dk

µ2k
(1− cos

µkt

2
)(
µk
2
cos

µkx

2
+ sin

µkx

2
) + t2(x+ 1).

2.3 Ðîçâ'ÿçàííÿ ïî÷àòêîâî-êðàéîâèõ çàäà÷ äëÿ ðiâíÿí-

íÿ ïîøèðåííÿ òåïëà ó ñòåðæíi

Òàêi çàäà÷i ðîçâ'ÿçó¹ìî çà âèêëàäåíîþ âèùå ñõåìîþ. Ðiçíèöÿ áóäå â òîìó, ùî

äëÿ ôóíêöi¨ T (t) áóäå çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ ïåðøîãî ïîðÿäêó,

âiäïîâiäíî ïîòiì áóäóòü çàäà÷i Êîøi äëÿ ðiâíÿíü ïåðøîãî ïîðÿäêó

G′
k(t) + λ2kGk(t) = f1k(t), t ∈ [0, T ], Gk(0) = φk, k ∈ N (2.18)

çàìiñòü çàäà÷ (2.7).

Çàäà÷à 4. Çíàéòè òåìïåðàòóðó â ñòåðæíi ç òåïëîiçîëüîâàíîþ ái÷íîþ ïî-

âåðõíåþ áåç âíóòðiøíiõ äæåðåë òåïëà, ÿêùî âiäîìî, ùî íà ëiâîìó êiíöi ñòåð-

æíÿ òåìïåðàòóðà äîðiâíþ¹ íóëþ, à íà ïðàâîìó âiäáóâà¹òüñÿ òåïëîîáìií iç

çîâíiøíiì ñåðåäîâèùåì, òåìïåðàòóðà ÿêîãî òàêîæ íóëü.



39

Ìàòåìàòè÷íà ìîäåëü çàäà÷i:

ut = a2uxx, (x, t) ∈ ΠT , (2.19)

u(0, t) = 0, ux(l, t) + hu(l, t) = 0 , t ∈ [0, T ] ,

u(x, 0) = φ(x) , x ∈ (0, l) , h > 0 .

Öå çàäà÷à äëÿ îäíîðiäíîãî ðiâíÿííÿ ïðè îäíîðiäíèõ êðàéîâèõ óìîâàõ. Òî-

ìó ¨¨ ðîçâ'ÿçîê øóêà¹ìî ìåòîäîì âiäîêðåìëåííÿ çìiííèõ (ìåòîäîì Ôóð'¹),

òîáòî ó âèãëÿäi

u(x, t) = X(x)T (t).

Ïiäñòàâëÿþ÷è öþ ôóíêöiþ ó ðiâíÿííÿ çàäà÷i, îäåðæó¹ìî

X(x)T ′(t) = a2X ′′(x)T (t),

çâiäêè
T ′(t)

a2T (t)
=
X ′′(x)

X(x)
.

Ëiâà ÷àñòèíà îäåðæàíî¨ òîòîæíîñòi çàëåæèòü âiä x , à ïðàâà � âiä t , òîìó

ðiâíiñòü ìîæëèâà ëèøå, êîëè âèðàçè ïðàâîðó÷ òà ëiâîðó÷ ñòàëi. Îòæå,

T ′(t)

a2T (t)
=
X ′′(x)

X(x)
= −λ,

λ� ñòàëèé ïàðàìåòð. Îäåðæó¹ìî äâà çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ

X ′′(x) + λX(x) = 0, x ∈ (0, l), T ′(t) + a2λT (t) = 0, t > 0.

Iç êðàéîâèõ óìîâ

X(0)T (t) = 0 ,

X ′(l)T (t) + hX(l)T (t) = 0 <=> (X ′(l) + hX(l))T (t) = 0 , ∀t > 0 .

Çâiäñè X(0) = 0 i X ′(l)+hX(l) = 0 . Îäåðæàëè çàäà÷ó Øòóðìà-Ëióâiëëÿ

X ′′(x) + λX(x) = 0, x ∈ (0, l), X(0) = 0, X ′(l) + hX(l) = 0.

Ðîçâ'ÿçó¹ìî ¨¨. Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

X(x) = C1 cos(
√
λx) + C2 sin(

√
λx),
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äå C1, C2 � äîâiëüíi ñòàëi. Ïiäñòàâëÿ¹ìî éîãî â êðàéîâi óìîâè

X(0) = C1 = 0 , X ′(l) + hX(l) = C2

√
λ cos(

√
λ l) + hC2 sin(

√
λ l) = 0 .

Ïðè C2 = 0 îäåðæàëè á X(x) ≡ 0 , òîìó
√
λ cos(

√
λ l) + h sin(

√
λ l) = 0 <=> tg(

√
λ l) = −

√
λ
h <=>

tg(µ) = − µ
hl , äå µ =

√
λ l .

Îäåðæàíå ðiâíÿííÿ ìà¹ äîäàòíi êîðåíi µ1, µ2, . . . Çâiäñè çíàõîäèìî âëàñíi

çíà÷åííÿ çàäà÷i λk = [µk

l ]
2 i âëàñíi ôóíêöi¨ Xk(x) = sin µkx

l , k = 1, 2, . . . .

Ïiäñòàâëÿ¹ìî çíàéäåíi âëàñíi çíà÷åííÿ ó ðiâíÿííÿ äëÿ T (t) , îäåðæó¹ìî

ïîñëiäîâíiñòü ðiâíÿíü

T ′
k(t) + [

aµk
l

]2Tk(t) = 0, k = 1, 2, . . .

�õíi çàãàëüíi ðîçâ'ÿçêè

Tk(t) = Ake
−(

aµk
l )2t,

Ak � äîâiëüíi ñòàëi, k = 1, 2, . . . .

Ïðè âñiõ k = 1, 2, . . . ôóíêöi¨ uk(x, t) = Xk(x)Tk(t) çàäîâîëüíÿþòü ðiâ-

íÿííÿ i êðàéîâi óìîâè çàäà÷i. Çàïèñó¹ìî ðÿä

u(x, t) =
∞∑
k=1

uk(x, t) =
∞∑
k=1

Ake
−(

aµk
l )2t sin(

µkx

l
). (2.20)

Ïiäñòàâëÿ¹ìî éîãî â ïî÷àòêîâó óìîâó. Îäåðæó¹ìî
∞∑
k=1

Ak sin(
µkx

l
) = φ(x).

Çâiäñè çíàõîäèìî íåâiäîìi ñòàëi Ak ÿê êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ φ(x) :

Ak =

l∫
0

φ(x) sin(µkx
l )dx

l∫
0

sin2 µkx
l dx

:= Ãk, k = 1, 2, . . .

Çàóâàæèìî, ùî
l∫
0

sin2 µkx
l dx ̸= l/2 .

Ïiäñòàâëÿþ÷è çíàéäåíi ñòàëi â (2.20), îäåðæó¹ìî øóêàíèé ðîçâ'ÿçîê çàäà÷i

u(x, t) =
∞∑
k=1

Ãke
−(

aµk
l )2t sin(

µkx

l
).
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2.4 Ðîçâ'ÿçàííÿ êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü Ëàïëàñà i

Ïóàññîíà ó ïðÿìîêóòíèêó

Ðîçãëÿíåìî çàäà÷ó

uxx + uyy = f(x, y), x ∈ (0, p), y ∈ (0, q), (2.21)

A1uy(x, 0) +B1u(x, 0) = φ1(x) , A2uy(x, q) +B2u(x, q) = ψ1(x) , x ∈ (0, p) ,

a1ux(0, y) + b1u(0, y) = φ2(y), a2ux(p, y) + b2u(p, y) = ψ2(y) , y ∈ [0, q] .

Çàãàëîì çàñòîñîâó¹ìî çàãàëüíó ñõåìó, âèêîðèñòîâóþ÷è êðàéîâi óìîâè íà

ÿêèõ-íåáóäü ïàðàëåëüíèõ ñòîðîíàõ, ÿê êðàéîâi, à íà iíøèõ ïàðàëåëüíèõ ñòî-

ðîíàõ, ÿê ïî÷àòêîâi óìîâè â ìiøàíèõ çàäà÷àõ. Ïðîñòiøå ìîæíà ðîçâ'ÿçóâàòè

çàäà÷i â îêðåìèõ âèïàäêàõ.

Âèïàäîê 1. ßêùî f(x, y) ≡ 0 , òî çàäà÷ó (2.25) ìîæíà ðîçáèòè íà äâi:

u = v + w , v i w � ðîçâ'ÿçêè âiäïîâiäíî çàäà÷

uxx + uyy = 0, x ∈ (0, p), y ∈ (0, q), (2.22)

a1ux(0, y) + b1u(0, y) = 0, a2ux(p, y) + b2u(p, y) = 0 , y ∈ [0, q] .

A1uy(x, 0) +B1u(x, 0) = φ1(x) , A2uy(x, q) +B2u(x, q) = ψ1(x) , x ∈ (0, p) ,

uxx + uyy = 0, x ∈ (0, p), y ∈ (0, q), (2.23)

A1uy(x, 0) +B1u(x, 0) = 0 , A2uy(x, q) +B2u(x, q) = 0 , x ∈ (0, p) ,

a1ux(0, y) + b1u(0, y) = φ2(y), a2ux(p, y) + b2u(p, y) = ψ2(y) , y ∈ [0, q] .

Êîæíó ç öèõ çàäà÷ ðîçâ'ÿçó¹ìî ìåòîäîì Ôóð'¹. Ïðè öüîìó ó çàäà÷i (2.22)

áóäóòü âëàñíi ôóíêöi¨ Xk(x) , à ó çàäà÷i (2.23) � âëàñíi ôóíêöi¨ Yk(y) .

Âèïàäîê 2. ßêùî ìà¹ìî ðiâíÿííÿ Ïóàññîíà (f(x, y) íå äîðiâíþ¹ òîòîæíî

íóëþ) i âäà¹òüñÿ ëåãêî çíàéòè ÷àñòèííèé ðîçâ'ÿçîê u0(x, y) ðiâíÿííÿ, òî ðî-

áèìî çàìiíó u = u0 + u1 i îòðèìó¹ìî ïîïåðåäíié âèïàäîê � êðàéîâó çàäà÷ó

äëÿ ðiâíÿííÿ Ëàïëàñà. ßêùî âäà¹òüñÿ çíàéòè ðîçâ'ÿçîê u0(x, y) ðiâíÿííÿ,

ùî äîäàòêîâî çàäîâîëüíÿ¹ êðàéîâi óìîâè çàäà÷i íà ÿêèõ-íåáóäü ïàðàëåëüíèõ

ñòîðîíàõ ïðÿìîêóòíèêà, òî îòðèìó¹ìî òiëüêè îäíó ç çàäà÷ âèãëÿäó (2.22) ÷è

(2.23).
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Âèïàäîê 3. ßêùî ó çàäà÷i (2.25) äëÿ ðiâíÿííÿ Ïóàññîíà â ïðÿìîêóòíèêó ¹

íóëüîâi êðàéîâi óìîâè íà ÿêèõ-íåáóäü ïàðàëåëüíèõ ñòîðîíàõ, íàïðèêëàä, íà

îáîõ âåðòèêàëüíèõ ñòîðîíàõ, òîáòî ïðè x = 0 i x = p (φ2(y) = ψ2(y) = 0 ,

y ∈ [0, q] ), òî 1-é êðîê ó çàãàëüíié ñõåìi ïðîïóñêà¹ìî, âèêîðèñòîâóþ÷è äâi

iíøi êðàéîâi óìîâè (íà ãîðèçîíòàëüíèõ ïàðàëåëüíèõ ñòîðîíàõ ïðÿìîêóòíèêà,

òîáòî ïðè y = 0 i y = q ) ó êiíöi, ÿê ïî÷àòêîâi ó âèïàäêó ìiøàíèõ çàäà÷ äëÿ

ðiâíÿííÿ êîëèâàííÿ ñòðóíè.

Äåòàëüíiøå, øóêà¹ìî ðîçâ'ÿçîê çàäà÷i (2.25) ó âèãëÿäi

u = v + w,

vxx + vyy = 0, x ∈ (0, p), y ∈ (0, q),

a1vx(0, y) + b1v(0, y) = 0, a2vx(p, y) + b2v(p, y) = 0 , y ∈ [0, q] ,

A1vy(x, 0) +B1v(x, 0) = φ1(x) , A2vy(x, q) +B2v(x, q) = ψ1(x) , x ∈ (0, p) ,

wxx + wyy = f(x, y), x ∈ (0, p), y ∈ (0, q),

a1wx(0, y) + b1u(0, y) = 0, a2wx(p, y) + b2u(p, y) = 0 , y ∈ [0, q] .

A1wy(x, 0) +B1w(x, 0) = 0 , A2wy(x, q) +B2w(x, q) = 0 , x ∈ (0, p) ,

Çàäà÷ó äëÿ v ðîçâ'ÿçó¹ìî ìåòîäîì Ôóð'¹:

v(x, y) = X(x)Y (y) ,

X
′′
(x)

X(x) = −Y
′′
(x)

Y (x) = −λ2 ,

a1X
′(0)Y (y) + b1X(0)Y (y) = 0 , a2X ′(p)Y (y) + b2X(p)Y (y) = 0 .

Çâiäñè îäåðæó¹ìî çàäà÷ó Øòóðìà-Ëióâiëëÿ

X
′′
+ λ2X = 0, x ∈ (0, p), a1X

′(0) + b1X(0) = 0, a2X
′(p) + b2X(p) = 0.

Äàëi

w(x, y) =
∞∑
k=1

Gk(y)Xk(x)

ç íåâiäîìèìè Gk(y) , äå Xk(x) � çíàéäåíi âëàñíi ôóíêöi¨ çàäà÷i Øòóðìà-

Ëióâiëÿ. Äàëi çà ñõåìîþ îäåðæó¹ìî (óæå êðàéîâó) çàäà÷ó äëÿ Gk(y) :

G′′
k(y)− λ2kGk(y) = fk(y), y ∈ (0, q), (2.24)
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A1G
′
k(0) +B1Gk(0) = 0, A2G

′
k(q) +B2Gk(q) = 0,

äå fk(y) =

l∫
0

f(ξ,y)Xk(ξ)dξ

l∫
0

X2
k(ξ)dξ

� êîåôiöi¹íòè ðîçâèíåííÿ Ôóð'¹ ôóíêöi¨ f(x, y) çà

ñèñòåìîþ Xk(x) äëÿ êîæíîãî y ∈ [0, q] .

ßêùî ó çàäà÷i (2.25) íà äâîõ ãîðèçîíòàëüíèõ ñòîðîíàõ ¹ íóëi, òîáòî ìà¹ìî

çàäà÷ó

uxx + uyy = f(x, y), x ∈ (0, p), y ∈ (0, q), (2.25)

A1uy(x, 0) +B1u(x, 0) = 0 , A2uy(x, q) +B2u(x, q) = 0 , x ∈ (0, p) ,

a1ux(0, y) + b1u(0, y) = φ2(y), a2ux(p, y) + b2u(p, y) = ψ2(y) , y ∈ [0, q] .

òî òàêîæ 1-é êðîê ó çàãàëüíié ñõåìi ïðîïóñêà¹ìî. Øóêà¹ìî

u = v + w,

vxx + vyy = 0, x ∈ (0, p), y ∈ [0, q],

A1vy(x, 0) +B1v(x, 0) = 0 , A2vy(x, q) +B2v(x, q) = 0 , x ∈ (0, p) ,

a1vx(0, y) + b1v(0, y) = φ2(y), a2vx(p, y) + b2v(p, y) = ψ2(y) , y ∈ [0, q] ,

wxx + wyy = f(x, y), x ∈ (0, p), y ∈ [0, q],

A1wy(x, 0) +B1w(x, 0) = 0 , A2wy(x, q) +B2w(x, q) = 0 , x ∈ (0, p) ,

a1wx(0, y) + b1w(0, y) = 0, a2wx(p, y) + b2w(p, y) = 0 , y ∈ [0, q] .

Òóò áóäå çàäà÷à Øòóðìà-Ëióâiëÿ

Y ′′ + λ2Y = 0, y ∈ (0, q), A1Y
′(0) +B1Y (0) = 0, A2Y

′(q) +B2Y (q) = 0.

Äàëi

w(x, y) =
∞∑
k=1

Gk(x)Yk(y)

ç íåâiäîìèìè Gk(x) , äå Yk(y) � çíàéäåíi âëàñíi ôóíêöi¨ çàäà÷i Øòóðìà-

Ëióâiëÿ, i çà ñõåìîþ îäåðæó¹ìî çàäà÷ó äëÿ Gk(x) :

G′′
k(x)− λ2kGk(x) = fk(x), x ∈ (0, p),

a1G
′
k(0) + b1Gk(0) = 0, a2G

′
k(q) + b2Gk(q) = 0,
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äå fk(x) =

q∫
0

f(x,y)Yk(y)dy

q∫
0

Y 2
k (y)dy

� êîåôiöi¹íòè ðîçâèíåííÿ Ôóð'¹ ôóíêöi¨ f(x, y) çà

ñèñòåìîþ Yk(y) äëÿ êîæíîãî x ∈ (0, p) .

Çàäà÷à 5.

uxx + uyy = −2, x ∈ (0, a), y ∈ (−b
2
,
b

2
), (2.26)

u(0, y) = 0, u(a, y) = 0 , u(x,− b
2) = 0, u(x, b2) = 0 .

Çàñòîñó¹ìî âèïàäîê 2. Ïîäà¹ìî u(x, y) = u0(x) + u1(x, y) , äå u0(x) � ÷à-

ñòèííèé ðîçâ'ÿçîê ðiâíÿííÿ, ùî çàäîâîëüíÿ¹ ïåðøi äâi êðàéîâi óìîâè:

u
′′

0 = −2, u0(0) = 0, u0(a) = 0.

Çíàõîäèìî

u0(x) = −x2+C1x+C2 , u0(0) = C2 = 0 , u0(a) = −a2+C1a = 0 , C1 = a .

Îòæå, u0(x) = −x2 + ax i äëÿ u1 îòðèìó¹ìî çàäà÷ó

(u1)xx + (u2)yy = 0, x ∈ (0, a), y ∈ (−b
2
,
b

2
),

u1(0, y) = 0, u1(a, y) = 0 , u1(x,− b
2) = x2 − ax, u1(x,

b
2) = x2 − ax ,

ÿêó ðîçâ'ÿçó¹ìî ìåòîäîì Ôóð'¹: u1(x, y) = X(x)Y (y) .

Çàäà÷à 6.

uxx + uyy = 2xy, x ∈ (0, a), y ∈ (−b
2
,
b

2
), (2.27)

u(0, y) = 0, u(a, y) = 0 , u(x,− b
2) = 0, u(x, b2) = 0 .

Ðiâíÿííÿ íåîäíîðiäíå, àëå íà äâîõ ïàðàëåëüíèõ ñòîðîíàõ ïðÿìîêóòíèêà

êðàéîâi óìîâè îäíîðiäíi (òóò íàâiòü íà îáîõ ïàðàëåëüíèõ ñòîðîíàõ êðàéîâi

óìîâè îäíîðiäíi i ìîæíà ñïî÷àòêó áðàòè àáî ïåðøi äâi óìîâè, àáî äâi îñòàííi

äëÿ îäåðæàííÿ çàäà÷i Øòóðìà-Ëióâiëëÿ). Øóêà¹ìî ðîçâ'ÿçîê ó âèãëÿäi

u(x, y) =
∞∑
k=1

Xk(x)gk(y),
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äå Xk(x) � âëàñíi ôóíêöi¨ çàäà÷i Øòóðìà-Ëióâiëëÿ, ÿêó îäåðæó¹ìî,

ðîçâ'ÿçóþ÷è çàäà÷ó

vxx + vyy = 0, x ∈ (0, a), y ∈ (−b
2
,
b

2
),

v(0, y) = 0, v(a, y) = 0, v(x,−b
2
) = 0, v(x,

b

2
) = 0.

Ìà¹ìî

v(x, y) = X(x)Y (y) , X
′′
(x)

X(x) = −Y
′′
(x)

Y (x) = −λ , X(0)Y (y) = 0 , X(a)Y (y) = 0 .

Çâiäñè îäåðæó¹ìî çàäà÷ó Øòóðìà-Ëióâiëëÿ

X
′′
+ λX = 0, x ∈ (0, a), X(0) = 0, X(a) = 0.

Çíàõîäèìî λk = [kπa ]
2 , Xk(x) = sin(kπxa ) , k = 1, 2, . . . .

Äàëi çàäà÷ó äëÿ v(x, y) íå òðåáà ðîçâ'ÿçóâàòè, à øóêà¹ìî ðîçâ'ÿçîê çàäà÷i

(2.27) ó âèãëÿäi

u(x, y) =
∞∑
k=1

gk(y) sin(
kπx

a
)

ç íåâiäîìèìè ôóíêöiÿìè gk(y) . Ïiäñòàâëÿþ÷è ðÿä ó ðiâíÿííÿ i îñòàííi (ùå

íå âèêîðèñòàíi) äâi óìîâè çàäà÷i (2.27), îäåðæó¹ìî

−
∞∑
k=1

(
kπ

a
)2gk(y) sin(

kπx

a
) +

∞∑
k=1

g
′′

k(y) sin(
kπx

a
) = 2xy,

<=>
∞∑
k=1

[
g

′′

k(y)− (
kπ

a
)2gk(y)

]
sin(

kπx

a
) = 2xy,

òàêîæ
∞∑
k=1

gk(− b
2) sin(

kπx
a ) = 0 ,

∞∑
k=1

gk(
b
2) sin(

kπx
a ) = 0 .

Îäåðæó¹ìî ïîñëiäîâíiñòü êðàéîâèõ çàäà÷

g
′′

k − (
kπ

a
)2gk =Mk(y), y ∈ (−b

2
,
b

2
), gk(−

b

2
) = 0, gk(

b

2
) = 0, k = 1, 2, . . .

Mk(y) =
2
a

a∫
0

(2xy) sin(kπxa )dx = − 8y
akπ

[
x cos(kπxa )|a0 −

a∫
0

cos(kπxa )dx
]
=

= −(−1)k 8y
kπ , Mk(y) = Nky , äå Nk = (−1)k+1 8

kπ , k = 1, 2, . . .

Õàðàêòåðèñòè÷íå ðiâíÿííÿ

p2 − (kπa )
2 = 0
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ìà¹ ðîçâ'ÿçêè p1 =
kπ
a , p2 = −kπ

a .

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ

g
′′

k − (kπa )
2gk = Nk y

ìà¹ âèãëÿä

gk(y) = Akch(
kπy
a ) +Bksh(

kπy
a ) + g̃k(y) ,

äå Ak , Bk � äîâiëüíi ñòàëi, à ÷àñòèííèé ðîçâ'ÿçîê g̃k(y) ëiíiéíîãî íåîäíî-

ðiäíîãî ðiâíÿííÿ çíàõîäèìî çà ìåòîäîì íåîçíà÷åíèõ êîåôiöi¹íòiâ ó âèãëÿäi

g̃k(y) = Cky + Dk . Ïiäñòàâëÿþ÷è éîãî ó ðiâíÿííÿ, çíàõîäèìî íåâiäîìi ñòàëi

Ck, Dk : Ck =
a2Nk

k2π2 , Dk = 0 . Òîäi

gk(y) = Akch
kπy
a +Bksh (

kπy
a ) + a2Nk

k2π2 y .

Äëÿ çíàõîäæåííÿ ñòàëèõ Ak, Bk âèêîðèñòîâó¹ìî êðàéîâi óìîâè

gk(− b
2) = 0, gk(

b
2) = 0, k = 1, 2, . . .

Ìà¹ìî

Akch (
kπb
2a )−Bksh (

kπb
2a )−

a2bNk

2k2π2 = 0 ,

Ak ch(
kπb
2a ) +Bksh (

kπb
2a ) +

a2bNk

2k2π2 = 0 .

Çâiäñè çíàõîäèìî Ak, Bk : Ak = 0 , Bk = − a2bNk

2k2π2sh (kπb2a )
,

u(x, y) =
∞∑
k=1

8a2(−1)k

k3π3

[
bsh(kπya )

2sh (kπba )
− y

]
sin(kπxa ) .

Çàäà÷à 7.

uxx + uyy = 2xy, x ∈ (0, a), y ∈ (−b
2
,
b

2
), (2.28)

u(0, y) = y, u(a, y) = 0 , u(x,− b
2) = 0, u(x, b2) = 10 .

Òóò íà îáîõ ïàðàëåëüíèõ ñòîðîíàõ ¹ íåíóëüîâi êðàéîâi óìîâè. Òîìó ñïî÷à-

òêó çâåäåìî çàäà÷ó äî çàäà÷i ç íóëüîâèìè êðàéîâèìè óìîâàìè íà âåðòèêàëü-

íèõ ñòîðîíàõ. Íåõàé u = u1 + u2 i u2 âèáèðà¹ìî òàê, ùîá

u2(0, y) = y, u2(a, y) = 0 .

Øóêà¹ìî ¨¨ ó âèãëÿäi

u2(x, y) = A(y)x+B(y) .

Òîäi B(y) = y , A(y)a+ y = 0 <=> A(y) = −y
a , u2(x, y) = y(1− x

a) ,
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u = u1 + y(1− x
a)

i äëÿ u1 ìàòèìåìî çàäà÷ó

(u1)xx + (u1)yy = 2xy, x ∈ (0, a), y ∈ (−b
2
,
b

2
), (2.29)

u1(0, y) = 0, u1(a, y) = 0 ,

u1(x,− b
2) =

b
2(1−

x
a), u1(x,

b
2) = 10− b

2(1−
x
a) ,

ÿêó ðîçâ'ÿçó¹ìî, ÿê çàäà÷ó 6.

Çàäà÷à 8.

uxx + uyy = 0, x ∈ (0, a), y ∈ (−b
2
,
b

2
), (2.30)

u(0, y) = y, u(a, y) = 0 , u(x,− b
2) = 0, u(x, b2) = 10 .

Öþ çàäà÷ó ìîæíà ðîçâ'ÿçóâàòè, ÿê ïîïåðåäíþ, àáî çãiäíî ç âèïàäêîì 1,

ðîçáèòè íà äâi ç íóëüîâèìè êðàéîâèìè óìîâàìè íà ïàðàëåëüíèõ ñòîðîíàõ:

u = v + w ,

vxx + vyy = 0, x ∈ (0, a), y ∈ (−b
2
,
b

2
),

v(0, y) = 0, v(a, y) = 0 , v(x,− b
2) = 0, v(x, b2) = 10 ,

wxx + wyy = 0, x ∈ (0, a), y ∈ (−b
2
,
b

2
),

w(0, y) = y, w(a, y) = 0 , w(x,− b
2) = 0, w(x, b2) = 0 ,

øóêàþ÷è ðîçâ'ÿçîê êîæíî¨ ìåòîäîì Ôóð'¹ (ó âèãëÿäi äîáóòêó X(x)Y (y) ).

2.5 Ðîçâ'ÿçàííÿ êðàéîâèõ çàäà÷ äëÿ ðiâíÿíü Ëàïëàñà i

Ïóàññîíà ó êðóãîâèõ îáëàñòÿõ

1. Ðîçâ'ÿçîê çàäà÷i Äiðiõëå â êðóçi

Çàïèøåìî îïåðàòîð Ëàïëàñà â ïîëÿðíèõ êîîðäèíàòàõ{
x1 = r cosφ,
x2 = r sinφ,

: ∆u =
∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
.
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Ñôîðìóëþ¹ìî çàäà÷ó Äiðiõëå: çíàéòè ãàðìîíi÷íó ôóíêöiþ

u = u(r, φ) , 0 ≤ r < r0 , 0 ≤ φ ≤ 2π , òîáòî äâi÷i íåïåðåðâíî äèôåðåíöiéîâ-

íèé ðîçâ'ÿçîê ðiâíÿííÿ

∂2u

∂r2
+

1

r

∂u

∂r
+

1

r2
∂2u

∂φ2
= 0

â êðóçi r < r0 , ÿêèé íåïåðåðâíèé íà êîëi r = r0 òà çàäîâîëüíÿ¹ êðàéîâó

óìîâó

u(r0, θ) = f(θ), θ ∈ [0, 2π],

(f � çàäàíà íåïåðåðâíà ôóíêöiÿ).

Øóêàòèìåìî ðîçâ'ÿçîê çàäà÷i ó âèãëÿäi

u = R(r)Φ(φ).

Ïiäñòàâëÿþ÷è éîãî ó ðiâíÿííÿ òà âiäîêðåìëþþ÷è çìiííi, îäåðæó¹ìî äâà çâè-

÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ

Φ′′ + λΦ = 0, r2R′′ + rR′ − λR = 0.

Îñêiëüêè u(r, φ+ 2π) = u(r, φ) , òî

Φ(φ+ 2π) = Φ(φ).

Öÿ óìîâà (óìîâà ïåðiîäè÷íîñòi) äëÿ ðîçâ'ÿçêiâ ðiâíÿííÿ çàáåçïå÷ó¹òüñÿ òiëü-

êè ïðè λ = n2 , n = 0, 1, 2, . . . . Ïðè öüîìó

Φn(φ) = an cosnφ+ bn sinnφ.

Ïiäñòàâëÿ¹ìî çíà÷åííÿ λ ó ðiâíÿííÿ äëÿ R(r) , îäåðæó¹ìî

r2R′′
n + rR′

n − n2Rn = 0.

Ðîçâ'ÿçêè öèõ ðiâíÿíü

Rn(r) = cnr
n + dnr

−n, n = 1, 2, . . . , R0(r) = c0 + d0 ln r.

Îñêiëüêè ãàðìîíi÷íà ôóíêöiÿ îáìåæåíà â êðóçi, à îòæå i â éîãî öåíòði

(ïðè r = 0 ), òî é Rn(r) ïîâèííi áóòè îáìåæåíèìè, çîêðåìà, ïðè r = 0 .

Òîìó dn = 0 , n = 0, 1.2, . . . . Òåïåð ìà¹ìî

u0 = c0, un = Rn(r)Φn(φ) = cnr
n(an cosnφ+ bn sinnφ), n = 1, 2, . . . .
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Ðîçãëÿíåìî

u(r, φ) =
A0

2
+

∞∑
n=1

rn(An cosnφ+Bn sinnφ). (2.31)

Ïðèïóñòèìî, ùî ðîçâèíåííÿ (2.31) ðiâíîìiðíî çáiãà¹òüñÿ ïðè r ≤ r0 . Çà-

äîâîëüíÿþ÷è êðàéîâó óìîâó çàäà÷i, îäåðæó¹ìî

f(θ) =
A0

2
+

∞∑
n=1

rn0 (An cosnθ +Bn sinnθ).

Çâiäñè çíàõîäèìî

A0 =
1

π

2π∫
0

f(θ) dθ, An =
1

πrn0

2π∫
0

f(θ) cosnθ dθ, Bn =
1

πrn0

2π∫
0

f(θ) sinnθ dθ.

Ðîçâèíåííÿ (2.31) ìàæîðó¹òüñÿ ðîçâèíåííÿì

|A0|
2

+
∞∑
n=1

(|rn0An|+ |rn0Bn|),

ÿêå çáiãà¹òüñÿ, ÿêùî ôóíêöiÿ f äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà (òîäi

rn0An = O( 1
n2 ) , r

n
0Bn = O( 1

n2 ) ). Îòæå, äëÿ òàêî¨ f ðîçâèíåííÿ (2.31) ¹

ðiâíîìiðíî çáiæíèì.

Ïîñëiäîâíîñòi {rn0An} òà {rn0Bn} îáìåæåíi, òîìó ðîçâèíåííÿ (2.31)

ìàæîðó¹òüñÿ ðîçâèíåííÿì
M

2
+M

∞∑
n=1

ϱn,

çáiæíèì ïðè ϱ = r
r0
< 1 i éîãî ìîæíà äèôåðåíöiþâàòè ïî÷ëåííî. Îñêiëüêè

êîæíèé äîäàíîê öüîãî ðîçâèíåííÿ çàäîâîëüíÿ¹ ðiâíÿííÿ Ëàïëàñà, òî é ñóìà

(ôóíêöiÿ u(r, φ) ) çàäîâîëüíÿ¹ ðiâíÿííÿ Ëàïëàñà âcþäè âñåðåäèíi êðóãà.

Ìè äîâåëè, ùî ðîçâèíåííÿ (2.31) ñïðàâäi ¹ ðîçâ'ÿçêîì çàäà÷i Äiðiõëå, ÿêùî

ôóíêöiÿ f äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà. Ìîæíà äîâåñòè, ùî (2.31) ¹

òàêîæ ðîçâ'ÿçêîì öi¹¨ çàäà÷i ïðè äîâiëüíié òiëüêè íåïåðåðâíié f .

Íåõàé fm � ïîñëiäîâíiñòü äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié, ÿêà

ðiâíîìiðíî çáiãà¹òüñÿ äî f , um � ðîçâ'ÿçîê çàäà÷i Äiðiõëå ïðè êðàéîâèõ äà-

íèõ fm . Çà íàñëiäêîì iç ïðèíöèïó ìàêñèìóìó iç ðiâíîìiðíî¨ çáiæíîñòi ïîñëi-

äîâíîñòi fm âèïëèâà¹ ðiâíîìiðíà çáiæíiñòü ó êðóçi r ≤ r0 ïîñëiäîâíîñòi um
äî íåïåðåðâíî¨ ôóíêöi¨ u . Çà ïîáóäîâîþ u|r=r0 = f . Äîâåäåìî, ùî ôóíêöiþ



50

u ïðè r < r0 ìîæíà ïîäàòè ó âèãëÿäi ðîçâèíåííÿ (2.31) iç òèìè ñàìèìè

êîåôiöi¹íòàìè.

Ìà¹ìî

um(r, φ) =
A

(m)
0

2
+

∞∑
n=1

rn(A(m)
n cosnφ+B(m)

n sinnφ).

Êîåôiöi¹íòè A
(m)
n òà B

(m)
n âèðàæàþòüñÿ ÷åðåç fm òàê ñàìî, ÿê An òà Bn

÷åðåç f , òîìó äëÿ äîâiëüíîãî ε > 0 ïðè äîñèòü âåëèêèõ m |A(m)
n −An| < ε

i |B(m)
n −Bn| < ε . Çâiäñè

|A0

2
+

∞∑
n=1

rn(An cosnφ+Bn sinnφ)− um|

= |A0 − A
(m)
0

2
+

∞∑
n=1

rn[(An − A(m)
n ) cosnφ+ (Bn −B(m)

n ) sinnφ]|

≤ 2ε
∞∑
n=0

ϱn =
2ε

1− ϱ
.

Ïåðåòâîðèìî ðîçâèíåííÿ (2.31), ïiäñòàâëÿþ÷è âèðàçè äëÿ êîåôiöi¹íòiâ An

òà Bn . Îäåðæó¹ìî

u(r, φ) =
1

2π

2π∫
0

f(θ) dθ +
1

π

∞∑
n=1

(
r

r0
)n[

2π∫
0

f(θ) cosnθ dθ cosnφ+

+

2π∫
0

f(θ) sinnθ dθ sinnφ] =

=
1

2π

2π∫
0

f(θ) dθ +
1

π

∞∑
n=1

(
r

r0
)n

2π∫
0

f(θ) cosn(θ − φ) dθ =

=
1

2π

2π∫
0

f(θ)[1 + 2
∞∑
n=1

(
r

r0
)n cosn(θ − φ)] dθ.

Ïåðåòâîðèìî âèðàç ó äóæêàõ

1 + 2
∞∑
n=1

ϱn cosnψ = −1 + 2
∞∑
n=0

ϱn cosnψ = −1 + 2ℜe
∞∑
n=0

ϱneinψ =



51

= −1 + 2ℜe 1

1− ϱeiψ
=

1− ϱ2

1 + ϱ2 − 2ϱ cosψ
.

Îòæå,

u(r, φ) =
1

2π

2π∫
0

f(θ)
1− ( rr0 )

2

1 + ( rr0 )
2 − 2 r

r0
cos(θ − φ)

dθ,

òîáòî

u(r, φ) =
1

2π

2π∫
0

f(θ)
r20 − r2

r20 + r2 − 2rr0 cos(θ − φ)
dθ. (2.32)

Ôîðìóëà (2.32) íàçèâà¹òüñÿ iíòåãðàëîì Ïóàññîíà äëÿ êðóãà.

2. Ïðèêëàäè

Ïðèìiòêà. ×àñòèííèé ðîçâ'ÿçîê ðiâíÿííÿ

urr +
1

r
ur +

1

r2
uφφ = Arm cos(kφ)

ìîæíà çíàéòè ó âèãëÿäi

u = Brm+2 cos(kφ),

à ðiâíÿííÿ

urr +
1

r
ur +

1

r2
uφφ = Arm sin(kφ)

� ó âèãëÿäi

u = Brm+2 sin(kφ).

Çàäà÷à 9.

urr +
1

r
ur +

1

r2
uφφ = −4, 0 ≤ r < R, (2.33)

u(R,φ) = 0, −π ≤ φ ≤ π .

Øóêà¹ìî ðîçâ'ÿçîê ó âèãëÿäi

u = v + w,

äå w � ÷àñòèííèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ Ïóàññîíà. Çãiäíî ç ïðèìiòêîþ,

w(r, φ) = Br2 . Äëÿ çíàõîäæåííÿ ÷èñëà B ïiäñòàâëÿ¹ìî öþ ôóíêöiþ ó ðiâ-

íÿííÿ: 2B + 2B = −4 , B = −1 .

Òåïåð w = −r2 , u = v − r2 i äëÿ v îäåðæó¹ìî çàäà÷ó

vrr +
1

r
vr +

1

r2
vφφ = 0, 0 ≤ r < R,
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v(R,φ) = 0 +R2, −π ≤ φ ≤ π.

Çà ïðèíöèïîì ìàêñèìóìó v(r, φ) = R2 , i òîäi u(r, φ) = R2 − r2 , 0 ≤ r ≤ R .

Çàäà÷à 10.

urr +
1

r
ur +

1

r2
uφφ = −4, 0 ≤ r < R, (2.34)

u(R,φ) = 2 cosφ− 1, −π ≤ φ ≤ π .

Âèêîðèñòîâó¹ìî ïîïåðåäíþ çàäà÷ó: u = v − r2 i äëÿ v îäåðæó¹ìî çàäà÷ó

vrr +
1

r
vr +

1

r2
vφφ = 0, 0 ≤ r < R,

v(R,φ) = 2 cosφ− 1 +R2, −π ≤ φ ≤ π.

�¨ ðîçâ'ÿçîê ìà¹ âèãëÿä (2.31)

v(r, φ) = A0 +
∞∑
k=1

rk
(
Ak cos(kφ) +Bk sin(kφ)

)
.

Ùîá çíàéòè íåâiäîìi ñòàëi Ak, Bk , âèêîðèñòîâó¹ìî êðàéîâó óìîâó:

v(R,φ) ≡ A0 +
∞∑
k=1

Rk
(
Ak cos(kφ) +Bk sin(kφ)

)
= 2 cosφ− 1 +R2.

Çàëèøèëîñü ïðèðiâíÿòè êîåôiöi¹íòè Ôóð'¹ äâîõ ðîçâèíåíü çà ñèñòåìîþ

1, cos(kφ), sin(kφ) (k = 1, 2, . . . ):

A0 = R2 − 1, RA1 = 2, RkAk = 0, k = 2, 3, . . . , RkBk = 0, k = 1, 2, . . . ,

çâiäêè A1 = 2R−1, Ak = 0, k = 2, 3, . . . , Bk = 0, k = 1, 2, . . .

Îäåðæàëè

v(r, φ) = R2 − 1 +
2r

R
cos(φ), u(r, φ) = R2 − 1 +

2r

R
cos(φ)− r2.

2.6 Ðàäiàëüíi êîëèâàííÿ êðóãëî¨ ìåìáðàíè

Ðîçãëÿíåìî çàäà÷ó

utt = urr +
1

r
ur +

1

r2
uφφ, r ∈ (0, r0), t > 0,

|u(0, t)| < +∞, u(r0, t) = 0, t > 0,
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u(r, 0) = φ(r), ut(r, 0) = ψ(r), r ∈ [0, r0].

Òîìó ùî äàíi çàäà÷i íå çàëåæàòü âiä φ ìàòèìåìî uφφ = 0 i ðiâíÿííÿ

utt = urr +
1

r
ur, r ∈ (0, r0), t > 0.

Øóêà¹ìî ðîçâ'ÿçîê çàäà÷i ó âèãëÿäi u(r, t) = T (t)R(r) . Îäåðæó¹ìî

T
′′
(t)R(r) = T (t)[R

′′
(r) +

1

r
R′(r)],

T
′′
(t)

T (t)
=
R

′′
(r) + 1

rR
′(r)

R(r)
= −λ,

T
′′
+ λT = 0, t > 0,

R
′′
(r) +

1

r
R′(r) + λR(r) = 0 <=> r2R

′′
+ rR′ + λr2R = 0, r ∈ (0, r0),

à ç êðàéîâî¨ óìîâè i óìîâè ðåãóëÿðíîñòi

R(r0) = 0, |R(0)| < +∞.

Çàìiíîþ r
√
λ = x , R(r) = X(x) (òîäi R′(r) = X ′(x)

√
λ , R

′′
(r) = X

′′
(x)λ )

çâîäèìî ðiâíÿííÿ äëÿ ôóíêöi¨ R(r) äî òàêîãî

x2X
′′
+ xX ′ + x2X = 0. (2.35)

Öå îêðåìèé âèïàäîê ðiâíÿííÿ Áåññåëÿ

x2X
′′
+ xX ′ + (x2 − ν2)X = 0

(ν = 0 ). Øóêàþ÷è ðîçâ'ÿçîê ðiâíÿííÿ Áåññåëÿ ó âèãëÿäi óçàãàëüíåíîãî ñòå-

ïåíåâîãî ðÿäó X(x) =
∞∑
k=0

ckx
k+σ , çíàõîäÿòü éîãî çàãàëüíèé ðîçâ'ÿçîê

X(x) = C1Jν(x) + C2J−ν(x),

ÿêùî ν � íåöiëå,

X(x) = C1Jn(x) + C2Yn(x), n ∈ Z+,

äå Jν(x) =
∞∑
k=0

(−1)k

k!Γ(ν+k+1)(
x
2)

2k+ν i J−ν(x) � ôóíêöi¨ Áåññåëÿ 1-ãî ðîäó ïîðÿä-

êó ν i âiäïîâiäíî, Yn(x) = lim
ν→n

Jν(x)(−1)ν−J−ν(x)
sin(νπ) � ôóíêöiÿ Áåññåëÿ 2-ãî ðîäó

ïîðÿäêó n (Jν(x)(−1)ν = J−ν(x) ïðè ν = n ).
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Òåïåð ìà¹ìî

R(r) = C1Jn(r
√
λ) + C2Yn(r

√
λ),

à âðàõîâóþ÷è, ùî Yn(0) = ∞ ,

R(r) = C1J0(r
√
λ).

Ïiäñòàâëÿþ÷è ¨¨ â êðàéîâó óìîâó, îäåðæó¹ìî J0(r0
√
λ) = 0 .

Âiäîìî, ùî:

iñíó¹ çëi÷åííà ìíîæèíà íóëiâ J0 : J0(µm) = 0 , m ∈ N , çâiäêè

λm = (µm

r0
)2 , Rm(r) = J0(

µmr
r0

), m ∈ N

� âëàñíi çíà÷åííÿ i âëàñíi ôóíêöi¨ çàäà÷i Øòóðìà-Ëióâiëÿ

r2R
′′
+ rR′ + λr2R = 0, r ∈ (0, r0), R(r0) = 0, |R(0)| < +∞ ,

äîâiëüíó êóñêîâî-íåïåðåðâíó ôóíêöiþ f(r) , ÿêà çàäîâîëüíÿ¹ óìîâè öi¹¨ çàäà-

÷i Øòóðìà-Ëióâiëÿ ìîæíà ðîçêëàñòè â ðiâíîìiðíî çáiæíèé ðÿä çà ôóíêöiÿìè

Jν(
µmr
r0

) , m ∈ N äëÿ êîæíîãî ôiêñîâàíîãî ν , îðòîãîíàëüíèìè ç âàãîþ r :

f(r) =
∞∑
m=1

cmJν(
µmr

r0
),

cm =
2

r0Jν+1(µm)

r0∫
0

rf(r)Jν(
µmr

r0
)dr.

Äàëi çàäà÷à ðîçâ'ÿçó¹òüñÿ âiäîìèì ñïîñîáîì:

T
′′

m + (
µm
r0

)2Tm = 0,

Tm(t) = Am cos(
µmt

r0
) +Bm sin(

µmt

r0
),

u(r, t) =
∞∑
m=1

[Am cos(
µmt

r0
) +Bm sin(

µmt

r0
)]J0(

µmr

r0
).

Äëÿ çíàõîäæåííÿ Am, Bm âèêîðèñòîâó¹ìî ïî÷àòêîâi óìîâè:

∞∑
m=1

Am J0(
µmr

r0
) = φ(r),

∞∑
m=1

Bm
µm
r0

J0(
µmr

r0
) = ψ(r),
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çâiäêè

Am =
2

r0Jν+1(µm)

r0∫
0

rφ(r)Jν(
µmr

r0
)dr,

Bm =
2

µm Jν+1(µm)

r0∫
0

rψ(r)Jν(
µmr

r0
)dr, m ∈ N.

2.7 Çàâäàííÿ íà âèêîðèñòàííÿ ìåòîäó ðÿäiâ Ôóð'¹

Iíäèâiäóàëüíå çàâäàííÿ 1.

1) utt = a2uxx, x ∈ (0, l) ,

u(0, t) = A, u(l, t) = B, u(x, 0) = sin(3x/l), ut(x, 0) = 10 ;

2) ut = a2uxx, x ∈ (0, l) ,

ux(0, t) = At2, u(l, t) = 0, u(x, 0) = 0 ;

3) ∆u = 0, r > 2, ur=2 = φ(θ) .

Iíäèâiäóàëüíå çàâäàííÿ 2.

1) utt = a2uxx + A, x ∈ (0, l) ,

u(0, t) = 0, u(l, t) = B, u(x, 0) = sin(x/l), ut(x, 0) = 10 ;

2) ut = a2uxx, x ∈ (0, l) ,

u(0, t) = At2, u(l, t) = 0, u(x, 0) = 0 ;

3) ∆u = 0, r < 3, ur=3 = φ(θ) .

Iíäèâiäóàëüíå çàâäàííÿ 3.

1) utt = a2uxx, x ∈ (0, l) ,

ux(0, t) = A, u(l, t) = B, u(x, 0) = cos(3x/2l), ut(x, 0) = 10 ;

2) ut = a2uxx, x ∈ (0, l) ,

u(0, t) = At, u(l, t) = 0, u(x, 0) = 0 ;

3) ∆u = 0, r > 4, ur=4 = φ(θ) .

Iíäèâiäóàëüíå çàâäàííÿ 4.

1) utt = uxx + At, x ∈ (0, l) ,

u(0, t) = 0, u(l, t) = 0, u(x, 0) = sin(x/l), ut(x, 0) = 10 ;

2) ut = uxx, x ∈ (0, l) ,
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u(0, t) = A, ux(l, t) = 0, u(x, 0) = sin(x/2l) ;

3) ∆u = 0, r < 2, ur=2 = sin(x) .

Iíäèâiäóàëüíå çàâäàííÿ 5.

1) utt = uxx + A sin t, x ∈ (0, l) ,

ux(0, t) = 0, u(l, t) = 0, u(x, 0) = cos(x/2l), ut(x, 0) = 10 ;

2) ut = uxx, x ∈ (0, l) ,

u(0, t) = 0, ux(l, t) = A, u(x, 0) = 2 sin(x/2l) ;

3) ∆u = 0, r < 20, ur=20 = sin(3x) .

Iíäèâiäóàëüíå çàâäàííÿ 6.

1) utt = uxx + t2, x ∈ (0, l) ,

u(0, t) = 0, u(l, t) = 0, u(x, 0) = sin(5x/l), ut(x, 0) = 0 ;

2) ut = uxx, x ∈ (0, l) ,

u(0, t) = 0, ux(l, t) = 10, u(x, 0) = 5 sin(x/2l) ;

3) ∆u = 0, r < 3, ur=3 = sin(3x) .

Iíäèâiäóàëüíå çàâäàííÿ 7.

1) utt = uxx + sin(x/l), x ∈ (0, l) ,

u(0, t) = 0, u(l, t) = 0, u(x, 0) = sin(2x/l), ut(x, 0) = 0 ;

2) ut = uxx, x ∈ (0, l) ,

u(0, t) = 10, ux(l, t) = t, u(x, 0) = sin(x/2l) ;

3) ∆u = 0, r < 5, ur=5 = 2 sin(x) + cos(x) .

Iíäèâiäóàëüíå çàâäàííÿ 8.

1) utt = uxx, x ∈ (0, l) ,

u(0, t) = 2t, u(l, t) = 0, u(x, 0) = sin(5x/l), ut(x, 0) = 0 ;

2) ut = uxx − 3t, x ∈ (0, l) ,

u(0, t) = A, ux(l, t) = 0, u(x, 0) = sin(x/2l) ;

3) ∆u = 0, r > 2, ur=2 = 2 sin(2x) .

Iíäèâiäóàëüíå çàâäàííÿ 9.

1) utt = uxx, x ∈ (0, l) ,

u(0, t) = 0, u(l, t) = t+ 1, u(x, 0) = 0, ut(x, 0) = sin(x/l) ;

2) ut = uxx + x, x ∈ (0, l) ,

u(0, t) = A, ux(l, t) = 0, u(x, 0) = sin(3x/2l) ;
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3) ∆u = 0, 0 < x < 2, 0 < y < 1 ,

u|x=0 = 0, u|x=2 = sin(2y), u|y=0 = 0, u|y=1 = 0 .

Iíäèâiäóàëüíå çàâäàííÿ 10.

1) utt = uxx, x ∈ (0, 20) ,

u(0, t) = 10, u(20, t) = 1, u(x, 0) = 0, ut(x, 0) = 3 sin(x/20) ;

2) ut = uxx + 2x2, x ∈ (0, l) ,

u(0, t) = 0, ux(l, t) = 0, u(x, 0) = sin(x/2l) ;

3) ∆u = 0, 0 < x < 2, 0 < y < 1 ,

u|x=0 = sin(y), u|x=2 = 0, u|y=0 = 0, u|y=1 = 0 .

Iíäèâiäóàëüíå çàâäàííÿ 11.

1) utt = uxx, x ∈ (0, 2) ,

u(0, t) = 10, u(2, t) = 1, u(x, 0) = 2 sin(2x), ut(x, 0) = 0 ;

2) ut = uxx + 2, x ∈ (0, l) ,

u(0, t) = 0, ux(l, t) = 0, u(x, 0) = sin(x/2l) ;

3) ∆u = 0, 0 < x < 1, 0 < y < 2 ,

u|x=0 = y, u|x=1 = 0, u|y=0 = 0, u|y=2 = 0 .

Iíäèâiäóàëüíå çàâäàííÿ 12.

1) utt = uxx, x ∈ (0, 2) ,

u(0, t) = 0, u(2, t) = 1− t, u(x, 0) = 3x+ 2, ut(x, 0) = 0 ;

2) ut = uxx − 2x, x ∈ (0, l) ,

ux(0, t) = 0, ux(l, t) = 0, u(x, 0) = 0 ;

3) ∆u = 0, 0 < x < 1, 0 < y < 2 ,

u|x=0 = 0, ux|x=1 = 2y, u|y=0 = 0, u|y=2 = 0 .

Iíäèâiäóàëüíå çàâäàííÿ 13.

1) utt = uxx + Ax, x ∈ (0, 2) ,

ux(0, t) = 0, u(2, t) = 0, u(x, 0) = 5 cos(5x/2), ut(x, 0) = 0 ;

2) ut = uxx − 2x, x ∈ (0, l) ,

ux(0, t) = 0, ux(l, t) = 0, u(x, 0) = 10 ;

3) ∆u = 0, 0 < x < 1, 0 < y < 1 ,

u|x=0 = 0, u|x=1 = 0, u|y=0 = sin(2x), u|y=2 = 0 .

Iíäèâiäóàëüíå çàâäàííÿ 14.
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1) utt = uxx + x− 2, x ∈ (0, 2) ,

u(0, t) = 0, ux(2, t) = 0, u(x, 0) = x− 2, ut(x, 0) = 0 ;

2) ut = uxx, x ∈ (0, l) ,

ux(0, t) = 0, ux(l, t) = 0, u(x, 0) = cos(7x) ;

3) ∆u = 0, 0 < x < 1, 0 < y < 1 ,

u|x=0 = 0, u|x=1 = 0, u|y=0 = 0, u|y=2 = sin(2x) .

Iíäèâiäóàëüíå çàâäàííÿ 15.

1) utt = 4uxx − 2, x ∈ (0, 2) ,

u(0, t) = 0, ux(2, t) = 0, u(x, 0) = 1− sin(x/2), ut(x, 0) = 0 ;

2) ut = uxx + 2, x ∈ (0, l) ,

ux(0, t) = 0, ux(l, t) = 0, u(x, 0) = 2 cos(x) ;

3) ∆u = 0, 0 < x < 1, 0 < y < 1 ,

u|x=0 = 0, u|x=1 = 0, u|y=0 = 0, u|y=2 = sin(x) + sin(2x) .
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