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ÂÑÒÓÏ

Ó äîñëiäæåííi ìîäåëåé ïðèðîäîçíàâñòâà, åêîíîìiêè i ñóñïiëüíèõ íàóê

âèíèêàþòü ðiçíi çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü (çâè÷àéíèõ i ç ÷àñòèí-

íèìè ïîõiäíèìè), iíòåãðàëüíi ðiâíÿííÿ, ðiâíÿííÿ ó çãîðòêàõ. Îñòàííiì ÷àñîì

àêòèâíî ïðîâîäÿòü äîñëiäæåííÿ ðiâíÿíü iç äðîáîâèìè ïîõiäíèìè, ÿêi òàêîæ

ìîæíà çàïèñóâàòè ÿê iíòåãðàëüíi ÷è iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ i ÿêi

îïèñóþòü ïðîöåñè â ñèëüíî íåîäíîðiäíèõ ñåðåäîâèùàõ ÷è ïðîöåñè ç ïàì'ÿòòþ.

Ó ïîñiáíèêó âèêëàäåíî îñíîâè òåîði¨ ëiíiéíèõ i îêðåìèõ êëàñiâ íåëiíiéíèõ

iíòåãðàëüíèõ ðiâíÿíü, îñíîâíi ìåòîäè ¨õ âèâ÷åííÿ òà ðîçâ'ÿçàííÿ, íàâåäåíî

ïðèêëàäè ìàòåìàòè÷íèõ ìîäåëåé, äîñëiäæåííÿ ÿêèõ ïðîâîäèòüñÿ çà äîïîìî-

ãîþ iíòåãðàëüíèõ ðiâíÿíü.

Íàâåäåíî ïðèêëàäè ç ðîçâ'ÿçêàìè i ðåêîìåíäîâàíi äëÿ çàêðiïëåííÿ òåîðå-

òè÷íîãî ìàòåðiàëó, îïîðíi êîíòðîëüíi çàïèòàííÿ. Ïîäàíî âàðiàíòè äâîõ êîí-

òðîëüíèõ ðîáiò. Îêðåìi òåìè ç ïîñiáíèêà òà æóðíàëüíi ñòàòòi çàïðîïîíîâàíî

íà ñàìîñòiéíå îïðàöþâàííÿ ç äîïîâiäÿìè i àíàëiçîì íà ñåìiíàðñüêèõ çàíÿò-

òÿõ.
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Ðîçäië 1

ÊËÀÑÈ×ÍÀ ÒÅÎÐIß

IÍÒÅÃÐÀËÜÍÈÕ ÐIÂÍßÍÜ

1.1 Iíòåãðàëüíi òà äèôåðåíöiàëüíi ðiâíÿííÿ

Âèâ÷àòèìåìî iíòåãðàëüíi ðiâíÿííÿ, ÿêi òðàïëÿþòüñÿ, çîêðåìà, i ïðè

ðîçâ'ÿçóâàííi äèôåðåíöiàëüíèõ ðiâíÿíü i çàäà÷ äëÿ íèõ:

iíòåãðàëüíå ðiâíÿííÿ Óðèñîíà∫
Ω

K(x, y, u(y))dy = f(x), x ∈ Ω ⊂ Rn, n ∈ N,

iíòåãðàëüíå ðiâíÿííÿ Ãàììåðøòåéíà

u(x) =

∫
Ω

K(x, y)f(u(y))dy + g(x), x ∈ Ω,

ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ äðóãîãî ðîäó

u(x) =

∫
Ω

K(x, y)u(y)dy + f(x), x ∈ Ω,

ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ ïåðøîãî ðîäó∫
Ω

K(x, y)u(y)dy = f(x), x ∈ Ω.
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Öi ðiâíÿííÿ íàçèâàþòüñÿ ðiâíÿííÿìè Ôðåäãîëüìà, ÿêùî Ω � ôiêñîâàíà

îáëàñòü, ðiâíÿííÿìè Âîëüòåððè, ÿêùî Ω = Ω(x), x ∈ Ω′ . Ôóíêöiÿ K(x, y)

íàçèâà¹òüñÿ ÿäðîì iíòåãðàëüíîãî ðiâíÿííÿ.

Íåõàé Ω = (a, b) , ðiâíÿííÿ

u(x) = λ

b∫
a

K(x, y)u(y)dy + f(x), x ∈ [a, b]

¹ ëiíiéíèì iíòåãðàëüíèì ðiâíÿííÿì Ôðåäãîëüìà äðóãîãî ðîäó,

b∫
a

K(x, y)u(y)dy = f(x), x ∈ [a, b]

� ëiíiéíèì iíòåãðàëüíèì ðiâíÿííÿì Ôðåäãîëüìà ïåðøîãî ðîäó,

u(x) =

x∫
a

K(x, y)u(y)dy + f(x), x ∈ [a, b]

� ëiíiéíèì iíòåãðàëüíèì ðiâíÿííÿì Âîëüòåððè äðóãîãî ðîäó,

x∫
a

K(x, y)u(y)dy = f(x), x ∈ [a, b]

� ëiíiéíèì iíòåãðàëüíèì ðiâíÿííÿì Âîëüòåððè ïåðøîãî ðîäó.

Òàêîæ ïðè Ω = (a, b)× (c, d) ðiâíÿííÿ

u(x1, x2) =

x1∫
a

d∫
c

K(x1, x2, y1, y2)u(y1, y2)dy1dy2 + f(x1, x2),

x = (x1, x2) ∈ [a, b]× [c, d]

� öå ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððè äðóãîãî ðîäó,

x1∫
a

d∫
c

K(x1, x2, y1, y2)u(y1, y2)dy1dy2 = f(x1, x2)

� ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððè ïåðøîãî ðîäó.

Ìàþòü âàæëèâi çàñòîñóâàííÿ ïàðíi iíòåãðàëüíi ðiâíÿííÿ

u(x) =
+∞∫
−∞

K1(x, y)u(y)dy + f(x), x < 0 ,
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u(x) =
+∞∫
−∞

K2(x, y)u(y)dy + f(x), x > 0 .

Ìiæ iíòåãðàëüíèìè òà äèôåðåíöiàëüíèìè ðiâíÿííÿìè ¹ çâ'ÿçîê.

Ïðèêëàäè:

1) çàäà÷à Êîøi
du

dx
= f(x, u), u(x0) = u0

åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ

u(x) =
x∫
x0

f(y, u(y))dy + u0 ;

2) ÷àñòî âèêîðèñòîâóþòü ôóíêöiþ

fλ(t) =
θ(t)tλ−1

Γ(λ) ïðè λ > 0 i fλ(t) = f ′1+λ(t) ïðè λ ≤ 0,

äå θ(t) � îäèíè÷íà ôóíêöiÿ Õåâiñàéäà, Γ(λ) � ãàìà-ôóíêöiÿ, ¨¨ âëàñòèâîñòi,

çîêðåìà [4] (c. 87)

fλ ∗ fµ = fλ+µ ,

çâiäêè

fα ∗ f−α = f−α ∗ fα = δ .

Çàóâàæèìî, ùî f1(t) = θ(t) , f0(t) = δ(t) , f−1(t) = f ′0(t) = δ′(t) , f−n(t) =

f
(n)
0 (t) = δ(n)(t) ïðè n ∈ N , i òîäi f−n(t) ∗ u(t) = (δ(n) ∗ u)(t) = u(n)(t) . Òîìó

ïðèðîäíî ââåäåíî ïîíÿòòÿ ïîõiäíî¨ Ðiìàíà-Ëióâiëëÿ ïîðÿäêó α ∈ R

u(α) = f−α ∗ u,

à ðiâíÿííÿ ç äðîáîâîþ ïîõiäíîþ

u(α) + au = g(x)

ìîæíà çàïèñàòè ó âèãëÿäi iíòåãðàëüíîãî ðiâíÿííÿ

f−α ∗ u+ au = g(x) <=> u+ afα ∗ u = fα ∗ g <=>

u(x) + a
Γ(α)

x∫
0

(x− t)α−1u(t)dt = (fα ∗ g)(x) ;

3) êðàéîâà çàäà÷à

d2u
dt2 + p1(t)

du
dt + p2(t)u = f(t, u(t)), t ∈ (t0, t1) ,

u(t0) = 0, u(t1) = 0

åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ
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u(t) =
t1∫
t0

G(t, s)f(s, u(s))ds ,

äå G(t, s) � ôóíêöiÿ Ãðiíà çàäà÷i;

4) ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ u(x)

û(x) =
∞∫

−∞
u(y)eixydy

ìà¹ âèãëÿä iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîäüìà ïåðøîãî ðîäó, éîãî ðîçâ'ÿçîê

u(x) = 1
2π

∞∫
−∞

û(y)e−ixydy .

Ðîçãëÿíåìî äåòàëüíiøå çâ'ÿçîê ìiæ äèôåðåíöiàëüíèìè é iíòåãðàëüíèìè

ðiâíÿííÿìè.

1. Ïîâåðíåìîñü äî ïðèêëàäó 3. Ìà¹ìî êðàéîâó çàäà÷ó

d2u
dt2 + p1(t)

du
dt + p2(t)u = f(t, u(t)), t ∈ (t0, t1) ,

u(t0) = u0, u(t1) = u1.

Çàâæäè çàìiíîþ u(t) = At + B + y(t) ìîæíà çðîáèòè íóëüîâèìè êðàéîâi

óìîâè. Òîäi

y
′′
+ p1(t)(y

′ + A) + p2(t)(y + At+B) = g(t, y) <=>

y
′′
+ p1(t)y

′ + p2(t)y = g1(t, y) ,

u(t0) = At0 +B + y(t0) = u0 , u(t1) = At1 +B + y(t1) = u1 ,

i ÿêùî âèáðàòè A,B òàê, ùî At0 + B = u0 i At1 + B = u1 , òî ìàòèìåìî

êðàéîâó çàäà÷ó

y
′′
+ p1(t)y

′ + p2(t)y = g1(t, y) , y(t0) = 0, y(t1) = 0 .

�¨ ðîçâ'ÿçîê ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

y(t) =

t1∫
t0

G(t, s)g1(s, u(s))ds.

Ôóíêöiÿ Ãðiíà G(t, s) ¹ ðîçâ'ÿçîì ðiâíÿííÿ

Gtt + p1(t)Gt + p2(t)G = δ(t− s)

çà çìiííîþ t äëÿ êîæíîãî s ∈ [t0, t1] (òîáòî ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì),

ÿêèé çàäàâîëüíÿ¹ íóëüîâi êðàéîâi óìîâè çàäà÷i

G(t0, s) = 0 , G(t1, s) = 0 .
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Äëÿ çàäà÷i

y
′′
+ y = g1(t, y) , y(0) = 0, y(π/2) = 0

ôóíêöiÿ Ãðiíà ¹ ðîçâ'ÿçîì çàäà÷i

Gtt +G = δ(t− s) , G(0, s) = 0 , G(π/2, s) = 0 .

Òîìó ùî êîåôiöi¹íòè ðiâíÿííÿ ñòàëi, ìîæíà ñïî÷àòêó çíàéòè ðîçâ'ÿçîê

ðiâíÿííÿ

z
′′
+ z = δ(t) ,

à ïîòiì çàìiíèòè t íà t− s .

Çàãàëüíèé ðîçâ'ÿçîê âiäïîâiäíîãî ëiíiéíîãî îäíîðiäíîãî ðiâíÿííÿ

z = C1cos(t) + C2sin(t) .

Çà ìåòîäîì âàðiàöi¨ ñòàëèõ øóêà¹ìî ôóíäàìåíòàëüíèé ðîçâ'ÿçîê ó âèãëÿäi

z = C1(t)cos(t) + C2(t)sin(t) .

Ïiäñòàâëÿþ÷è â ðiâíÿííÿ, îäåðæó¹ìî ñèñòåìó

C ′
1(t)cos(t) + C ′

2(t)sin(t) = 0 ,

−C ′
1(t)sin(t) + C ′

2(t)cos(t) = δ(t) .

Ðîçâ'ÿçó¹ìî ¨¨

C ′
1(t) = −sin(t)δ(t) = 0 ,

C ′
2(t) = cos(t)δ(t) = δ(t) ,

C1(t) = D1 , C2(t) = θ(t) +D2 ,

i òîäi

G(t, s) = D1cos(t− s) + (θ(t− s) +D2)sin(t− s) ,

à ç êðàéîâèõ óìîâ

G(0, s) = D1cos(s)−D2sin(s) = 0 (âðàõîâó¹ìî, ùî θ(−s) = 0 ),

G(π/2, s) = D1cos(π/2− s) + (θ(π2 − s) +D2)sin(π/2− s) = 0 <=>

D1sin(s) + (1 +D2)cos(s) = 0 (âðàõóâàëè, ùî θ(π2 − s) = 1 ).

Çíàõîäèìî D1, D2

D1 = D2tg(s) , D2sin(s)tg(s) + (1 +D2)cos(s) = 0 ,

D2 = −cos2(s) , D1 = −sin(s)cos(s) , s ∈ [0, π/2] .

Òîäi

G(t, s) = −sin(s)cos(s)cos(t− s) + (θ(t− s)− cos2(s))sin(t− s) =

= −sin(t)cos(s) + θ(t− s)sin(t− s) ,
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y(t) =
π/2∫
0

G(t, s)g1(s, y(s))ds , òîáòî

y(t) =
π/2∫
0

[
θ(t− s)sin(t− s)− sin(t)cos(s)

]
g1(s, y(s))ds ,

y(t) =
t∫
0

sin(t− s)g1(s, y(s))ds− sin(t)
π/2∫
0

cos(s)g1(s, y(s))ds .

2. Çâåñòè äî iíòåãðàëüíîãî ðiâíÿííÿ çàäà÷ó Êîøi

y
′′
+ y′ + a(x)y = 0, x > 0, y(0) = 0, y′(0) = 1 .

Íåõàé y
′′
= u(x) => y′(x) =

x∫
0

u(s)ds+ C1 , C1 = y′(0) = 1 ,

y(x) =
x∫
0

y′(t)dt =
x∫
0

[ t∫
0

u(s)ds+ 1
]
dt+ C2 , C2 = y(0) = 0 ,

y(x) =
x∫
0

(x− s)u(s)ds+ x , ïiäñòàâëÿ¹ìî â ïî÷àòêîâå ðiâíÿííÿ, ìà¹ìî

u(x) +
x∫
0

u(s)ds+ 1 + a(x)
( x∫
0

(x− s)u(s)ds+ x
)
= 0 <=>

u(x) +
x∫
0

(
1 + a(x)(x− s)

)
u(s)ds+ 1 + xa(x) = 0 .

Òóò K(x, s) = 1 + a(x)(x− s) .

3. Çâåñòè äî äèôåðåíöiàëüíîãî ðiâíÿííÿ i ðîçâ'ÿçàòè

y(t) = cos(t)− t+
π∫
0

(s− t)y(s)ds .

Äèôåðåíöiþþ÷è, îäåðæó¹ìî

y′ = − sin(t)− 1−
π∫
0

y(s)ds , y
′′
= − cos(t) .

Ðîçâ'ÿçó¹ìî ðiâíÿííÿ

y′ = − sin(t) + C1 , y = cos(t) + C1t+ C2 .

Ùîá çíàéòè C1, C2 , âèêîðèñòîâó¹ìî, ùî

y(0) = 1 +
π∫
0

sy(s)ds (iç ðiâíÿííÿ), y(0) = 1 + C2 (iç âèãëÿäó ðîçâ'ÿçêó),

y′(0) = −1−
π∫
0

y(s)ds , à ç âèãëÿäó ðîçâ'ÿçêó y′(0) = C1 .

Îòæå, ìà¹ìî äîäàòêîâî

C1 = −1−
π∫
0

y(s)ds , C2 =
π∫
0

sy(s)ds .

Ïiäñòàâëÿþ÷è ó öi ðiâíîñòi ðîçâ'ÿçîê y(s) = cos(s)+C1s+C2 i îá÷èñëþþ÷è

iíòåãðàëè, îòðèìà¹ìî ñèñòåìó àëãåáðè÷íèõ ðiâíÿíü äëÿ âèçíà÷åííÿ C1, C2 .
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4. Çâåñòè äî äèôåðåíöiàëüíîãî ðiâíÿííÿ

y(t) = cos(t)− t+
t∫
0

(s− t)y(s)ds .

Âèêîðèñòîâó¹ìî ôîðìóëó

d
dt

β(t)∫
α(t)

f(t, s)ds =
β(t)∫
α(t)

∂
∂tf(t, s)ds+ β′(t)f(t, s)|s=β(t) − α′(t)f(t, s)|s=α(t) .

Ìà¹ìî y′(t) = − sin(t)− 1−
t∫
0

y(s)ds ,

y
′′
= − cos(t)− y <=> y

′′
+ y = − cos(t)

i äîäàòêîâî ìà¹ìî óìîâè Êîøi y(0) = 1 , y′(0) = −1 .

5. Çâåñòè iíòåãðàëüíå ðiâíÿííÿ ïåðøîãî ðîäó äî iíòåãðàëüíîãî ðiâíÿííÿ

äðóãîãî ðîäó
t∫
0

(s+ t)y(s)ds = sin(t) + 1 .

Äèôåðåíöiþþ÷è, çíàõîäèìî
t∫
0

y(s)ds+ 2ty(t) = cos(t) , t ̸= 0 =>

y(t) + 1
2t

t∫
0

y(s)ds = cos(t)
2t .

Âïðàâè

Çâåñòè äî iíòåãðàëüíèõ ðiâíÿíü:

1) y
′′
+ (t+ 2)y = 0, y(0) = 0, y′(0) = 1 ;

2) y
′′′ − 3ty

′′
+ y = 1, y(0) = 0, y′(0) = 0, y

′′
(0) = 1 ;

3) y
′′
+ 4y = g(t, y) , y(0) = 0, y′(π) = 0 .

Çâåñòè äî äèôåðåíöiàëüíèõ ðiâíÿíü i ðîçâ'ÿçàòè:

1) y(t) = sin(t)− t+
2t∫
0

(s− t)y(s)ds ;

2) y(t) = sin(t) + λ
t∫
0

(s− t)y(s)ds .

Çâåñòè äî iíòåãðàëüíîãî ðiâíÿííÿ äðóãîãî ðîäó
t∫
0

(2s+ t2)y(s)ds = cos(t) + 1 .
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1.2 Ëiíiéíi iíòåãðàëüíi ðiâíÿííÿ Ôðåäãîëüìà ç âèðî-

äæåíèìè ÿäðàìè. Õàðàêòåðèñòè÷íi çíà÷åííÿ òà âëàñ-

íi ôóíêöi¨

1. Ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó

u(x) = λ

b∫
a

K(x, y)u(y)dy + f(x), x ∈ [a, b] (1.1)

ìà¹ âèðîäæåíå ÿäðî, ÿêùî

K(x, y) =
m∑
j=1

aj(x)bj(y).

Òîäi ðiâíÿííÿ (1.1) ìà¹ âèãëÿä

u(x) = λ

m∑
j=1

aj(x)

b∫
a

bj(y)u(y)dy + f(x), x ∈ [a, b]. (1.2)

Ââàæà¹ìî ôóíêöi¨ aj(x), bj(x) íåïåðåðâíèìè íà [a, b] . Ðîáèìî çàìiíó

vj =
b∫
a

bj(y)u(y)dy .

Ðiâíÿííÿ (1.2) ìíîæèìî íà bk(x) i iíòåãðó¹ìî,

b∫
a

bk(x)u(x)dx = λ

m∑
j=1

b∫
a

bk(x)aj(x)dxvj +

b∫
a

bk(x)f(x)dx <=>

vk = λ
m∑
j=1

Ckj vj + gk, k = 1, . . . ,m. (1.3)

Òóò

Ckj =
b∫
a

bk(x)aj(x)dx , gk =
b∫
a

bk(x)f(x)dx , k = 1, . . . ,m .

Öå âiäîìi ÷èñëà, à (1.3) � ëiíiéíà àëãåáðè÷íà ñèñòåìà ðiâíÿíü ùîäî íåâi-

äîìèõ vk , k = 1,m . Ðîçâ'ÿçàâøè ñèñòåìó, ìàòèìåìî

u(x) = λ
m∑
j=1

aj(x)vj + f(x) <=>
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u(x) =

b∫
a

R(x, y, λ)f(y)dy + f(x). (1.4)

Ôóíêöiÿ R(x, y, λ) íàçèâà¹òüñÿ ðåçîëüâåíòîþ iíòåãðàëüíîãî ðiâíÿííÿ (1.2).

Àëãåáðè÷íà ñèñòåìà (1.3), ìàòðèöÿ C ÿêî¨ ìà¹ åëåìåíòè Ckj , ìà¹ ¹äèíèé

ðîçâ'ÿçîê, ÿêùî âèçíà÷íèê

D(λ) = det(E − λC) ̸= 0.

Òi çíà÷åííÿ λ , çà ÿêèõ D(λ) = 0 íàçèâàþòüñÿ õàðàêòåðèñòè÷íèìè ÷èñ-

ëàìè iíòåãðàëüíîãî ðiâíÿííÿ (1.1) (ÿäðà K(x, y) ), 1/λ � âëàñíèìè ÷èñëàìè

ÿäðà K(x, y) àáî âëàñíèìè ÷èñëàìè iíòåãðàëüíîãî îïåðàòîðà

K : (Ku)(x) =
b∫
a

K(x, y)u(y)dy, u ∈ C([a, b])

(òîäi Ku = 1
λ u ).

2. Äîâåäåìî òåîðåìè Ôðåäãîëüìà.

Äëÿ ðiâíÿííÿ (1.1) âiäïîâiäíå ëiíiéíå îäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ ìà¹

âèãëÿä

u(x) = λ

b∫
a

K(x, y)u(y)dy, x ∈ [a, b]. (1.5)

Îçíà÷åííÿ.Îïåðàòîð K∗ íàçèâà¹òüñÿ ñïðÿæåíèì äî îïåðàòîðà K , ÿêùî

(Ku, v) = (u,K∗v) ∀u, v ∈ C([a, b]) <=>

b∫
a

(Ku)(x)v̄(x)dx =

b∫
a

u(x)(K∗v)(x)dx.

Äëÿ äîâiëüíèõ u, v ∈ C([a, b]) ìà¹ìî

(Ku, v) =
b∫
a

(Ku)(x)v̄(x)dx =
b∫
a

( b∫
a

K(x, y)u(y)dy
)
v̄(x)dx =

=
b∫
a

( b∫
a

K(x, y)v̄(x)dx
)
u(y)dy =

b∫
a

u(y)K∗v(y)dy = (u,K∗v) .

Îòæå, K∗v(y) =
b∫
a

K(x, y)v̄(x)dx =
b∫
a

K(x, y)v(x)dx ,

K∗v(x) =
b∫
a

K(y, x)v(y)dy ,
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òàê ùî ÿäðî ñïðÿæåíîãî îïåðàòîðà K∗(x, y) = K(y, x) .

Òðàíñïîíîâàíi (ñïðÿæåíi â äiéñíié îáëàñòi) ðiâíÿííÿ

ψ(x) = λ

b∫
a

K∗(x, y)ψ(y)dy + f(x), x ∈ [a, b] (1.6)

i âiäïîâiäíå éîìó ëiíiéíå îäíîðiäíå

ψ(x) = λ

b∫
a

K∗(x, y)ψ(y)dy, x ∈ [a, b]. (1.7)

Ñêîðî÷åíî â îïåðàòîðíié ôîðìi öi ðiâíÿííÿ çàïèñóþòü òàê:

u− λKu = f, ψ − λK∗ψ = f.

ßêùî äëÿ ðiâíÿííÿ (1.2)

K(x, y) =
m∑
j=1

aj(x)bj(y),

òî K∗(x, y) = K(y, x) =
m∑
j=1

aj(y)bj(x) , à Ckj =
b∫
a

bk(x)aj(x)dx òðåáà çàìiíèòè

íà
b∫
a

bj(x)ak(x)dx = Cjk � åëåìåíòè òðàíñïîíîâàíî¨ ìàòðèöi.

Ñèñòåìà àëãåáðè÷íèõ ðiâíÿíü äëÿ ñïðÿæåíîãî iíòåãðàëüíîãî ðiâíÿííÿ ¹

ñèñòåìîþ ç òðàíñïîíîâàíîþ ìàòðèöåþ.

Òi çíà÷åííÿ ïàðàìåòðà λ , çà ÿêèõ îäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ ìà¹ íå-

íóëüîâi ðîçâ'ÿçêè, íàçèâàþòüñÿ õàðàêòåðèñòè÷íèìè ÷èñëàìè ÿäðà K(x, y) ,

à âiäïîâiäíi ðîçâ'ÿçêè � âëàñíèìè ôóíêöiÿìè ÿäðà. Çàóâàæèìî, ùî õàðàêòå-

ðèñòè÷íi ÷èñëà ÿäðà K(x, y) òà âëàñíi çíà÷åííÿ îïåðàòîðà K âçà¹ìíî îáåð-

íåíi, à âëàñíi ôóíêöi¨ çáiãàþòüñÿ.

Íåõàé ÿäðî iíòåãðàëüíîãî îïåðàòîðà âèðîäæåíå. Ç íàâåäåíîãî i âëàñòèâî-

ñòåé ëiíiéíèõ àëãåáðè÷íèõ ñèñòåì îäåðæó¹ìî òàêi òåîðåìè.

� ßêùî iíòåãðàëüíå ðiâíÿííÿ (1.2) ðîçâ'ÿçíå ó C([a, b]) äëÿ äîâiëüíî¨

f ∈ C([a, b]) , òî ñïðÿæåíå ðiâíÿííÿ (1.6) ðîçâ'ÿçíå ó C([a, b]) äëÿ äîâiëü-

íî¨ f ∈ C([a, b]) . Ðîçâ'ÿçêè âèçíà÷àþòüñÿ îäíîçíà÷íî (ïåðøà òåîðåìà

Ôðåäãîëüìà).
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ßê íàñëiäîê, âiäïîâiäíi ëiíiéíi îäíîðiäíi ðiâíÿííÿ ìàþòü òiëüêè òðèâiàëüíi

ðîçâ'ÿçêè.

� ßêùî ðiâíÿííÿ (1.2) ðîçâ'ÿçíå ó C[a, b] íå äëÿ äîâiëüíî¨ f ∈ C([a, b]) ,

òî:

1) âiäïîâiäíi (1.2) i (1.6) îäíîðiäíi iíòåãðàëüíi ðiâíÿííÿ ìàþòü îäíàêî-

âó (ñêií÷åííó) êiëüêiñòü ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ (äðóãà òåîðåìà

Ôðåäãîëüìà); òóò âèêîðèñòîâó¹ìî, ùî ðàíãè òðàíñïîíîâàíèõ ìàòðèöü

îäíàêîâi;

2) äëÿ ðîçâ'ÿçíîñòi ðiâíÿííÿ (1.2) íåîáõiäíî i äîñòàòíüî, ùîá ôóíêöiÿ f áó-

ëà îðòîãîíàëüíîþ äî áóäü-ÿêîãî ðîçâ'ÿçêó ñïðÿæåíîãî îäíîðiäíîãî ðiâ-

íÿííÿ (òðåòÿ òåîðåìà Ôðåäãîëüìà).

Ïîÿñíèìî öþ òåîðåìó. Ç òåîði¨ ëiíiéíèõ àëãåáðè÷íèõ ñèñòåì äëÿ ðîçâ'ÿçíîñòi

àëãåáðè÷íî¨ ñèñòåìè (1.3) íåîáõiäíî i äîñòàòíüî, ùîá

s∑
j=1

gjv
∗
j = 0, (1.8)

äå s = m − r , r � ðàíã ìàòðèöi (Ckj) (òðàíñïîíîâàíî¨ äî ìàòðèöi ó ñèñòåìi

(1.3)), v∗j � ðîçâ'ÿçîê ëiíiéíî¨ îäíîðiäíî¨ àëãåáðè÷íî¨ ñèñòåìè ðiâíÿíü

v∗k − λ
m∑
j=1

Cjk v
∗
j = 0, k = 1, . . . ,m.

Ñïðàâäi, çàïèøåìî ëiíiéíó àëãåáðè÷íó ñèñòåìó ðiâíÿíü ó âèãëÿäi

Av = g

i íåõàé v∗ � ðîçâ'ÿçîê ëiíiéíî¨ îäíîðiäíî¨ àëãåáðè÷íî¨ ñèñòåìè ðiâíÿíü

ATv∗ = 0̄

iç òðàíñïîíîâàíîþ ìàòðèöåþ AT (òàêèõ ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ ¹ s ),

à îòæå,

v∗T (AT )T = 0̄ <=> v∗T A = 0̄,

çâiäêè v∗T g = v∗T (Av) = (v∗T A)v = 0 , òîáòî v∗T g = 0 , òîáòî (1.8).
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Âiäïîâiäíî ¹ s ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ ñïðÿæåíîãî ëiíiéíîãî îäíî-

ðiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ

ψ∗
j (x) = λ∗j

b∫
a

K∗(x, y)ψ∗
j (y)dy <=>

ψ∗
j (x) = λ∗j

m∑
k=1

bk(x)

b∫
a

ak(y)ψ
∗
j (y)dy,

i ìîæíà ïåðåâiðèòè, ùî óìîâà (1.8) íàáóâà¹ âèãëÿäó

b∫
a

f(x)ψ∗
j (x) dx = 0, j = 1, . . . , s. (1.9)

Ñïðàâäi, gj =
b∫
a

bj(x)f(x)dx , i òîäi (1.8) íàáóâà¹ âèãëÿäó

s∑
j=1

b∫
a

bj(x)f(x)dx v
∗
j = 0 <=>

b∫
a

( s∑
j=1

bj(x)v
∗
j

)
f(x)dx = 0,

òîáòî (1.9).

Ïåðåâiðèìî áåçïîñåðåäíüî âèêîíàííÿ óìîâè (1.9) äëÿ ðîçâ'ÿçíîñòi ðiâíÿí-

íÿ (1.2). ßêùî iñíó¹ ðîçâ'ÿçîê u(x) ðiâíÿííÿ (1.2) ïðè λ = λj (D(λj) = 0 ),

òî

u(x) ≡ λj

m∑
k=1

ak(x)

b∫
a

bk(y)u(y)dy + f(x), x ∈ [a, b].

Òîäi
b∫
a

f(x)ψ∗
j (x) dx =

=
b∫
a

[
u(x)− λj

m∑
k=1

ak(x)
b∫
a

bk(y)u(y)dy
]
ψ∗
j (x) dx =

=
b∫
a

u(y)ψ∗
j (y)dy − λj

m∑
k=1

b∫
a

bk(y)
[ b∫
a

ak(x)ψ
∗
j (x)dx

]
u(y)dy =

=
b∫
a

u(y)
[
ψ∗
j (y)− λj

m∑
k=1

bk(y)
b∫
a

ak(z)ψ
∗
j (z)dz

]
dy = 0 ,
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j = 1, . . . , s , îñêiëüêè λ∗j = λj (âëàñíi çíà÷åííÿ òðàíñïîíîâàíèõ ìàòðèöü

îäíàêîâi äëÿ äiéñíîçíà÷íîãî ÿäðà), i âèðàç ó êâàäðàòíèõ äóæêàõ òîòîæíî

äîðiâíþ¹ íóëþ. Îòæå,
b∫
a

f(x)ψ∗
j (x) dx = 0 , j = 1, . . . , s .

Ó öüîìó âèïàäêó ìíîæèíà âñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ (1.1) ïðè λ = λj áóäå

u(x) = ũ(x) +

sj∑
i=1

dijφij(x),

äå ũ(x) � ÿêèéñü îäèí ðîçâ'ÿçîê ðiâíÿííÿ (1.1), φij(x) � ëiíiéíî íåçàëåæíi

âëàñíi ôóíêöi¨ âiäïîâiäíîãî îäíîðiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ äëÿ õàðàêòå-

ðèñòè÷íîãî ÷èñëà λ = λj , dij � äîâiëüíi ñòàëi.

� Ó êîæíîìó êðóçi |λ| < R ¹ ëèøå ñêií÷åííà êiëüêiñòü õàðàêòåðèñòè÷íèõ

÷èñåë ÿäðà K(x, y) (÷åòâåðòà òåîðåìà Ôðåäãîëüìà).

Íàñëiäêîì äîâåäåíèõ òåîðåì ¹ àëüòåðíàòèâà Ôðåäãîëüìà.

Àëüòåðíàòèâà Ôðåäãîëüìà. ßêùî ëiíiéíå îäíîðiäíå iíòåãðàëüíå ðiâ-

íÿííÿ ç âèðîäæåíèì ÿäðîì ìà¹ òiëüêè òðèâiàëüíèé ðîçâ'ÿçîê, òî âiäïî-

âiäíå ëiíiéíå íåîäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ ìà¹ ¹äèíèé ðîçâ'ÿçîê äëÿ

äîâiëüíîãî âiëüíîãî ÷ëåíà f(x) . ßêùî ëiíiéíå îäíîðiäíå iíòåãðàëüíå ðiâíÿí-

íÿ ç âèðîäæåíèì ÿäðîì ìà¹ íåòðèâiàëüíèé ðîçâ'ÿçîê, òî âiäïîâiäíå ëiíiéíå

íåîäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ (çàëåæíî âiä âiëüíîãî ÷ëåíà f(x) ) àáî íå

ìà¹ ðîçâ'ÿçêó, àáî ìà¹ íåñêií÷åííó êiëüêiñòü ðîçâ'ÿçêiâ.

Òàêi æ òåîðåìè ïðàâèëüíi i äëÿ çàãàëüíiøèõ ÿäåð. Äîâåäåìî öå ïîòiì.

Ïðèêëàäè:

1) y(t) = 3t+
1∫
0

t3sy(s)ds <=> y(t) = 3t+ t3
1∫
0

sy(s)ds .

Ââîäèìî V :=
1∫
0

sy(s)ds , òîäi ç ïî÷àòêîâîãî ðiâíÿííÿ y(t) = 3t + V t3 i

ïiäñòàâëÿ¹ìî öþ ôóíêöiþ â âèðàç äëÿ V

V =
1∫
0

s[3s+ V s3]ds <=> V = [s3 + V s4

4 ] |
1
0 <=>

V = 1 + V
4 ,

3
4V = 1 , V = 4

3 , y(t) = 3t+ 4
3t

3 ;

2) y(t) = 3t2 + 4 +
1∫
0

[t3s+ ts3]y(s)ds <=>
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y(t) = 3t2 + 4 + t3
1∫
0

sy(s)ds+ t
1∫
0

s3y(s)ds .

Ââîäèìî V1 :=
1∫
0

sy(s)ds , V2 :=
1∫
0

s3y(s)ds ,

òîäi ç ïî÷àòêîâîãî ðiâíÿííÿ y(t) = 3t2 + 4 + V1t
3 + V2t i ïiäñòàâëÿ¹ìî öþ

ôóíêöiþ â âèðàçè äëÿ V1, V2

V1 =
1∫
0

s[3s2+4+V1s
3+V2s]ds , V2 =

1∫
0

s3[3s2+4+V1s
3+V2s]ds .

Îòðèìàëè àëãåáðè÷íó ñèñòåìó ðiâíÿíü

V1
5 − V2

3 = 11
4 ,

−V1
7 + 4V2

5 = 3
2 .

Çíàéøîâøè V1, V2 , ìàòèìåìî ðîçâ'ÿçîê y(t) = 3t2 + 4 + V1t
3 + V2t .

Âïðàâè

Ðîçâ'ÿçàòè ðiâíÿííÿ ç âèðîäæåíèìè ÿäðàìè:

1) y(x) = 1 + 2
1∫

−2

sy(s)ds ;

2) y(x) = x+
1∫
0

(xs+ x2 + s2)y(s)ds ;

3) y(x) = x+
π∫
0

sin(x+ s)y(s)ds .

3. Òàêèì ñàìèì ìåòîäîì ìîæåìî ðîçâ'ÿçóâàòè ëiíiéíi òà íåëiíiéíi iíòåãðî-

äèôåðåíöiàëüíi ðiâíÿííÿ ç âèðîäæåíèìè ÿäðàìè, ñèñòåìè iíòåãðàëüíèõ ðiâ-

íÿíü [20].

Ïðèêëàäè:

1) ðîçâ'ÿçàòè ðiâíÿííÿ Ãàììåðøòåéíà

y(x) = x3 +
1∫
0

x2sy2(s)ds .

Ìà¹ìî y(x) = x3 + x2
1∫
0

sy2(s)ds i íåõàé V =
1∫
0

sy2(s)ds , à îòæå,

y(x) = x3 + V x2 . Òîäi

V =
1∫
0

s(s3 + V s2)2ds <=> V =
1∫
0

s(s6 + 2V s5 + V 2s4)ds <=>

V =
1∫
0

(s7 + 2V s6 + V 2s5)ds <=> V = 1
8 +

2V
7 + V 2

6 <=>

V 2 − 30V
7 + 3

4 = 0 , çâiäêè V1 =
15−

√
78

7 , V2 = 15+
√
78

7 ,
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y1(x) = x3 + V1x
2, y2(x) = x3 + V2x

2 ;

2) ðîçâ'ÿçàòè iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ

u′ = 1 +
∫ 1

0 [u(t) + 2xu′(t)]dt , u(0) = 1 .

Ââîäèìî V1 :=
1∫
0

u(t)dt , V2 :=
1∫
0

u′(t)dt . Òîäi ç ïî÷àòêîâîãî ðiâíÿííÿ

u′(t) = 1 + V1 + 2V2t , çâiäêè u(t) = (1 + V1)t+ V2t
2 + C1 .

Âðàõîâóþ÷è ïî÷àòêîâó óìîâó, ìàòèìåìî 1 = C1 , à îòæå,

u(t) = (1 + V1)t+ V2t
2 + 1 , i ïiäñòàâëÿ¹ìî u òà u′ â âèðàçè äëÿ V1, V2

V1 =
1∫
0

[(1 + V1)t+ V2t
2 + 1]dt , V2 =

1∫
0

[1 + V1 + 2V2t]dt , òîáòî

V1 = (1 + V1)/2 + V2/3 + 1 , V2 = 1 + V1 + V2 , òîáòî

V1 − 2V2/3 = 3 , V1 = −1 , à îòæå, V2 = −6 . Îäåðæàëè ðîçâ'ÿçîê

u(x) = −6x2 + 1 ;

3) ðîçâ'ÿçàòè íåëiíiéíå iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ

u′ =
∫ 2

0 xtu(t)u
′(t)dt , u(0) = 1 .

Ââîäèìî V :=
2∫
0

tu(t)u′(t)dt . Òîäi ç ïî÷àòêîâîãî ðiâíÿííÿ u′(x) = V x , çâiäêè

u(x) = V x2/2+C1 . Âðàõîâóþ÷è ïî÷àòêîâó óìîâó, ìàòèìåìî 1 = C1 , à îòæå,

u(x) = V x2/2 + 1 , i ïiäñòàâëÿ¹ìî öþ ôóíêöiþ â âèðàç äëÿ V . Îäåðæó¹ìî

V =
2∫
0

t(V t2/2 + 1)V tdt <=> V = V
2∫
0

(V t4/2 + t2)dt , çâiäêè

V1 = 0, 1 = 16V2 + 8/3 => V2 = − 5
48 . Îäåðæàëè ðîçâ'ÿçêè

u1(x) = 1, u2(x) = − 5
96x

2 + 1 ;

4) ðîçâ'ÿçàòè ñèñòåìó iíòåãðàëüíèõ ðiâíÿíü ç âèðîäæåíèìè ÿäðàìè

u1(x) = x− 5
18 +

1
3

1∫
0

[u1(t) + u2(t)]dt ,

u2(x) = x2 − 2
9 +

1
3

1∫
0

[u21(t) + u2(t)]dt .

Ââîäèìî V1 :=
1∫
0

u1(t)dt , V2 :=
1∫
0

u2(t)dt , V3 :=
1∫
0

u21(t)dt .

Òîäi u1(x) = x− 5
18 +

1
3(V1 + V2) , u2(x) = x2 − 2

9 +
1
3(V3 + V2) .

Òåïåð V1 =
1∫
0

[
t− 5

18 +
1
3(V1 + V2)

]
dt , V2 =

1∫
0

[
t2 − 2

9 +
1
3(V3 + V2)

]
dt ,

V3 =
1∫
0

[
t− 5

18 +
1
3(V1 + V2)

]2
dt ,

òîáòî
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V1 =
1
2 −

5
18 +

1
3(V1 + V2) ,

V2 =
1
3 −

2
9 +

1
3(V3 + V2) ,

V3 =
1
4 +

25
244 +

1
9(V1 + V2)

2 − 5
18 +

1
3(V1 + V2)− 10

54(V1 + V2) ,

òîáòî

4V1 − V2 =
2
3 ,

2V2 − V3 =
1
3 ,

V1 + V2 +
27
4 V3 =

23·27
4·244 +

3
4(V1 + V2)

2 .

Ðîçâ'ÿçàâøè ñèñòåìó, çíàõîäèìî

u1 = x , u2 = x2 i äðóãèé ðîçâ'ÿçîê u1 = x+ 3 , u2 = x2 + 6 .

Âïðàâè

Ðîçâ'ÿçàòè íåëiíiéíi iíòåãðàëüíi ðiâíÿííÿ:

1) u(x) =
2∫
0

(x+s)u(s)
1+u(s) ds; âiäïîâiäü u(x) = x+ 1

2 ln
7
3(x−

3
4) ;

2) u(x) = x3 +
x∫
0

x2su3(s)ds ; âiäïîâiäü u(x) = −3 + (10x+ 65)ln|x+11
x+10| .

Ðîçâ'ÿçàòè iíòåãðî-äèôåðåíöiàëüíi ðiâíÿííÿ ç âèðîäæåíèìè ÿäðàìè:

1) u
′′ − u′ =

1∫
0

[xtu(t)− u′(t)]dt , u(0) = 1 , u′(0) = 0 ;

2) u
′′
= −2 + ex +

1∫
−1

e−4tu2(t)(u′(t))2dt , u(0) = 1 , u′(0) = 1, (u = ex) ;

3) u
′′ − u =

∫ 1

0 [u(t) + 2x2tu′(t)]dt , u(0) = 1 , u′(0) = 0 .

Ðîçâ'ÿçàòè ñèñòåìó iíòåãðàëüíèõ ðiâíÿíü ç âèðîäæåíèìè ÿäðàìè

u1(x) = −x− 1
4e

−x +
1∫
0

e−xu1(t)u2(x)dt ,

u2(x) = x2 − 1
5e

−x +
1∫
0

e−xu21(t)u2(x)dt .

1.3 Ëiíiéíi iíòåãðàëüíi ðiâíÿííÿ ç íåïåðåðâíèìè ÿäðà-

ìè. Ìåòîä ïîñëiäîâíèõ íàáëèæåíü

Íåõàé ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó

u(x) = λ

b∫
a

K(x, y)u(y)dy + f(x), x ∈ [a, b] (1.10)
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ìà¹ íåïåðåðâíå ÿäðî: K ∈ C([a, b]× [a, b]) .

1. Âëàñòèâîñòi iíòåãðàëüíîãî îïåðàòîðà

Ðîçãëÿíåìî iíòåãðàëüíèé îïåðàòîð

K : (Ku)(x) =
b∫

a

K(x, y)u(y)dy, x ∈ [a, b], u ∈ C([a, b])

i âèâ÷èìî éîãî âëàñòèâîñòi.

Ëåìà 1. ßêùî ÿäðî îïåðàòîðà K íåïåðåðâíå, òî

K : C([a, b]) → C([a, b]) i ïðàâèëüíi îöiíêè

||Ku||C([a,b]) ≤ N ||u||C([a,b]) , äå N = max
x∈[a,b]

b∫
a

|K(x, y)|dy ,

||Ku||C([a,b]) ≤M(b− a)||u||C([a,b]) , äå M = max
x,y∈[a,b]

|K(x, y)| .

Äîâåäåííÿ. Ïðè u ∈ C([a, b])

||Ku||C([a,b]) = max
x∈[a,b]

|(Ku)(x)| = max
x∈[a,b]

|
b∫
a

K(x, y)u(y)dy| ≤

≤ max
y∈[a,b]

|u(y)| max
x∈[a,b]

b∫
a

|K(x, y)|dy = N ||u||C([a,b]) .

Òàêîæ

||Ku||C([a,b]) ≤ max
y∈[a,b]

|u(y)| max
x∈[a,b]

b∫
a

|K(x, y)|dy ≤M(b− a)||u||C([a,b]) .

Ëåìà 2. ßêùî ÿäðî îïåðàòîðà K íåïåðåðâíå, òî

K : L2(a, b) → C([a, b]) i ïðàâèëüíà îöiíêà

||Ku||C([a,b]) ≤M
√
b− a ||u||L2(a,b) , äå M = max

x,y∈[a,b]
|K(x, y)| .

Äîâåäåííÿ. Ïðè u ∈ L2(a, b)

||Ku||C([a,b]) = max
x∈[a,b]

|(Ku)(x)| =

= max
x∈[a,b]

|
b∫
a

K(x, y)u(y)dy| ≤ max
x,y∈[a,b]

|K(x, y)|
b∫
a

|u(y)|dy ≤

≤M

√
b∫
a

|u(y)|2dy

√
b∫
a

dy =M
√
b− a ||u||L2(a,b) .

Íàñëiäîê 1 (¹äèíiñòü ðîçâ'ÿçêó iíòåãðàëüíîãî ðiâíÿííÿ). Ïðè |λ| < 1
N

iíòåãðàëüíå ðiâíÿííÿ (1.10) ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó ó ïðîñòîði

C([a, b]) , à ïðè |λ| < 1
M

√
b−a � ó ïðîñòîði L2(a, b) .

Äîâåäåííÿ. Ïðèïóñêàþ÷è iñíóâàííÿ äâîõ ðîçâ'ÿçêiâ u1, u2 ∈ C([a, b]) ðiâ-

íÿííÿ (1.10), îäåðæó¹ìî, ùî u = u1−u2 ¹ ðîçâ'ÿçêîì âiäïîâiäíîãî ëiíiéíîãî
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îäíîðiäíîãî ðiâíÿííÿ

u(x)− λ(Ku)(x) = 0, x ∈ [a, b].

Òîäi ||u||C([a,b]) = |λ| ||Ku||C([a,b]) , à âèêîðèñòîâóþ÷è ëåìó 1, ìàòèìåìî

||u||C([a,b]) ≤ |λ|N ||u||C([a,b]).

Îäåðæàëè ||u||C([a,b]) = 0 ïðè |λ| < 1
N .

Äðóãèé âèïàäîê äîâîäèòüñÿ ç âèêîðèñòàííÿì ëåìè 2 òàê ñàìî.

Ëåìà 3. ßêùî ÿäðî îïåðàòîðà K íåïåðåðâíå, òî âií ïåðåâîäèòü âñÿêó

îáìåæåíó ìíîæèíó ôóíêöié iç L2(a, b) ó ìíîæèíó, îáìåæåíó i îäíîñòàé-

íî íåïåðåðâíó â C([a, b]) .

Äîâåäåííÿ. Íåõàé U � îáìåæåíà ìíîæèíà ôóíêöié iç L2(a, b) . Ïðè u ∈ U

ìà¹ìî ||u||L2(a,b) ≤ A , à çà ëåìîþ 2

||Ku||C([a,b]) ≤M ||u||L2(a,b)

√
b− a ≤MA

√
b− a,

òàê ùî ìíîæèíà KU îáìåæåíà â C([a, b]) . Äîâåäåìî, ùî âîíà îäíîñòàéíî

íåïåðåðâíà â C([a, b]) , òîáòî

∀ε > 0∃δ = δ(ε) > 0 : ∀x1, x2 ∈ [a, b], |x1 − x2| < δ, ∀u ∈ U

|(Ku)(x1)− (Ku)(x2)| < ε .

Çà íåïåðåðâíiñòþ ÿäðà ìà¹ìî

∀ε > 0∃δ = δ(ε) > 0 : ∀x1, x2, y ∈ [a, b], |x1 − x2| < δ

|K(x1, y)−K(x2, y)| < ε
MA

√
b−a .

Òîäi

|(Ku)(x1)− (Ku)(x2)| = |
b∫
a

[K(x1, y)−K(x2, y)]u(y)dy| ≤

≤ max
y∈[a,b]

|K(x1, y)−K(x2, y)|M ||u||L2(a,b)

√
b− a < ε

MA
√
b−aMA

√
b− a = ε .

Ëåìà 4 (Àðöåëà-Àñêîëi). ßêùî U � îáìåæåíà ìíîæèíà ôóíêöié iç

C([a, b]) i îäíîñòàéíî íåïåðåðâíà â C([a, b]) , òî ç íå¨ ìîæíà âèáðàòè çáiæ-

íó â C([a, b]) ïîñëiäîâíiñòü (òîáòî ìíîæèíà U êîìïàêòíà).

Äîâåäåííÿ. Íåõàé U � îáìåæåíà ìíîæèíà ôóíêöié f ∈ C([a, b]) . Iç îáìå-

æåíî¨ ìíîæèíè òî÷îê x ∈ [a, b] çà òåîðåìîþ Áîëüöàíî-Âåé¹ðøòðàññà âèáå-

ðåìî çáiæíó ïîñëiäîâíiñòü xk , k ∈ N , à ç îáìåæåíî¨ ìíîæèíè ÷èñåë f(xk) ,

22



f ∈ U � çáiæíó ïîñëiäîâíiñòü fn(xkn) , n ∈ N . Òîäi äiàãîíàëüíà ïîñëiäîâíiñòü

fkn(xkn) , n ∈ N òàêîæ çáiãà¹òüñÿ ÿê ïiäïîñëiäîâíiñòü çáiæíî¨ ïîñëiäîâíîñòi.

Ïåðåïîçíà÷èìî ¨¨ ÷åðåç fn(xn) , n ∈ N i äîâåäåìî, ùî ïîñëiäîâíiñòü ôóíêöié

fn(x) , n ∈ N ðiâíîìiðíî çáiãà¹òüñÿ íà [a, b] . Ìà¹ìî

∀ε > 0 ∃N = N(ε) > 0 : ∀n, p,m ∈ N , n, p ≥ N

|fn(xm)− fp(xm)| < ε/3 ,

à çà îäíîñòàéíîþ íåïåðåðâíiñòþ ìíîæèíè ôóíêöié fn(x) , n ∈ N ïðè f ∈ U

∀ε > 0 ∃δ = δ(ε) > 0 : ∀x, x′ ∈ [a, b], |x− x′| < δ, ∀n ∈ N
|fn(x)− fn(x

′)| < ε/3 .

Òåïåð äëÿ äîâiëüíî¨ x ∈ [a, b] âèáåðåìî xm ∈ [a, b] òàê, ùî âîíà íàëåæèòü

çáiæíié ïîñëiäîâíîñòi òî÷îê i |x− xm| < δ . Òîäi

∀ε > 0 ∃N = N(ε) > 0 : ∀x ∈ [a, b],∀n, p ∈ N , n, p ≥ N

|fn(x)− fp(x)| ≤ |fn(x)− fn(xm)|+ |fn(xm)− fp(xm)|+ |fp(xm)− fp(x)|
< ε/3 + ε/3 + ε/3 = ε .

Çà êðèòåði¹ì Êîøi ïîñëiäîâíiñòü ôóíêöié fn(x) , n ∈ N ðiâíîìiðíî çáiãà-

¹òüñÿ íà [a, b] .

Ëåìà 4 ïðàâèëüíà ïðè çàìiíi [a, b] íà êîìïàêò B ∈ Rn .

Îïåðàòîð íàçèâà¹òüñÿ êîìïàêòíèì, ÿêùî âií ïåðåâîäèòü âñÿêó îáìåæåíó

ìíîæèíó â êîìïàêòíó.

Çà ëåìîþ 3 iíòåãðàëüíèé îïåðàòîð ç íåïåðåðâíèì ÿäðîì ïåðåâîäèòü âñÿêó

îáìåæåíó ìíîæèíó ôóíêöié iç C([a, b]) ó ìíîæèíó, îáìåæåíó i îäíîñòàéíî

íåïåðåðâíó â C([a, b]) . Òîäi çà ëåìîþ 4 iíòåãðàëüíèé îïåðàòîð ç íåïåðåðâ-

íèì ÿäðîì ¹ êîìïàêòíèì iç C([a, b]) â C([a, b]) .

Îïåðàòîð íàçèâà¹òüñÿ öiëêîì íåïåðåðâíèì, ÿêùî âií êîìïàêòíèé i íåïå-

ðåðâíèé. Ëiíiéíèé iíòåãðàëüíèé îïåðàòîð ç íåïåðåðâíèì ÿäðîì ¹ íåïåðåðâ-

íèì:

|(Ku1)(x)− (Ku2)(x)| = |
b∫
a

K(x, y)[u1(y)− u2(y)]dy| ≤

≤ ||u1 − u2||C([a,b]) max
x∈[a,b]

b∫
a

|K(x, y)| dy = N ||u1 − u2||C([a,b]).
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Òåïåð çà ëåìàìè 3 i 4 öåé îïåðàòîð ¹ öiëêîì íåïåðåðâíèì. Îäåðæàëè íà-

ñëiäîê.

Íàñëiäîê 2. Iíòåãðàëüíèé îïåðàòîð ç íåïåðåðâíèì ÿäðîì öiëêîì íåïå-

ðåðâíèé iç C([a, b]) â C([a, b]) .

Êðèòåðié êîìïàêòíîñòi â Lp(a, b) (p ≥ 1 ) îòðèìó¹ìî ç òåîðåìè Ðiñà.

Ââàæà¹ìî v(y) = 0 ïîçà (a, b) ,

v ∈ Lp(a, b) <=> ||v||Lp(a,b) := [
b∫
a

|v(y)|pdy]1/p < +∞ .

Òåîðåìà (Ðiñà). Äëÿ êîìïàêòíîñòi ìíîæèíè B ôóíêöié iç Lp(a, b) íå-

îáõiäíî i äîñòàòíüî (í. i ä.), ùîá öÿ ìíîæèíà áóëà ðiâíîìiðíî îáìåæåíîþ

â Lp(a, b) i íåïåðåðâíîþ â öiëîìó, òîáòî:

1) ∃M > 0 : ||v||Lp(a,b) ≤M ∀v ∈ B ⊂ Lp(a, b) ;

2) ∀ε > 0 ∃δ = δ(ε) > 0 : ∀|y| < δ,∀v ∈ B

||v(x+ y)− v(x)||Lp(a,b) ≤ ε <=>
b∫
a

|v(x+ y)− v(x)|pdx ≤ εp .

2. Ìåòîä ïîñëiäîâíèõ íàáëèæåíü

u0(x) = f(x) , un(x) = λ(Kun−1)(x) + f(x) , n = 1, 2, . . .

u1(x) = λ(Ku0)(x) + f(x) = λ
b∫
a

K(x, y)f(y)dy + f(x) ,

u2(x) = λ(Ku1)(x) + f(x) = λK
(
λKf + f

)
(x) + f(x) =

= λ2(K2f)(x) + λ(Kf)(x) + f(x) .

Çà ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨

un(x) =
n∑

m=0

λm(Kmf)(x),

äå (Knf)(x) íàçèâàþòüñÿ iòåðàöiÿìè îïåðàòîðà K , à ðÿä

u(x) =
∞∑
m=0

λm(Kmf)(x) (1.11)

� ðÿäîì Íåéìàíà. Âèêîðèñòîâóþ÷è ëåìó 1, ìîæåìî çíàéòè ìàæîðàíòíèé ðÿä

äëÿ ðÿäó (1.11) i äîñëiäèòè éîãî çáiæíiñòü. Òàêîæ

u2(x) = λ(Ku1)(x) + f(x) =

= λ
b∫
a

K(x, z)
(
λ

b∫
a

K(z, y)f(y)dy + f(z)
)
dz + f(x) =

24



= λ2
b∫
a

( b∫
a

K(x, z)K(z, y)dz
)
f(y)dy + λ

b∫
a

K(x, z)f(z)dz + f(x) ,

i íåõàé K1(x, y) = K(x, y) , M = max
x,y∈[a,b]

|K(x, y)| , N = max
x∈[a,b]

b∫
a

|K(x, y)|dy .

Òîäi

K2(x, y) =
b∫
a

K(x, z)K1(z, y)dz , |K2(x, y)| ≤MN ,

u2(x) = λ2
b∫
a

K2(x, y)f(y)dy + λ
b∫
a

K1(x, z)f(z)dz + f(x) ,

u3(x) = λ(Ku2)(x) + f(x) =

= λ
b∫
a

K(x, z)
[
λ2

b∫
a

K2(z, y)f(y)dy+

+λ
b∫
a

K1(x, z)f(z)dz + f(z)
]
dz + f(x) =

= λ3
b∫
a

( b∫
a

K(x, z)K2(z, y)dz
)
f(y)dy + λ2

b∫
a

K2(x, z)f(z)dz+

+λ
b∫
a

K1(x, z)f(z)dz + f(x) ,

i íåõàé

K3(x, y) =
b∫
a

K(x, z)K2(z, y)dz (òîäi |K3(x, y)| ≤MN 2 ),

Kn(x, y) =
b∫
a

K(x, z)Kn−1(z, y)dz .

Kn(x, y) íàçèâàþòüñÿ iòåðîâàíèìè ÿäðàìè i

|Kn(x, y)| ≤MNn−1 , n ∈ N .

Òàêîæ

un(x) =
n∑

m=0
λm

b∫
a

Km(x, y)f(y)dy =

= f(x) + λ
n∑

m=0

(
λm

b∫
a

Km+1(x, y)f(y)dy
)
,

äå
b∫
a

K0(x, y)f(y)dy = f(x) .

Ìàæîðàíòíèì äëÿ ðÿäó (1.11) ¹ ðÿä
∞∑
m=0

|λ|mMNm ||f ||C([a,b]) =M
∞∑
m=0

|λ|mNm ||f ||C([a,b]) =
M ||f ||C([a,b])

1−|λ|N ,

çáiæíèé ïðè |λ|N < 1 <=> |λ| < 1
N .

Âèñíîâêîì ¹ òåîðåìà 1.
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Òåîðåìà 1. Ïðè íåïåðåðâíîìó ÿäði, f ∈ C([a, b]) , |λ| < 1
N iñíó¹ ¹äèíèé

ðîçâ'ÿçîê u ∈ C([a, b]) iíòåãðàëüíîãî ðiâíÿííÿ (1.10), òîáòî â êðóçi |λ| < 1
N

iñíó¹ îáìåæåíèé îáåðíåíèé îïåðàòîð (I − λK)−1 . Ó öüîìó âèïàäêó

u(x) = f(x) + λ

b∫
a

R(x, y, λ)f(y)dy,

äå

R(x, y, λ) =
∞∑
m=0

λmKm+1(x, y)

� ðåçîëüâåíòà ÿäðà K(x, y) .

Ïðèêëàä. Ïîáóäóâàòè ðåçîëüâåíòó ÿäðà iíòåãðàëüíîãî ðiâíÿííÿ

u(x)− λ

1∫
0

xyu(y)dy = f(x).

Òóò K(x, y) = xy = K1(x, y) , max
x∈[0,1]

1∫
0

|K(x, y)|dy = max
x∈[0,1]

xy2

2 |10 = 1
2 , òîìó

ïðè f ∈ C([a, b]) , |λ| < 2 iñíó¹ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ.

K2(x, y) =
1∫
0

K(x, z)K1(z, y)dz =

=
1∫
0

xz · zydz = xy
1∫
0

z2dz = xy
3 ,

K3(x, y) =
1∫
0

K(x, z)K2(z, y)dy =
1∫
0

xz zy3 dz =

= xy
3

1∫
0

z2dz = xy
32 , ..., Km(x, y) =

xy
3m−1 ,

Km+1(x, y) =
xy
3m , R(x, y, λ) =

∞∑
m=0

λmKm+1(x, y) =

=
∞∑
m=0

λm xy
3m = xy

∞∑
m=0

[λ3
]m

= xy
1−λ

3

= 3xy
3−λ ïðè λ < 3 ,

u(x) = f(x) + λ
1∫
0

3xy
3−λf(y)dy <=> u(x) = f(x) + 3xλ

3−λ

1∫
0

yf(y)dy .

3. Iíòåãðàëüíi ðiâíÿííÿ Âîëüòåððè äðóãîãî ðîäó

Ðîçãëÿíåìî ðiâíÿííÿ

u(x) = λ

x∫
a

K(x, y)u(y)dy + f(x), x ∈ [a, b]. (1.12)
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Ìà¹ìî |K1(x, y)| = |K(x, y)| ≤M ,

|K2(x, y)| =
x∫
a

|K(x, z)K(z, y)|dz ≤M 2
x∫
a

dz =M 2(x− a) ,

|Kn(x, y)| ≤Mn(x− a)n−1/(n− 1)! ,

|un(x)| ≤
n∑

m=0
|λ|m

x∫
a

|Km(x, y)| |f(y)|dy ≤

≤ ||f ||C([a,b])
n∑

m=0
|λ|mMm

x∫
a

(y − a)m−1/(m− 1)!dy ,

u(x) = ||f ||C([a,b])
∞∑
m=0

|λ|mMm (x−a)m
m! = ||f ||C([a,b])e|λ|M(x−a) ≤

≤ ||f ||C([a,b])e|λ|M(b−a) .

Âèñíîâêîì ¹ òåîðåìà 2.

Òåîðåìà 2. Ïðè íåïåðåðâíîìó ÿäði, f ∈ C([a, b]) iñíó¹ ¹äèíèé ðîçâ'ÿçîê

u ∈ C([a, b]) iíòåãðàëüíîãî ðiâíÿííÿ Âîëüòåððè (1.12) äëÿ âñiõ λ .

Ïðèêëàäè:

1)
x∫
0

ex−yu(y)dy = sinx .

Ñïî÷àòêó çâåäåìî ðiâíÿííÿ äî iíòåãðàëüíîãî ðiâíÿííÿ äðóãîãî ðîäó:
x∫
0

ex−yu(y)dy + u(x) = cosx , K(x, y) = ex−y = K1(x, y) ,

òîäi

K2(x, y) =
x∫
0

K(x, z)K1(z, y)dz =

=
x∫
0

ex−zez−ydz =
x∫
0

ex−ydz = xex−y ,

K3(x, y) =
x∫
0

K(x, z)K2(z, y)dz =
x∫
0

ex−zzez−ydz = ex−yx2/2 ,

Km(x, y) = ex−yxm−1/(m− 1)! , Km+1(x, y) = ex−yxm/m! ,

R(x, y, λ)|λ=1 =
∞∑
m=0

Km+1(x, y) =
∞∑
m=0

xm

m! e
x−y = ex−yex = e2x−y ,

u(x) = cosx+ e2x
x∫
0

e−ycosydy ;

2) ðîçâ'ÿçàòè ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü

u(x) +

x∫
0

(x− y)u(y)dy = x.

Ìà¹ìî

u0(x) = x , u1(x) = x−
x∫
0

(x− y)ydy = x− (x
3

2 − x3

3 ) = x− x3

3! ,
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u2(x) = x−
x∫
0

(x− y)
(
y − y3

3!

)
dy =

= x−
(
x3

2 − x3

3 − x5

4! +
x5

5!

)
= x− x3

3! +
x5

5! ,

um(x) =
m∑
k=0

(−1)k x2k+1

(2k+1)! , u(x) = sinx .

Âïðàâè

Ðîçâ'ÿçàòè ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü:

1) u(x) =
x∫
0

(x− y)ex−yu(y)dy + ex ;

2) u(x) =
1∫
0

e−x−yu(y)dy + 1 ;

3) u(x) =
x∫
0

(x− y + 1)u(y)dy − x .

Çíàéòè íàáëèæåíèé ðîçâ'ÿçîê ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü:

1) u(x) =
1∫
0

(x− y + 1)u(y)dy + x ;

2) u(x) = x3 + 1
3

x3∫
x

(x+ y)u(y)dy ;

3) u(x) =
x∫
1

(x− 3y + 1)u(y)dy + x .

4. Òåîðåìè Ôðåäãîëüìà

Çà òåîðåìîþ Âåé¹ðøòðàññà íåïåðåðâíó ôóíêöiþ K(x, y) ìîæíà íàáëèçèòè

ïîëiíîìîì P (x, y) =
m∑

k+l=0

ak,lx
kyl : |K(x, y)− P (x, y)| < ε . Òîäi

K(x, y) = P (x, y) +Q(x, y), (1.13)

äå P (x, y) � âèðîäæåíå ÿäðî, Q(x, y) � ìàëå ( |Q(x, y)| < ε ∀x, y ∈ [a, b] ).

Iíòåãðàëüíå ðiâíÿííÿ (1.10) ìà¹ âèãëÿä

u = λPu+ λQu+ f. (1.14)

Çà òåîðåìîþ 1 ïðè |λ| < 1
ε(b−a) îäíîçíà÷íî âèçíà÷à¹ìî ðîçâ'ÿçîê ðiâíÿííÿ

u− λQu = v .

Ìà¹ìî

u = (I − λQ)−1v = (I + λR)v,
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äå R � iíòåãðàëüíèé îïåðàòîð, ÿäðîì ÿêîãî ¹ ðåçîëüâåíòà R(x, y, λ) ìàëîãî

ÿäðà Q(x, y) . Ðiâíÿííÿ (1.14), âðàõîâóþ÷è, ùî v = λPu+ f , ñòà¹ òàêèì:

v = λP(I + λR)v + f <=> v = λT v + f,

äå T = P(I + λR) = P + λPR ,

(PRv)(x) =
b∫
a

P (x, z)
(
Rv

)
(z)dz =

=
b∫
a

P (x, z)
( b∫
a

R(z, y, λ)v(y)dy
)
dz =

=
b∫
a

( b∫
a

P (x, z)R(z, y, λ)dz
)
v(y)dy =

=
b∫
a

( b∫
a

m∑
k+l=0

ak,lx
kzlR(z, y, λ)dz

)
v(y)dy =

=
b∫
a

m∑
k+l=0

ak,lx
k
( b∫
a

zlR(z, y, λ)dz
)
v(y)dy =

=
b∫
a

( m∑
k+l=0

ak,lx
kBl(y)

)
v(y)dy .

Ìè äîâåëè, ùî îïåðàòîð PRv ìà¹ âèðîäæåíå ÿäðî
m∑

k+l=0

ak,lx
kBl(y) , à

îòæå, T � îïåðàòîð ç íåïåðåðâíèì âèðîäæåíèì ÿäðîì.

Ìè çâåëè ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó ç íå-

ïåðåðâíèì ÿäðîì äî ëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî

ðîäó ç íåïåðåðâíèì âèðîäæåíèì ÿäðîì.

Ñïðÿæåíå äî (1.10) iíòåãðàëüíå ðiâíÿííÿ òàê ñàìî çâîäèìî äî ðiâíÿííÿ

w = λ̄T ∗w + g. (1.15)

Äëÿ òàêèõ ðiâíÿíü áóëè äîâåäåíi òåîðåìè Ôðåäãîëüìà. Ç íèõ îäåðæó¹-

ìî âiäïîâiäíi òåîðåìè äëÿ iíòåãðàëüíèõ ðiâíÿíü ç äîâiëüíèìè íåïåðåðâíèìè

ÿäðàìè.

� ßêùî iíòåãðàëüíå ðiâíÿííÿ (1.10) ðîçâ'ÿçíå ó C([a, b]) äëÿ äîâiëüíî¨

f ∈ C([a, b]) , òî ñïðÿæåíå ðiâíÿííÿ ðîçâ'ÿçíå ó C([a, b]) äëÿ äîâiëü-

íî¨ f ∈ C([a, b]) . Ðîçâ'ÿçêè âèçíà÷àþòüñÿ îäíîçíà÷íî (ïåðøà òåîðåìà

Ôðåäãîëüìà).

ßê íàñëiäîê, âiäïîâiäíi ëiíiéíi îäíîðiäíi ðiâíÿííÿ ìàþòü òiëüêè òðèâiàëüíi

ðîçâ'ÿçêè.
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� ßêùî ðiâíÿííÿ (1.10) ðîçâ'ÿçíå ó C([a, b]) íå äëÿ äîâiëüíî¨ f ∈ C([a, b]) ,

òî:

1) âiäïîâiäíi (1.10) i ñïðÿæåíîìó îäíîðiäíi ðiâíÿííÿ ìàþòü îäíàêîâó (ñêií-

÷åííó) êiëüêiñòü ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ (äðóãà òåîðåìà Ôðå-

äãîëüìà);

2) äëÿ ðîçâ'ÿçíîñòi ðiâíÿííÿ (1.10) íåîáõiäíî i äîñòàòíüî, ùîá ôóíêöiÿ f

áóëà îðòîãîíàëüíîþ äî áóäü-ÿêîãî ðîçâ'ÿçêó ñïðÿæåíîãî îäíîðiäíîãî

ðiâíÿííÿ (òðåòÿ òåîðåìà Ôðåäãîëüìà).

� Ó êîæíîìó êðóçi |λ| ≤ N1 ¹ ëèøå ñêií÷åííà êiëüêiñòü õàðàêòåðèñòè÷íèõ

÷èñåë ÿäðà K(x, y) (÷åòâåðòà òåîðåìà Ôðåäãîëüìà).

Íàñëiäîê. |λ1| ≤ |λ2| ≤ · · · ≤ |λp| ≤ . . .

Ìîæíà íàáëèæåíî ðîçâ'ÿçóâàòè iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà ç íåïå-

ðåðâíèì ÿäðîì, çàìiíþþ÷è ÿäðî âèðîäæåíèì.

Ïðèêëàäè:

1) u(x) = 1 +
1∫
0

exyu(y)dy , exy = 1 + xy + x2y2

2 + . . . .

Ðiâíÿííÿ

u(x) = 1 +
1∫
0

(1 + xy)u(y)dy

ìà¹ âèðîäæåíå ÿäðî; éîãî ðîçâ'ÿçîê ¹ íàáëèæåííÿì ðîçâ'ÿçêó çàäàíîãî ðiâ-

íÿííÿ;

2) u(x) = x+
1∫
0

sin(xy)u(y)dy , sin(xy) = xy − x3y3

3! + . . .

Ðiâíÿííÿ

u(x) = x+
1∫
0

(xy − x3y3

6 )u(y)dy

ìà¹ âèðîäæåíå ÿäðî.

Âïðàâè

Ïîáóäóâàòè íàáëèæåíèé ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ, çàìiíþþ÷è éî-

ãî ÿäðî âèðîäæåíèì:

1) u(x) = x+
1∫
0

tg(x− y)u(y)dy ;
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2) u(x) = x+
1∫
0

ln(2− xy)u(y)dy ;

3) u(x) = 1 +
1∫
0

√
x+ x2y2u(y)dy .

5. Âëàñòèâîñòi õàðàêòåðèñòè÷íèõ ÷èñåë i âëàñíèõ ôóíêöié

Ëåìà 5. Íåõàé λ1, λ̄2 (λ1 ̸= λ2) � õàðàêòåðèñòè÷íi ÷èñëà âiäïîâiäíèõ

ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü äëÿ ðiâíÿííÿ (1.10) i ñïðÿæåíîãî éîìó, ψ1, ψ
∗
2

� âiäïîâiäíi âëàñíi ôóíêöi¨. Òîäi ψ1 i ψ∗
2 îðòîãîíàëüíi, òîáòî

(ψ1, ψ
∗
2) :=

b∫
a

ψ1ψ̄
∗
2dy = 0 .

Äîâåäåííÿ. Ìà¹ìî

ψ1 = λ1Kψ1 , ψ∗
2 = λ̄2K∗ψ∗

2 ,

òàêîæ

(Ku, v) = (u,K∗v) ∀u, v ∈ C([a, b]) .

Òåïåð

(ψ1, ψ
∗
2) = (ψ1, λ̄2K∗ψ∗

2) = λ2(Kψ1, ψ
∗
2) =

λ2
λ1
(ψ1, ψ

∗
2) <=>

(ψ1, ψ
∗
2)
(
1− λ2

λ1

)
= 0 <=> (ψ1, ψ

∗
2) = 0 .

Ëåìà 6. ßêùî λk � õàðàêòåðèñòè÷íå ÷èñëî ÿäðà K(x, y) , òî λmk �

õàðàêòåðèñòè÷íå ÷èñëî ïîâòîðíîãî ÿäðà Km(x, y) , i íàâïàêè, ÿêùî µ �

õàðàêòåðèñòè÷íå ÷èñëî ïîâòîðíîãî ÿäðà Km(x, y) , òî õî÷ îäèí iç êîðåíiâ

λ1, . . . , λm ðiâíÿííÿ λm = µ ¹ õàðàêòåðèñòè÷íèì ÷èñëîì ÿäðà K(x, y) .

Äîâåäåííÿ. Ïåðøå òâåðäæåííÿ áóëî îäåðæàíî ψk = λkKψk = λmk Kmψk

(ìåòîä ïîñëiäîâíèõ íàáëèæåíü). Äîâåäåìî îáåðíåíå

µKmψ = ψ <=> (λmKm − I)ψ = 0 <=>

(λ1K − I) (λ2K − I) . . . (λmK − I)ψ = 0 .

ßêùî ôóíêöiÿ v1 = (λ2K−I) . . . (λmK−I)ψ ̸= 0 , òî ç ïîïåðåäíüî¨ ðiâíîñòi

(λ1K − I)v1 = 0 , òîáòî λ1 � õàðàêòåðèñòè÷íå ÷èñëî ÿäðà K(x, y) .

ßêùî v1 = 0 , àëå v2 = (λ3K− I) . . . (λmK− I)ψ ̸= 0 , òî ìàòèìåìî (λ2K−
I)v2 = 0 , òîáòî λ2 � õàðàêòåðèñòè÷íå ÷èñëî ÿäðà K(x, y) i ò.ä.

Âïðàâè

Çíàéòè õàðàêòåðèñòè÷íi ÷èñëà òà âiäïîâiäíi ¨ì âëàñíi ôóíêöi¨ ÿäðà:

1) u(x) = λ
2∫
1

xyu(y)dy ;
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2) u(x) = λ
3∫
1

(x+ y)u(y)dy ;

3) u(x) = λ
1∫
0

(xy + x2y2)u(y)dy ;

4) u(x) = λ
1∫
0

(3x− 2)u(y)dy .

6. Ðîçãëÿíåìî ìåòîä ñåðåäíüîãî çíà÷åííÿ iíòåãðàëà (äèâ., íàïðèêëàä,

[18,19]) ïðè ïîáóäîâi ðîçâ'ÿçêó çàäà÷i äëÿ iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ

u(m)+a1(x)u
(m−1)+· · ·+am(x)u = g(x)+

b∫
a

K(x, t)F
(
u(t), u′(t), . . . , u(m)(t)

)
dt,

x ∈ [a, b] ç íåïåðåðâíèì ÿäðîì K(x, t) ïðè çàäàíèõ ïî÷àòêîâèõ àáî êðàéîâèõ

óìîâàõ (¨õ ¹ m ) íà ïðèêëàäi çàäà÷i Êîøi

u
′′
= −2 + ex +

1∫
−1

e−4tu2(t)(u′(t))2dt, u(0) = 1, u′(0) = 1.

Çà öèì ìåòîäîì çàäà÷à çâîäèòüñÿ äî ðîçâ'ÿçóâàííÿ çàäà÷i äëÿ äèôåðåíöi-

àëüíîãî ðiâíÿííÿ i ñèñòåìè àëãåáðè÷íèõ ðiâíÿíü.

Çà òåîðåìîþ ïðî ñåðåäí¹ äëÿ iíòåãðàëà ç íåïåðåðâíîþ ïiäiíòåãðàëüíîþ

ôóíêöi¹þ iñíó¹ òàêå ξ ∈ [a, b] , ùî

b∫
a

K(x, t)F
(
u(t), u′(t), . . . , u(m)(t)

)
dt =

= (b− a)K(x, ξ)F
(
u(ξ), u′(ξ), . . . , u(m)(ξ)

)
,

òîáòî äëÿ íàøîãî ïðèêëàäó

1∫
−1

e−4tu2(t)(u′(t))2dt = 2e−4ξu2(ξ)(u′(ξ))2. (1.16)

Îäåðæàëè çàäà÷ó Êîøi äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ

u
′′
= −2 + ex + 2e−4ξu2(ξ)(u′(ξ))2, u(0) = 1, u′(0) = 1. (1.17)

Ðîçâ'ÿçó¹ìî äèôåðåíöiàëüíå ðiâíÿííÿ ç ïàðàìåòðàìè ξ, A = u(ξ), B = u′(ξ)
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u′(x) = −2x+ ex + 2xe−4ξA2B2 + C1 ,

u(x) = −x2 + ex + x2e−4ξA2B2 + C1x+ C2 .

Âðàõîâóþ÷è ïî÷àòêîâi óìîâè, ìàòèìåìî ðîçâ'ÿçîê çàäà÷i (1.17)

u(x) = −x2 + ex + x2e−4ξA2B2, (1.18)

çîêðåìà,

u(ξ) = −ξ2 + eξ + ξ2e−4ξA2B2,

u′(ξ) = −2ξ + eξ + 2ξe−4ξA2B2,
(1.19)

à (1.16) íàáóâà¹ âèãëÿäó

1∫
−1

e−4t
(
− t2 + et + t2e−4ξA2B2

)2(− 2t+ et + 2te−4ξA2B2
)2
dt =

= 2e−4ξA2B2.

(1.20)

Ìè îäåðæàëè àëãåáðè÷íó ñèñòåìó òðüîõ ðiâíÿíü ((1.19) i (1.20)) ùîäî íåâiäî-

ìèõ ÷èñåë ξ, A,B

A = −ξ2 + eξ + ξ2e−4ξA2B2,

B = −2ξ + eξ + 2ξe−4ξA2B2,

1∫
−1

e−4t
(
− t2 + et + t2e−4ξA2B2

)2(− 2t+ et + 2te−4ξA2B2
)2
dt =

= 2e−4ξA2B2.

Áà÷èìî, ùî öÿ ñèñòåìà ìà¹ ðîçâ'ÿçîê ξ = 0, A = B = 1 . Òåïåð (1.18) äà¹

ðîçâ'ÿçîê çàäà÷i u(x) = −x2 + ex + x2e0 · 1 · 1 , òîáòî u(x) = ex .

1.4 Ëiíiéíi iíòåãðàëüíi ðiâíÿííÿ ç åðìiòîâèìè íåïåðåðâ-

íèìè ÿäðàìè

Ðîçãëÿäà¹ìî ðiâíÿííÿ

u(x) = λ

b∫
a

K(x, y)u(y)dy + f(x), x ∈ [a, b]. (1.21)
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ßäðî K(x, y) íàçèâà¹òüñÿ åðìiòîâèì, ÿêùî âîíî çáiãà¹òüñÿ çi ñïðÿæåíèì,

òîáòî K(y, x) = K(x, y) , à â äiéñíié îáëàñòi K(y, x) = K(x, y) . Íàïðèêëàä,

åðìiòîâèìè ¹ ÿäðà K(x, y) = xy2 + x2y , K(x, y) = |x− y| .
Ñïðÿæåíèì äî îïåðàòîðà K ¹ òàêèé îïåðàòîð K∗ , ùî
b∫
a

(Ku)(x)v̄(x)dx =
b∫
a

u(y)K∗v(y)dy ∀u, v ∈ C([a, b]) ∪ L2(a, b) ,

äå (Kv)(x) =
b∫
a

K(x, y)v(y)dy ,

Îïåðàòîð K íàçèâà¹òüñÿ åðìiòîâèì, ÿêùî

(Ku, v) = (u,Kv) ∀u, v ∈ C([a, b]) <=>

b∫
a

(
b∫
a

K(y, z)u(z)dz)v(y)dy =
b∫
a

u(z)(
b∫
a

K(z, y)v(y)dy)dz ,

b∫
a

u(z)(
b∫
a

K(y, z)v(y)dy)dz =
b∫
a

u(z)(
b∫
a

K(z, y)v(y)dy)dz ,

i òîäi (K∗v)(x) =
b∫
a

K(y, x)v(y)dy , a (Kv)(x) = (K∗v)(x) <=>

b∫
a

K(x, y)v(y)dy =
b∫
a

K(y, x)v(y)dy ∀u, v ∈ C([a, b]) ∪ L2(a, b).

Áà÷èìî, ùî îïåðàòîð K ¹ åðìiòîâèì òîäi i òiëüêè òîäi, êîëè

K(x, y) = K(y, x),

òîáòî ÿäðî ¹ åðìiòîâèì.

Âëàñòèâîñòi åðìiòîâîãî îïåðàòîðà

Íàñëiäêè ëåì 5 i 6.

1. Âñi ïîâòîðíi ÿäðà åðìiòîâîãî îïåðàòîðà åðìiòîâi.

2. Âëàñíi ôóíêöi¨ ψ1, ψ2 äëÿ ðiçíèõ õàðàêòåðèñòè÷íèõ çíà÷åíü λ1 ̸= λ2

îðòîãîíàëüíi, òîáòî (ψ1, ψ2) :=
b∫
a

ψ1ψ̄2dy = 0 .

Òåîðåìà 3. Åðìiòîâå íåïåðåðâíå ÿäðî K(x, y) , âiäìiííå âiä òðèâiàëü-

íîãî (òîòîæíî ðiâíîãî íóëþ), ìà¹ õàðàêòåðèñòè÷íå ÷èñëî i íàéìåíøå ç

õàðàêòåðèñòè÷íèõ ÷èñåë çà ìîäóëåì (λ1 ) çàäîâîëüíÿ¹ âàðiàöiéíèé ïðèíöèï

1

|λ1|
= sup

u∈L2(a,b)

||Ku||
||u||

.

Ç òåîðåìè 3 âèïëèâà¹, ùî ||Ku|| ≤ 1
|λ1| ||u|| .
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Íåõàé ψk � âëàñíi ôóíêöi¨ ÿäðà. Äëÿ äîâiëüíî¨ f ∈ L2(a, b) ìà¹ìî (çáiæ-

íèé â L2(a, b) ) ðÿä Ôóð'¹ çà îðòîíîðìîâàíîþ ñèñòåìîþ ψk (k = 1, 2, . . . )

f(x) =
∞∑
k=1

(f, ψk)ψ̄k(x),

äå ck = (f, ψk) � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ f .

Çàïèøåìî êîåôiöi¹íòè Ôóð'¹ ÿäðà K(x, y)

b∫
a

K(x, y)ψk(y)dy = (Kψk)(x) =
1

λk
ψk(x).

Òîäi äëÿ åðìiòîâîãî ÿäðà K(x, y) = K(y, x) =
∞∑
k=1

ψk(x)ψ̄k(y)
λk

,

à äëÿ ïîâòîðíèõ ÿäåð Kp(x, y) =
∞∑
k=1

ψk(x)ψ̄k(y)
λpk

.

Âèðîäæåíå ÿäðî ìà¹ ñêií÷åííó êiëüêiñòü õàðàêòåðèñòè÷íèõ ÷èñåë. Äëÿ

åðìiòîâîãî ÿäðà ïðàâèëüíå i îáåðíåíå òâåðäæåííÿ: ÿêùî âîíî ìà¹ ñêií÷åííó

êiëüêiñòü õàðàêòåðèñòè÷íèõ ÷èñåë, òî ¹ âèðîäæåíèì.

Ïðèìiòêà. ßêùî f ∈ L2(a, b) , ck = (f, ψk) =
b∫
a

f(x)ψk(x)dx , òî

0 ≤ (f(x)−
N∑
k=1

ckψk, f(x)−
N∑
p=1

cpψp) =

= (f, f)−
N∑
k=1

ck(f, ψk)−
N∑
p=1

c̄p(f, ψp) +
N∑
k=1

|ck|2 =

= (f, f)− 2
N∑
k=1

|ck|2 +
N∑
k=1

|ck|2 = (f, f)−
N∑
k=1

|ck|2 <=>

∞∑
k=1

|ck|2 ≤ (f, f) = ||f ||2L2(a,b)
.

Äëÿ ïîâíî¨ îðòîíîðìîâàíî¨ ñèñòåìè âëàñíèõ ôóíêöié ψk(x) (k ∈ Z+ )

ìà¹ìî
∞∑
k=1

|ck|2 = ||f ||2L2(a,b)
.

Òåîðåìà 4 (Ãiëüáåðòà-Øìiäòà). ßêùî

f(x) = (Kh)(x) =
b∫

a

K(x, y)h(y)dy
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iç íåïåðåðâíèì åðìiòîâèì ÿäðîì K(x, y) , h ∈ L2(a, b) , òî ðÿä Ôóð'¹ äëÿ

f(x) çáiãà¹òüñÿ ðiâíîìiðíî íà [a, b] i

f(x) =
∞∑
k=1

(f, ψk)ψk(x) =
∞∑
k=1

(h, ψk)

λk
ψk(x).

Äîâåäåííÿ. (f, ψk) = (Kh, ψk) = (h,Kψk) = (h,ψk)
λk

. Çãiäíî ç ïðèìiòêîþ

∞∑
k=1

|(g, ψk)|2 ≤ ||g||2L2(a,b)
∀g ∈ L2(a, b).

Çà íåðiâíiñòþ Êîøi-Áóíÿêîâñüêîãî

p∑
k=1

|(h, ψk)| |ψk|
|λk| ≤

√
p∑

k=1

|(h, ψk)|2
√

p∑
k=1

[ |ψk|
|λk| ]

2 ≤

≤

√
b∫
a

h2(y)dy

√
b∫
a

|K(x, y)|2dy ≤ ||h||L2(a,b)M
√
b− a .

Òåîðåìà 5. �äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (1.21) ç íåïåðåðâíèì åðìiòîâèì

ÿäðîì ïðè λ ̸= λj ìîæíà øóêàòè çà ôîðìóëîþ Øìiäòà

u(x) = λ

∞∑
k=1

(f, ψk)

λk − λ
ψk(x) + f(x), (1.22)

ðÿä çáiãà¹òüñÿ ðiâíîìiðíî.

Äîâåäåííÿ. Çà òåîðåìîþ Ãiëüáåðòà-Øìiäòà

u = λKu+ f = λ

∞∑
k=1

(u, ψk)

λk
ψk + f. (1.23)

Iç ðiâíÿííÿ (1.21)

(u, ψk) = λ(Ku, ψk) + (f, ψk) = λ(u,Kψk) + (f, ψk) ,

<=> (u, ψk) =
λ
λk
(u, ψk) + (f, ψk) ,

çâiäêè

(u, ψk)(1− λ
λk
) = (f, ψk) <=> (u, ψk) =

λk
λk−λ(f, ψk) .

Ïiäñòàâëÿ¹ìî â (1.23) i îäåðæó¹ìî (1.22). Ðiâíîìiðíà çáiæíiñòü ðÿäó âè-

ïëèâà¹ ç òåîðåìè 4.
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Çàóâàæèìî, ùî ïðè λ = λj çà òðåòüîþ òåîðåìîþ Ôðåäãîëüìà (f, ψj) = 0

i ôîðìóëà Øìiäòà íàáóâà¹ âèãëÿäó

u(x) = λj

∞∑
k=1,λk ̸=λj

(f, ψk)

λk − λj
ψk(x) + f(x) +

r−1∑
s=0

csψj+s(x),

äå ψj+s(x) � âëàñíi ôóíêöi¨ äëÿ õàðàêòåðèñòè÷íîãî ÷èñëà λj êðàòíîñòi s , cj
� äîâiëüíi ñòàëi.

Ìîæíà äîâåñòè, ùî R(x, y, λ) =
∞∑
k=1

ψk(x)ψ̄k(y)
λk−λ .

Îïåðàòîð K (ÿäðî K(x, y) ) íàçèâà¹òüñÿ äîäàòíî âèçíà÷åíèì, ÿêùî

(Kv, v) ≥ 0 ∀v ∈ L2(a, b).

ßêùî ÿäðî K(x, y) äîäàòíî âèçíà÷åíå, òî âîíî åðìiòîâå, òîáòî (Ku, v) =
(u,Kv) äëÿ âñiõ u, v ∈ L2(a, b) ([4], c. 41). Íàâïàêè íå îáîâ'ÿçêîâî.

Òåîðåìà 6. Äëÿ òîãî, ùîá åðìiòîâå íåïåðåðâíå ÿäðî áóëî äîäàòíî âè-

çíà÷åíèì, íåîáõiäíî i äîñòàòíüî, ùîá óñi éîãî õàðàêòåðèñòè÷íi ÷èñëà áóëè

äîäàòíi.

Äîâåäåííÿ. Ïðè v, w ∈ L2(a, b) ðîçãëÿíåìî

(Kv, w) =
∫
Ω

(Kv)w̄dx =
∫
Ω

[ ∞∑
k=1

(v,ψk)
λk

ψk
]
w̄dx =

=
∞∑
k=1

(v,ψk)
λk

∫
Ω

ψkw̄dx =
∞∑
k=1

(v,ψk)(w,ψk)
λk

.

Ìè îäåðæàëè, ùî (Kv, w) =
∞∑
k=1

(v,ψk)(w,ψk)
λk

ïðè v, w ∈ L2(a, b) , à òîäi

(Kv, v) =
∞∑
k=1

|(v,ψk)|2
λk

≥ 0 , çîêðåìà (Kψj, ψj) = 1
λj

≥ 0 ,

çâiäêè λj > 0 i ìîæíà äîâåñòè, ùî 1
λ1

= sup
v∈L2(a,b)

(Kv,v)
||v||2 .

Ìåòîä Êåëëîãà. Íåõàé K(x, y) � ñèìåòðè÷íå (äiéñíîçíà÷íå åðìiòîâå)

íåïåðåðâíå ÿäðî, ω(x) � äîâiëüíà ôóíöiÿ ç L2(a, b) , ω(x) ̸= 0 , x ∈ [a, b] ,

ω1(x) =
b∫
a

K(x, y)ω(y)dy , ωn(x) =
b∫
a

K(x, y)ωn−1(y)dy , n ∈ N . Òîäi

λ1 = lim
n→∞

1

||ωn(x)||1/nL2(a,b)

= lim
n→∞

||ωn−1(x)||L2(a,b)

||ωn(x)||L2(a,b)
, ψ1(x) = lim

n→∞

ωn(x)

||ωn(x)||L2(a,b)
.
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1.5 Ëiíiéíi iíòåãðàëüíi ðiâíÿííÿ Ôðåäãîëüìà ç ïîëÿð-

íèìè ÿäðàìè

Ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó

u(x) = λ

∫
Ω

K(x, y)u(y)dy + f(x), x ∈ Ω,

äå Ω � îáìåæåíà îáëàñòü â Rn , ìà¹ ïîëÿðíå ÿäðî, ÿêùî K(x, y) = k(x,y)
|x−y|γ ïðè

íåïåðåðâíié k(x, y) i 0 < γ < n (òîäi |K(x, y)| ≤ A
|x−y|γ ), ìà¹ ñëàáî ïîëÿðíå

ÿäðî, ÿêùî 0 < γ < n
2 .

Ðîçãëÿíåìî iíòåãðàëüíèé îïåðàòîð

K : (Ku)(x) =
∫
Ω

K(x, y)u(y)dy, x ∈ Ω̄, u ∈ C(Ω̄) .

Ëåìà 7. Ëiíiéíèé iíòåãðàëüíèé îïåðàòîð ç ïîëÿðíèì ÿäðîì ¹ íåïåðåðâ-

íèì iç C(Ω̄) â C(Ω̄) , iç L2(Ω) â L2(Ω) i îáìåæåíèì:

||(Ku)||C(Ω̄) ≤ N ||u||C(Ω̄), ||(Ku)||L2(Ω) ≤
√
NN ∗||u||L2(Ω),

äå N = max
x∈Ω̄

∫
Ω

|K(x, y)|dy , N ∗ = max
y∈Ω̄

∫
Ω

|K(x, y)|dx .

Äîâåäåííÿ. ßêùî u ∈ C(Ω̄) , òî

|(Ku)(x)| = |
∫
Ω

K(x, y)u(y)dy| ≤

≤ max
x∈Ω

∫
Ω

|K(x, y)|dy ||u||C(Ω̄) ≤ A
∫
Ω

|x− y|−γ dy||u||C(Ω̄) = N ||u||C(Ω̄) .

ßêùî u1, u2 ∈ C(Ω̄) , òî

|(Ku1)(x)− (Ku2)(x)| = |
∫
Ω

K(x, y)[u1(y)− u2(y)]dy| ≤

≤ max
x∈Ω

∫
Ω

|K(x, y)|dy ||u1 − u2||C(Ω̄) = N ||u1 − u2||C(Ω̄).

Ïîçàÿê u ∈ L2(Ω) , òî

||(Ku)||2L2(Ω)
=

∫
Ω

|(Ku)(x)|2dx =

=
∫
Ω

|
∫
Ω

K(x, y)u(y)dy|2dx =
∫
Ω

[
∫
Ω

√
|K(x, y)|

√
|K(x, y)| |u(y)|dy]2dx ≤

≤
∫
Ω

[ ∫
Ω

|K(x, y′)|dy′
∫
Ω

|K(x, y)| |u(y)|2dy
]
dx ≤

≤ N
∫
Ω

|u(y)|2[
∫
Ω

|K(x, y)|dx]dy ≤ NN ∗||u||2L2(Ω)
,

à ïðè u1, u2 ∈ L2(Ω) àíàëîãi÷íî
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||(Ku1)− (Ku2)||2L2(Ω)
=

∫
Ω

|
(
K(u1 − u2)

)
(x)|2dx ≤ NN ∗||u1 − u2||2L2(Ω)

.

Ëåìà 8. Ëiíiéíèé iíòåãðàëüíèé îïåðàòîð çi ñëàáî ïîëÿðíèì ÿäðîì ¹ íå-

ïåðåðâíèì iç L2(Ω) â C(Ω̄) i îáìåæåíèì

||Ku||C(Ω̄) ≤ L||u||L2(Ω) , äå L = max
x∈Ω̄

√∫
Ω

|K(x, y)|2dy .

Äîâåäåííÿ. Ïðè u ∈ L2(Ω) ìà¹ìî

||Ku||C(Ω̄) = max
x∈Ω̄

|(Ku)(x)| = max
x∈Ω̄

|
∫
Ω

K(x, y)u(y)dy| ≤

≤ max
x∈Ω̄

√∫
Ω

|K(x, y)|2dy
√∫

Ω

|u(y)|2dy = L||u||L2(Ω) .

Ëåìà 9. ßêùî ÿäðî îïåðàòîðà K ïîëÿðíå i íåïåðåðâíå â öiëîìó (â îêðå-

ìèõ âèïàäêàõ öå ìîæíà äîâåñòè), òî âií ïåðåâîäèòü âñÿêó îáìåæåíó ìíî-

æèíó â C(Ω̄) ó ìíîæèíó, îáìåæåíó i îäíîñòàéíî íåïåðåðâíó â C(Ω̄) .

Äîâåäåííÿ. Íåõàé U � îáìåæåíà ìíîæèíà â C(Ω̄) . ßêùî u ∈ U , òî

||u||C(Ω̄) ≤ A1 , à çà ëåìîþ 7

||Ku||C(Ω̄) ≤ N ||u||C(Ω̄) ≤ NA1 ,

òàê ùî ìíîæèíà KU îáìåæåíà â C(Ω̄) . Äîâåäåìî, ùî âîíà îäíîñòàéíî íå-

ïåðåðâíà â C(Ω̄) , òîáòî

∀ε > 0∃δ = δ(ε) > 0 : ∀x1, x2 ∈ Ω̄, |x1 − x2| < δ,∀u ∈ U

|(Ku)(x1)− (Ku)(x2)| < ε .

Çà íåïåðåðâíiñòþ â öiëîìó ÿäðà ìà¹ìî

∀ε > 0 ∃δ = δ(ε) > 0 : ∀x1, x2, y ∈ Ω̄, |x1 − x2| < δ∫
Ω

|K(x1, y)−K(x2, y)|dy ≤ ε
A1
.

Òîäi

|(Ku)(x1)− (Ku)(x2)| = |
∫
Ω

[K(x1, y)−K(x2, y)]u(y)dy| ≤

≤ max
x1,x2∈Ω̄

∫
Ω

|K(x1, y)−K(x2, y)|dy ||u||C(Ω̄) ≤ ε
A1
A1 = ε .

Ëåìà Àðöåëà-Àñêîëi ïðàâèëüíà i äëÿ Ω : ÿêùî U � îáìåæåíà ìíîæèíà

ôóíêöié iç C(Ω̄) i îäíîñòàéíî íåïåðåðâíà â C(Ω̄) , òî ç íå¨ ìîæíà âèáðàòè

çáiæíó â C(Ω̄) ïîñëiäîâíiñòü (òîáòî ìíîæèíà U êîìïàêòíà).

Íàãàäà¹ìî, ùî îïåðàòîð íàçèâà¹òüñÿ êîìïàêòíèì, ÿêùî âií ïåðåâîäèòü

âñÿêó îáìåæåíó ìíîæèíó â êîìïàêòíó. Çà ëåìîþ 9 i ëåìîþ Àðöåëà-Àñêîëi

iíòåãðàëüíèé îïåðàòîð ç ïîëÿðíèì i öiëêîì íåïåðåðâíèì ÿäðîì ¹ êîìïàêò-

íèì iç C(Ω̄) â C(Ω̄) , à çà ëåìîþ 8 âií íåïåðåðâíèé. Îïåðàòîð íàçèâà¹òüñÿ
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öiëêîì íåïåðåðâíèì, ÿêùî âií êîìïàêòíèé i íåïåðåðâíèé. Îòîæ çà óìîâ ëåìè

9 ëiíiéíèé iíòåãðàëüíèé îïåðàòîð K ç ïîëÿðíèì ÿäðîì öiëêîì íåïåðåðâíèé

â C(Ω̄) . Òàêîæ ïðàâèëüíà òàêà ëåìà.

Ëåìà 10. ßêùî
∫
Ω

[
∫
Ω

|K(x, y)|2dy]dx = L2
1 < +∞ , òî îïåðàòîð K ¹ öië-

êîì íåïåðåðâíèì iç L2(Ω) â L2(Ω) .

Çàóâàæèìî, ùî óìîâà ëåìè 10 âèêîíó¹òüñÿ äëÿ ñëàáî ïîëÿðíîãî ÿäðà.

Çà ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü âèáèðà¹ìî

u0(x) = f(x) , um(x) = λ(Kum−1)(x) + f(x) , m = 1, 2, . . .

Îäåðæó¹ìî

um(x) = f(x) + λ

∫
Ω

( m∑
k=0

λkKk+1(x, y)
)
f(y)dy,

äå K1(x, y) = K(x, y) , Km(x, y) =
∫
Ω

K(x, z)Km−1(z, y)dz , m = 2, 3, . . .

Km(x, y) íàçèâàþòüñÿ iòåðîâàíèìè (ïîâòîðíèìè) ÿäðàìè.

Âèâ÷èìî õàðàêòåð ¨õíiõ îñîáëèâîñòåé ïðè x = y .

Ëåìà 11. Íåõàé J(x, y) =
∫
Ω

|x− z|−γ|z − y|−βdz , γ, β ∈ (0, n) .

Òîäi

|J(x, y)| ≤ C|x− y|n−γ−β ïðè n− γ − β ̸= 0 ,

|J(x, y)| ≤ Cln|x− y|+ Ĉ ïðè n− γ − β = 0 .

Äîâåäåííÿ. Íåõàé

J(x, y) = J1(x, y) + J2(x, y) + J3(x, y) , äå

J1(x, y) =
∫

z∈Ω:|x−z|< 1
2 |x−y|

|x− z|−γ|z − y|−βdz ,

J2(x, y) =
∫

z∈Ω:|y−z|< 1
2 |x−y|

|x− z|−γ|z − y|−βdz ,

J3(x, y) =
∫

z∈Ω:|x−z|> 1
2 |x−y|,|y−z|>

1
2 |x−y|

|x− z|−γ|z − y|−βdz .

Ïðè |x− z| < 1
2|x− y| ìà¹ìî

|y − z| = |x− z + y − x| ≥ |y − x| − |x− z| ≥ |y − x| − 1
2 |x− y| = 1

2|x− y| ,
à îòæå,

1
2 |x− y| ≤ |y − z| ≤ 3

2 |x− y| ,

|J1(x, y)| ≤ 2−β
∫

z∈Ω:|x−z|< 1
2 |x−y|

|x− z|−γdz |x− y|−β ≤
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≤ C0|x− y|−β
|x−y|∫
0

rn−1r−γdr ≤ C1|x− y|n−γ−β .

Ïðè |y − z| < 1
2 |x− y| ìà¹ìî

|x− z| = |x− y + y − z| ≥ |x− y| − |y − z| ≥ |y − x| − 1
2 |x− y| = 1

2 |x− y| ,
à îòæå,

1
2 |x− y| ≤ |x− z| ≤ 3

2 |x− y| ,

|J2(x, y)| ≤ 2−γ
∫

z∈Ω:|y−z|< 1
2 |x−y|

|y − z|−βdz |x− y|−γ ≤

≤ C1|x− y|−γ
|x−y|∫
0

rn−1r−βdr ≤ C2|x− y|n−γ−β .

Îòðèìàëè ãðóáó îöiíêó

|J3(x, y)| ≤ 2−γ−β
∫

z∈Ω:|x−z|> 1
2 |x−y|,|y−z|>

1
2 |x−y|

|x− y|−β−γdz =

= |x− y|−β−γ
D∫

|x−y|
rn−1dr ,

àëå çðîáèìî òî÷íiøå. Äëÿ öüîãî ðîáèìî çàìiíó

z − x = rξ , x− y = rs , äå r = |x− y| , |s| = 1 .

Òîäi

dz = rndξ , |z − y| ≥ 1
2 |x− y| = r

2 ,

|J3(x, y)| ≤ C3r
n−α−β ∫

Ω

|ξ|−βdξ ≤ C4r
n−α−β = C4|x− y|n−γ−β

ïðè n− γ − β ̸= 0 ,

|J3(x, y)| ≤ C4

D∫
|x−y|

r−1dr ≤ C5ln|x− y|+ C6 , ÿêùî γ + β = n .

Ëåìà äîâåäåíà.

Íàñëiäîê. Âñi ïîâòîðíi ÿäðà Km(x, y) ïîëÿðíîãî ÿäðà ¹ ïîëÿðíèìè i çà-

äîâîëüíÿþòü îöiíêó

|Km(x, y)| ≤ Am|x− y|−mγ+(m−1)n , ÿêùî (m− 1)n−mγ < 0 ,

|Km(x, y)| ≤ Amln|x− y|+Bm , ÿêùî −mγ + (m− 1)n = 0 ,

íåïåðåðâíi ïðè m ≥ m0 = [ n
n−γ ] + 1 .

Äîâåäåííÿ. Äëÿ îöiíêè |Km(x, y)| òðåáà ó òâåðäæåííi ëåìè 11 çàìiíèòè

n− β íà (m− 1)(n− β) .

Çà ëåìîþ 11 i íàñëiäêîì ðåçîëüâåíòà ïîëÿðíîãî ÿäðà
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R(x, y, λ) = R1(x, y, λ) +R2(x, y, λ) =

m0−1∑
m=0

λmKm+1(x, y) +
∞∑

m=m0

λmKm+1(x, y)

¹ ñêií÷åííîþ ñóìîþ äîäàíêiâ ç ïîëÿðíèìè ÿäðàìè òà ðÿäîì iç íåïåðåðâíèìè

îáìåæåíèìè ÿäðàìè, çáiæíèì ïðè |λ| < 1
N . Îòîæ òâåðäæåííÿ òåîðåìè 1

ïðàâèëüíå i äëÿ iíòåãðàëüíîãî ðiâíÿííÿ ç ïîëÿðíèì ÿäðîì.

Òåîðåìè Ôðåäãîëüìà

Ëåìà 12. Äëÿ äîâiëüíîãî ε > 0 i ïîëÿðíîãî ÿäðà K(x, y) iñíó¹ òàêå

âèðîäæåíå ÿäðî P (x, y) , ùî

max
x∈Ω̄

∫
Ω

|K(x, y)− P (x, y)|dy < ε , max
x∈Ω̄

∫
Ω

|K∗(x, y)− P ∗(x, y)|dy < ε .

Äîâåäåííÿ. Íåõàé

S(x, y) = K(x, y) ïðè |x− y| ≥ 1
N ,

S(x, y) = K(x, y)|x− y|γ ïðè |x− y| < 1
N ,

äå N � äîäàòíå ÷èñëî. Òîäi S(x, y) � íåïåðåðâíà ôóíêöiÿ (ïîãàøåíà îñîáëè-

âiñòü ïðè |x− y| ≤ 1
N ),∫

Ω

|K(x, y)− S(x, y)|dy =
∫

y∈Ω: |x−y|< 1
N

|K(x, y)− S(x, y)|dy =

=
∫

y∈Ω: |x−y|< 1
N

|k(x,y)|
|x−y|γ [1− |x− y|γ]dy ≤ A

∫
y∈Ω: |x−y|< 1

N

dy
|x−y|γ =

= AC
∫

z∈Ω: |z|< 1
N

dy
|z|γ = ACσn

1/N∫
0

rn−1−γdr = ACσn
Nn−γ <

ε
2 , x ∈ Ω

çà äîñòàòíüî âåëèêîãî N (òóò A,C � äîäàòíi ñòàëi, σn � ïëîùà ïîâåðõíi

îäèíè÷íî¨ ñôåðè â Rn ). Òàê ñàìî äîâåäåìî, ùî∫
Ω

|K∗(x, y)− S∗(x, y)|dy < ε
2 , x ∈ Ω .

Çà òåîðåìîþ Âåé¹ðøòðàññà íåïåðåðâíó ôóíêöiþ â îáìåæåíié îáëàñòi ìîæ-

íà íàáëèçèòè ïîëiíîìîì P (x, y) =
m∑

k+l=0

ak,lx
kyl .

Îòæå, äëÿ íåïåðåðâíîãî ÿäðà S(x, y) iñíó¹ âèðîäæåíå ÿäðî P (x, y) òàêå,

ùî ∫
Ω

|S(x, y)− P (x, y)|dy < ε
2 , x, y ∈ Ω .

Íåõàé Q(x, y) = K(x, y)− P (x, y) . Òîäi
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max
x∈Ω̄

∫
Ω

|Q(x, y)|dy ≤ max
x∈Ω̄

∫
Ω

|K(x, y)− S(x, y)|dy+

+max
x∈Ω̄

∫
Ω

|S(x, y)− P (x, y)|dy < ε
2 +

ε
2 = ε .

Äàëi, ÿê ó âèïàäêó íåïåðåðâíîãî ÿäðà, ðîçãëÿäà¹ìî ðiâíÿííÿ

u− λQu = v.

Çà äîâåäåíèì, ïðè |λ| < 1
AMε îäíîçíà÷íî âèçíà÷åíî éîãî ðîçâ'ÿçîê

u = (I − λQ)−1v = (I + λR)v

(R � iíòåãðàëüíèé îïåðàòîð, ÿäðîì ÿêîãî ¹ ðåçîëüâåíòà R(x, y, λ) ÿäðà

Q(x, y) ). Ðiâíÿííÿ

u = λPu+ λQu+ f

ñòà¹ òàêèì:

v = λP(I + λR)v + f <=>

v = λT v + f,

äå T = P(I + λR) = P + λPR ,

(PRv)(x) =
∫
Ω

( ∫
Ω

P (x, z)R(z, y, λ)dz
)
v(y)dy =

=
∫
Ω

( ∫
Ω

m∑
k+l=0

ak,lx
kzlR(z, y, λ)dz

)
v(y)dy =

=
∫
Ω

m∑
k+l=0

ak,lx
k
( ∫

Ω

zlR(z, y, λ)dz
)
v(y)dy =

=
∫
Ω

( m∑
k+l=0

ak,lx
kBl(y)

)
v(y)dy .

Îòæå, îïåðàòîð T ìà¹ âèðîäæåíå íåïåðåðâíå ÿäðî
m∑

k+l=0

ak,lx
kBl(y) .

Ìè çâåëè ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó ç ïîëÿð-

íèì ÿäðîì äî ëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó ç

íåïåðåðâíèì âèðîäæåíèì ÿäðîì.

Ñïðÿæåíå ðiâíÿííÿ òàê ñàìî çâîäèìî äî ðiâíÿííÿ

w = λ̄T ∗w + g.

Äëÿ òàêèõ ðiâíÿíü áóëè äîâåäåíi òåîðåìè Ôðåäãîëüìà. Ç íèõ îäåðæó¹ìî

âiäïîâiäíi òåîðåìè äëÿ iíòåãðàëüíèõ ðiâíÿíü iç ïîëÿðíèìè ÿäðàìè.
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� ßêùî ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ ç ïîëÿðíèì ÿäðîì ðîçâ'ÿçíå ó C(Ω̄)

äëÿ äîâiëüíî¨ f ∈ C(Ω̄) , òî ñïðÿæåíå ðiâíÿííÿ ðîçâ'ÿçíå ó C(Ω) äëÿ äî-

âiëüíî¨ f ∈ C(Ω̄) . Ðîçâ'ÿçêè âèçíà÷àþòüñÿ îäíîçíà÷íî (ïåðøà òåîðåìà

Ôðåäãîëüìà).

ßê íàñëiäîê, âiäïîâiäíi ëiíiéíi îäíîðiäíi ðiâíÿííÿ ìàþòü òiëüêè òðèâiàëüíi

ðîçâ'ÿçêè.

� ßêùî ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ ç ïîëÿðíèì ÿäðîì ðîçâ'ÿçíå ó C(Ω̄)

íå äëÿ äîâiëüíî¨ f ∈ C(Ω̄) , òî:

1) âiäïîâiäíi ëiíiéíi îäíîðiäíi ðiâíÿííÿ ìàþòü îäíàêîâó (ñêií÷åííó) êiëü-

êiñòü ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ (äðóãà òåîðåìà Ôðåäãîëüìà);

2) äëÿ ðîçâ'ÿçíîñòi ëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ ç ïîëÿðíèì ÿäðîì íå-

îáõiäíî i äîñòàòíüî, ùîá ôóíêöiÿ f áóëà îðòîãîíàëüíîþ äî áóäü-ÿêîãî

ðîçâ'ÿçêó ñïðÿæåíîãî îäíîðiäíîãî ðiâíÿííÿ (òðåòÿ òåîðåìà Ôðåäãîëüìà).

� Ó êîæíîìó êðóçi |λ| ≤ N (N ∈ N) ¹ ëèøå ñêií÷åííà êiëüêiñòü õàðàêòå-

ðèñòè÷íèõ ÷èñåë ïîëÿðíîãî ÿäðà K(x, y) (÷åòâåðòà òåîðåìà Ôðåäãîëü-

ìà).

Íàñëiäîê. |λ1| ≤ |λ2| ≤ · · · ≤ |λp| ≤ . . .

Âñi âëàñòèâîñòi íåïåðåðâíèõ åðìiòîâèõ ÿäåð çáåðiãàþòüñÿ äëÿ ïîëÿðíèõ

åðìiòîâèõ ÿäåð ç óòî÷íåííÿì çáiæíîñòi (íå çàâæäè ðiâíîìiðíà, à iíîäi â L2 ).

1.6 Ëiíiéíi iíòåãðàëüíi ðiâíÿííÿ â L2

Ðîçãëÿäà¹ìî ðiâíÿííÿ

u(x) = λ

b∫
a

K(x, y)u(y)dy + f(x), x ∈ [a, b] (1.24)

ó ïðîñòîði L2(a, b) , ââàæàþ÷è, ùî éîãî ÿäðî êâàäðàòè÷íî iíòåãðîâíå, òîáòî

çàäîâîëüíÿ¹ óìîâó

b∫
a

b∫
a

|K(x, y)|2dxdy = B2 < +∞, (1.25)
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ç ÿêî¨ çà òåîðåìîþ Ôóáiíi âèïëèâà¹ iñíóâàííÿ iíòåãðàëiâ

b∫
a

|K(x, y)|2dx ∀y ∈ (a, b),

b∫
a

|K(x, y)|2dy ∀x ∈ (a, b).

Çàóâàæèìî, ùî ç óìîâè

b∫
a

|K(x, y)|2dy ≤ A < +∞, x ∈ [a, b] (1.26)

ó âèïàäêó ñêií÷åííèõ a, b âèïëèâà¹ îöiíêà (1.25). ßêùî ó ðiâíÿííi a àáî b

íåîáìåæåíi, òî öå çàãàëîì íåïðàâèëüíî.

Ïðèêëàä. Äëÿ ðiâíÿííÿ

u(x) = λ
+∞∫
−∞

e−|x−y|u(y)dy + f(x)

+∞∫
−∞

+∞∫
−∞

|K(x, y)|2dxdy =
+∞∫
−∞

dx
+∞∫
−∞

e−2|x−y|dy ,

îäíàê âíóòðiøíié iíòåãðàë
+∞∫
−∞

e−2|x−y|dy =
x∫

−∞
e−2(x−y)dy +

+∞∫
x

e2(x−y)dy = 1
2 +

1
2 = 1

i íå ¹ iíòåãðîâíèì íà R � òóò ç óìîâè (1.26) óìîâà (1.25) íå âèïëèâà¹.

Ââàæà¹ìî f ∈ L2(a, b) (
b∫
a

|f(y)|2dy < ∞ ) i øóêà¹ìî ðîçâ'ÿçîê ðiâíÿííÿ

u ∈ L2(a, b) .

Ëåìà 13. Ëiíiéíèé iíòåãðàëüíèé îïåðàòîð ç ÿäðîì, ùî çàäîâîëüíÿ¹ óìî-

âó (1.25), ¹ íåïåðåðâíèì iç L2(a, b) â L2(a, b) i îáìåæåíèì

||Ku||L2(a,b) ≤ B||u||L2(a,b).

Äîâåäåííÿ. Ïðè u ∈ L2(a, b) ôóíêöiÿ âiä y ∈ (a, b)

|K(x, y)u(y)| ≤ 1
2 |K(x, y)|2 + 1

2 |u(y)|
2

íàëåæèòü L2(a, b) äëÿ ìàéæå âñiõ x ∈ (a, b) , à çà íåðiâíiñòþ Áóíÿêîâñüêîãî

|(Ku)(x)|2 = |
b∫
a

K(x, y)u(y)dy|2 ≤
b∫
a

|K(x, y)|2dy
b∫
a

|u(y)|2dy =
b∫
a

|K(x, y)|2dy ||u||2L2(a,b)
.
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Òîäi ||Ku||L2(a,b) =

√
b∫
a

|(Ku)(x)|2dx ≤

≤

√
b∫
a

(
b∫
a

|K(x, y)|2dy)dx ||u||L2(a,b) = B||u||L2(a,b) .

ßêùî ÿäðî K(x, y) çàäîâîëüíÿ¹ óìîâó (1.25), à äëÿ äåÿêîãî ÿäðà L(x, y)
b∫
a

b∫
a

|L(x, y)|2dxdy = C2 < +∞,

òî, ÿê ïðè äîâåäåííi ëåìè 13, îäåðæó¹ìî, ùî LKu = L(Ku) ∈ L2(a, b) i äëÿ

ÿäðà M(x, y) =
b∫
a

L(x, z)K(z, y)dz ïðàâèëüíà îöiíêà

b∫
a

b∫
a

|M(x, y)|2dxdy ≤ B2C2 .

Ìîæíà äîâåñòè, ùî äëÿ f ∈ L2(a, b) i iòåðîâàíèõ ÿäåð ïðàâèëüíà îöiíêà

||Kmf ||L2(a,b) ≤ Bm||f ||L2(a,b) < +∞,

çâiäêè

||
∞∑
m=0

λmKmf ||L2(a,b) ≤
∞∑
m=0

|λ|m||Kmf ||L2(a,b) ≤

≤
∞∑
m=0

(|λ|B)m |f ||L2(a,b) =
1

1−|λ|B |f ||L2(a,b),

i ïðè |λ| < 1
B ïîñëiäîâíi íàáëèæåííÿ um çáiãàþòüñÿ äî äåÿêî¨ ôóíêöi¨ u ∈

L2(a, b) : ìà¹ìî ||um − u||L2(a,b) → 0 , m→ ∞ .

Ëåãêî äîâåñòè, ùî u � ðîçâ'ÿçîê ðiâíÿííÿ (1.24). Ñïðàâäi,

||Kum −Ku||L2(a,b) = ||K(um − u)||L2(a,b) ≤ B||um − u||L2(a,b) → 0, m→ ∞.

�äèíiñòü ðîçâ'ÿçêó äîâîäèòüñÿ ÿê ó âèïàäêó íåïåðåðâíîãî ÿäðà (äèâ. íà-

ñëiäîê 1). Ïðèïóñêàþ÷è iñíóâàííÿ äâîõ ðîçâ'ÿçêiâ u1, u2 ∈ L2(a, b) ðiâíÿííÿ

(1.24), îäåðæó¹ìî, ùî u = u1 − u2 ¹ ðîçâ'ÿçêîì âiäïîâiäíîãî ëiíiéíîãî îäíî-

ðiäíîãî ðiâíÿííÿ. Òîäi ||u||L2(a,b) = |λ| ||Ku||L2(a,b) , à âèêîðèñòîâóþ÷è ëåìó

13, ìàòèìåìî

||u||L2(a,b) ≤ |λ|B ||u||L2(a,b).

Îäåðæàëè ||u||L2(a,b) = 0 ïðè |λ| < 1
B . Íàñëiäêîì ìiðêóâàíü ¹ òåîðåìà.
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Òåîðåìà 7. Ïðè f ∈ L2(a, b) , óìîâi (1.25), |λ| < 1
B iñíó¹ ¹äèíèé

ðîçâ'ÿçîê u ∈ L2(a, b) iíòåãðàëüíîãî ðiâíÿííÿ (1.24). Ó öüîìó âèïàäêó

u(x) = f(x) + λ

b∫
a

R(x, y, λ)f(y)dy,

äå

R(x, y, λ) =
∞∑
m=0

λmKm+1(x, y)

� ðåçîëüâåíòà ÿäðà K(x, y) .

Çàñòîñîâóþ÷è ìåòîä ïîñëiäîâíèõ íàáëèæåíü, îäåðæóþòü òàêó îöiíêó ïî-

õèáêè:

|u(x)− uk(x)| ≤M |λB|k, M > 0.

Òåîðåìà 8. Iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððè äðóãîãî ðîäó ç êâàäðàòè÷íî

iíòåãðîâíèì ÿäðîì ïðè f ∈ L2(a, b) ìà¹ ¹äèíèé ðîçâ'ÿçîê u ∈ L2(a, b) .

Äëÿ iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà ç òàêèì ÿäðîì ïðàâèëüíi òåîðåìè

Ôðåäãîëüìà, âiäïîâiäíå îäíîðiäíå ðiâíÿííÿ i ñïðÿæåíå éîìó ìàþòü çàãàëîì

çëi÷åííó ìíîæèíó õàðàêòåðèñòè÷íèõ çíà÷åíü, õî÷ äëÿ êîæíîãî ç íèõ îäíà-

êîâó êiëüêiñòü ëiíiéíî íåçàëåæíèõ âëàñíèõ ôóíêöié.

Ó çàñòîñóâàííÿõ âàæëèâî çíàòè, êîëè òàêèé ðîçâ'ÿçîê ¹ íåïåðåðâíèì.

Òåîðåìà 9. ßêùî f(x) îáìåæåíà íà (a, b) , ÿäðî çàäîâîëüíÿ¹ óìîâó

(1.26) i iñíó¹ ðîçâ'ÿçîê ðiâíÿííÿ (1.24) (çà òåîðåìîþ 7 öå ¹ ó âèïàäêó ñêií-

÷åííèõ a, b ), òî öåé ðîçâ'ÿçîê îáìåæåíèé íà (a, b) .

Äîâåäåííÿ. Ìà¹ìî

|
b∫
a

K(x, y)u(y)dy| ≤

√
b∫
a

|K(x, y)|2dy

√
b∫
a

|u(y)|2dy ,

à òîìó ïðàâà ÷àñòèíà â (1.24) îáìåæåíà.

Íàñëiäîê. Çà óìîâè (1.26) âñi âëàñíi ôóíêöi¨ ÿäðà îáìåæåíi.

Òåîðåìà 10.ßêùî f ∈ C([a, b]) , à ÿäðî iíòåãðàëüíîãî ðiâíÿííÿ íåïåðåðâ-

íå â öiëîìó, òî ïðè ñêií÷åííèõ a, b ðîçâ'ÿçîê ðiâíÿííÿ (1.24) íåïåðåðâíèé

íà (a, b) .

Äîâåäåííÿ. ßêùî f ∈ C([a, b]) , òî âîíà îáìåæåíà. Òîäi çà òåîðåìîþ 9

ðîçâ'ÿçîê ðiâíÿííÿ îáìåæåíèé íà (a, b) , à òîäi
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|u(x1)− u(x2)| = |
b∫
a

[K(x1, y)−K(x2, y)]u(y)dy| ≤

≤ C
b∫
a

|K(x1, y)−K(x2, y)|dy ≤ ε ïðè |x1 − x2| < δ .

Íàñëiäîê. ßêùî ÿäðî iíòåãðàëüíîãî ðiâíÿííÿ íåïåðåðâíå â öiëîìó, òî

âñi éîãî âëàñíi ôóíêöi¨ íåïåðåðâíi.

Çàóâàæèìî òàêå: ÿêùî ÿäðî íåïåðåðâíå, òî âîíî íåïåðåðâíå â öiëîìó.

Òåîðåìà 11. ßêùî ÿäðî çàäîâîëüíÿ¹ óìîâó (1.26) i ìà¹ ðîçðèâè òiëü-

êè â içîëüîâàíèõ òî÷êàõ àáî íà ñêií÷åííié êiëüêîñòi îêðåìèõ íåïåðåðâíèõ

êðèâèõ, òî âîíî íåïåðåðâíå â öiëîìó.

Ìîæíà äîâåñòè, ùî çà äîäàòêîâî¨ óìîâè (1.26) i |λ| < 1
B ðÿä Íåéìàíà

çáiãà¹òüñÿ ðiâíîìiðíî é àáñîëþòíî íà [a, b] , à òîìó ïðè f ∈ C([a, b]) iñíó¹

¹äèíèé ðîçâ'ÿçîê u ∈ C([a, b]) iíòåãðàëüíîãî ðiâíÿííÿ (1.24).

Ðîçãëÿíåìî îïåðàòîðíå ðiâíÿííÿ

u = λKu+ f (1.27)

â ãiëüáåðòîâîìó àáî áàíàõîâîìó ïðîñòîði H . ßêùî f ∈ H , îïåðàòîð K
öiëêîì íåïåðåðâíèé â H , òî ïðàâèëüíi òåîðåìè Ôðåäãîëüìà. Òàêi îïåðàòîðè

ùå íàçèâàþòü ôðåäãîëüìîâèìè. Õàðàêòåðíèì äëÿ íèõ ¹ çëi÷åííà içîëüîâàíà

ìíîæèíà õàðàêòåðèñòè÷íèõ çíà÷åíü. Äëÿ íåôðåäãîëüìîâèõ îïåðàòîðiâ õà-

ðàêòåðèñòè÷íi çíà÷åííÿ ìîæóòü çàïîâíþâàòè ïåâíi iíòåðâàëè ÷è îáëàñòi.

Çàçíà÷èìî, ùî ó âèïàäêó áàíàõîâîãî ïðîñòîðó H ñïðÿæåíå ðiâíÿííÿ (i

ñïðÿæåíèé îïåðàòîð) òðåáà ðîçãëÿäàòè íà ïðîñòîði ëiíiéíèõ íåïåðåðâíèõ

ôóíêöiîíàëiâ íà H . Äëÿ ðîçâ'ÿçàííÿ iíòåãðàëüíèõ ðiâíÿíü iç íåôðåäãîëü-

ìîâèìè îïåðàòîðàìè ìîæíà òàêîæ çàñòîñîâóâàòè ìåòîä iòåðàöié.

1.7 ×èñåëüíå ðîçâ'ÿçàííÿ ëiíiéíèõ iíòåãðàëüíèõ ðiâíÿíü

Ðîçãëÿíåìî ëiíiéíi iíòåãðàëüíi ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó

u(x) = λ

b∫
a

K(x, y)u(y)dy + f(x), x ∈ [a, b] (1.28)

ó ïðîñòîði íåïåðåðâíèõ ôóíêöié.
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ßêùî ÿäðî âèðîäæåíå, òî ìè áà÷èëè, ùî ðîçâ'ÿçàííÿ ðiâíÿííÿ çâîäè-

ëîñü äî ðîçâ'ÿçàííÿ àëãåáðè÷íî¨ ñèñòåìè ðiâíÿíü. Òóò îäåðæóþòü òî÷íèé

ðîçâ'ÿçîê.

Ñåðåä ìåòîäiâ ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ iíòåãðàëüíèõ ðiâíÿíü äðó-

ãîãî ðîäó ìè çãàäóâàëè:

1) ìåòîä ïîñëiäîâíèõ íàáëèæåíü;

2) ìåòîä ñòåïåíåâèõ ðÿäiâ, ÿêùî ÿäðî i ïðàâà ÷àñòèíà ðîçêëàäàþòüñÿ ó

çáiæíi ñòåïåíåâi ðÿäè;

3) ìåòîä íåâèçíà÷åíèõ êîåôiöi¹íòiâ, çà ÿêèì øóêà¹ìî ðîçâ'ÿçîê öüîãî ðiâ-

íÿííÿ ÷è ðiâíÿííÿ ïåðøîãî ðîäó ó âèãëÿäi ðîçâèíåííÿ u(x) =
∞∑
k=1

akωk(x) çà

äåÿêîþ ïîâíîþ îðòîíîðìîâàíîþ ñèñòåìîþ ôóíêöié ωk(x) íà (a, b) ç íåâiäî-

ìèìè ak (ïiäñòàâëÿþ÷è øóêàíèé ðîçâ'ÿçîê ó ðiâíÿííÿ, íàïðèêëàä, ïåðøîãî

ðîäó, îäåðæó¹ìî
∞∑
k=1

ak
b∫
a

K(x, y)ωk(y)dy = f(x) <=>
∞∑
k=1

akhk(x) = f(x) ,

äå hk(x) =
b∫
a

K(x, y)ωk(y)dy � âiäîìi ôóíêöi¨);

4) ìåòîä íàáëèæåííÿ ÿäðà âèðîäæåíèì, íàïðèêëàä,

u(x) = x+
1∫
0

u(t)
2+x+tdt ,

1
2+z =

1
2(1+ z

2 )
= 1

2

∞∑
k=0

(z2)
k, |z| < 2 =>

1
2+x+t =

1
2

∞∑
k=0

(x+t2 )k = 1
2 [1 +

x+t
2 + . . . ] ;

çàìiíèìî ÿäðî 1
2+x+t íà

1
2 [1+

x+t
2 ] i çíàéäåìî íàáëèæåíèé ðîçâ'ÿçîê çàäàíîãî

ðiâíÿííÿ ÿê ðîçâ'ÿçîê ðiâíÿííÿ

u(x) = x+
1∫
0

1
2 [1 +

x+t
2 ]u(t)dt

ç âèðîäæåíèì ÿäðîì.

Íàáëèæåíi ÷èñåëüíi ðîçâ'ÿçêè îäåðæèìî, ÿêùî âèêîðèñòàòè ÷èñåëüíi ìå-

òîäè îá÷èñëåííÿ iíòåãðàëiâ. Ïðèéäåìî äî ðîçâ'ÿçóâàííÿ ñèñòåì àëãåáðè÷íèõ

ðiâíÿíü.

Íàáëèæåíèé ÷èñåëüíèé ðîçâ'ÿçîê � öå òàáëèöÿ (xk, uk) (xk ∈ [a, b] , uk �

íàáëèæåíå çíà÷åííÿ u(xk) ðîçâ'ÿçêó ðiâíÿííÿ â òî÷öi xk ), k = 1, . . . , n .

Âèêîðèñòîâó¹ìî òàêîæ âiäîìi òåîðåìè ïðî ñåðåäí¹ äëÿ iíòåãðàëiâ:
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1) f ∈ C([a, b]) => ∃c ∈ (a, b) :
b∫
a

fdt = f(c)(b− a) ;

2) f, g ∈ C([a, b]), g íå ìiíÿ¹ çíàê íà [a, b] => ∃c ∈ (a, b) :

b∫
a

f gdt = f(c)

b∫
a

gdt.

Íåõàé ÿäðî i ïðàâà ÷àñòèíà ó ðiâíÿííi íåïåðåðâíi. Ðîçáèâà¹ìî âiäðiçîê

[a, b] íà ðiâíi ÷àñòèíè òî÷êàìè yj = jh , j = 0, 1, . . . , n , h = b−a
n . Çà çíà÷åííÿ

ñåðåäíiõ òî÷îê cj ìîæíà ïðè âåëèêîìó n áðàòè ëiâi àáî ïðàâi êiíöi iíòåðâàëiâ

(ìàòèìåìî ìåòîä ïðÿìîêóòíèêiâ íàáëèæåíîãî îá÷èñëåííÿ iíòåãðàëiâ). Òîäi ó

ïåðøîìó âèïàäêó
b∫
a

K(x, y)u(y)dy =
n−1∑
j=0

xj+1∫
xj

K(x, y)u(y)dy = h
n−1∑
j=0

K(x, yj)u(yj) ,

à ðiâíÿííÿ (1.28) ïåðåéäå ó ñèñòåìó ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü

u(xi) = λh
n−1∑
j=0

K(xi, yj)u(yj) + f(xi) , i = 0, 1, . . . , n− 1 ,

àáî, ââiâøè ïîçíà÷åííÿ

yj ∈ [a, b] , u(yj) = vj , f(xi) = gi , K(xi, yj) = kij , j = 0, 1, . . . , n ,

ó ñèñòåìó

vi = λh
n−1∑
j=0

kijvj + gi, i = 0, 1, . . . , n− 1,

ÿêà ìà¹ ¹äèíèé ðîçâ'ÿçîê äëÿ äîâiëüíèõ gi , ÿêùî âèçíà÷íèê

D(λ, n, h) = det(E − λhK) ̸= 0.

Çà ôîðìóëàìè Êðàìåðà çíàõîäèìî

vj =
Dj(λ, n, h, g1, . . . , gn−1)

D(λ, n, h)
, j = 0, 1, . . . , n− 1

(gi âõîäÿòü ìíîæíèêàìè), vn = λh
n−1∑
j=0

knjvj + gn . Òîäi

u(xi) = λ

n∑
j=1

kij
Dj(λ, n, h, g1, . . . , gn−1)

D(λ, n, h)
+ g(yi), i = 0, 1, . . . , n− 1,

à ïåðåõîäÿ÷è äî ãðàíèöi ïðè n→ ∞ , îäåðæó¹ìî

u(x) =

b∫
a

R(x, y, λ)f(y)dy + f(x).
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Ôóíêöiÿ R(x, y, λ) ¹ ðåçîëüâåíòîþ iíòåãðàëüíîãî ðiâíÿííÿ (1.28).

Àëüòåðíàòèâà Ôðåäãîëüìà äëÿ ëiíiéíèõ iíòåãðàëüíèõ ðiâíÿíü (ËIÐ) îäåð-

æàíà íèì ñàìå íà ïiäñòàâi âëàñòèâîñòåé ñèñòåì ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü

i îçíà÷åííÿ iíòåãðàëà.

Äðóãó òåîðåìó ïðî ñåðåäí¹ âèêîðèñòîâó¹ìî, êîëè ÿäðî iíòåãðàëüíîãî ðiâ-

íÿííÿ íåâiä'¹ìíå. Òîäi â îäåðæàíié àëãåáðè÷íié ñèñòåìi çàìiñòü kij ìàòèìåìî

Ki =
b∫
a

K(xi, y)dy .

Ìåòîä êâàäðàòóðíèõ ñóì

Çà ìåòîäîì êâàäðàòóðíèõ ñóì çàïèñóþòü

b∫
a

f(y)dy =
n∑
j=0

Ajf(yj),

äå Aj � êîåôiöi¹íòè âèãëÿäó êâàäðàòóðíî¨ ôîðìóëè (ïðÿìîêóòíèêiâ, òðàïå-

öié, Ñiìïñîíà). Òîäi îäåðæó¹ìî àëãåáðè÷íó ñèñòåìó

vi = λ
n∑
j=0

Ajkijvj + gi, i = 0, 1, . . . , n .

Ôîðìóëà òðàïåöié äëÿ îá÷èñëåííÿ iíòåãðàëà ìà¹ âèãëÿä

b∫
a

f(y)dy=̃Sn =
n−1∑
j=0

Sj = h

n−1∑
j=0

f(yj) + f(yj+1)

2
= h

[f(y0) + f(yn)

2
+
n−1∑
j=1

f(yj)
]
.

Òóò A0 = An = h/2 , Aj = h , j = 1, . . . , n− 1 , à îöiíêà ïîõèáêè

|
b∫
a

f(y)dy − Sn| ≤ b−a
12 Mh2 , äå M = max

y∈[a,b]
|f ′′

(y)| .

Ôîðìóëà Ñiìïñîíà  ðóíòó¹òüñÿ íà àïðîêñèìàöi¨ ôóíêöi¨ f(y) íà êîæíîìó

ç iíòåðâàëiâ êâàäðàòè÷íîþ ôóíêöi¹þ ajy
2 + bjy + cj

b∫
a

f(y)dy=̃Sn =
n−1∑
j=0

Sj =
h

3

[
f(y0) + f(yn) + 2

n
2−1∑
j=1

f(y2j) + 4

n
2−1∑
j=0

f(y2j+1)
]

(n ìà¹ áóòè ïàðíèì ÷èñëîì). Îöiíêà ïîõèáêè

|
b∫
a

f(y)dy − Sn| ≤ b−a
180Mh4 , äå M = max

y∈[a,b]
|f (4)(y)| .
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Ìåòîä àïðîêñèìóþ÷èõ ôóíêöié

Íàáëèæåíèé ÷èñåëüíèé ðîçâ'ÿçîê ËIÐ (1.28) øóêàþòü ó âèãëÿäi

ũ(x) =
n∑
j=0

CjUj(x) + f(x),

äå Uj(x) � ñèñòåìà îðòîãîíàëüíèõ ôóíêöié (
b∫
a

UjUkdy = 0 ïðè j ̸= k ), Cj

� øóêàíi êîåôiöi¹íòè. ßêùî âçÿòè çà áàçèñíi ôóíêöi¨ îðòîãîíàëüíi ïîëiíîìè

Ëåæàíäðà

Uj(x) = Pj(z) , z = 2x−b−a
b−a ,

äå Pj(z) = u � ðîçâ'ÿçêè ðiâíÿííÿ Ëåæàíäðà

d

dz
[(1− z2)

du

dz
] + n(n+ 1)u = 0,

Pn(z) =
1

2n n!

dn

dzn
(z2 − 1)n,

çîêðåìà, P0(z) = 1 , P1(z) = z , P2(z) =
3z2−1

2 , P3(z) =
5z3−3z

2 ,

P4(z) =
1
8(35z

4−30z2+3) , òî ïiñëÿ ïiäñòàâëÿííÿ ũ(x) ó ðiâíÿííÿ îäåðæóþòü

íåâ'ÿçêó (ôóíêöiþ íåâ'ÿçêè)

ũ(x)− u(x) = R(x,C1, . . . , Cn) =
n∑
j=1

Cj
[
Uj(x)− λ

b∫
a

K(x, y)Uj(y)dy
]
.

Äëÿ çíàõîäæåííÿ íåâiäîìèõ êîåôiöi¹íòiâ ç óìîâè ìiíiìiçàöi¨ öi¹¨ íåâ'ÿçêè

âèêîðèñòîâóþòü ðiçíi ìåòîäè.

Ó ìåòîäi êîëîêàöi¨ êîåôiöi¹íòè Cj çíàõîäÿòü ç óìîâè

R(xj, C1, . . . , Cn) = 0, j = 1, . . . , n.

Ó ìåòîäi íàéìåíøèõ êâàäðàòiâ êîåôiöi¹íòè Cj çíàõîäÿòü ç óìîâè ìiíi-

ìóìó ôóíêöi¨

Φ(C1, . . . , Cm) =
m∑
j=1

[R(xj, C1, . . . , Cm)]
2, j = 1, . . . , n, m ≤ n.

Çà ìåòîäîì Ãàëüîðêiíà (ìåòîäîì ìîìåíòiâ) êîåôiöi¹íòè Cj çíàõîäÿòü ç

óìîâè îðòîãîíàëüíîñòi öi¹¨ ôóíêöi¨ äî âñiõ áàçèñíèõ ôóíêöié
b∫

a

R(x,C1, . . . , Cm)Uj(x)dx = 0, j = 1, . . . ,m.
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Öå ëiíiéíà àëãåáðè÷íà ñèñòåìà ðiâíÿíü.

Ðîçãëÿíóòi ìåòîäè ¹ ïðÿìèìè ÷èñëîâèìè ìåòîäàìè íà âiäìiíó âiä ìåòîäó

ïîñëiäîâíèõ íàáëèæåíü.

Âïðàâè

Çâåñòè iíòåãðàëüíi ðiâíÿííÿ äî ñèñòåì àëãåáðè÷íèõ ðiâíÿíü êîæíèì iç ðîç-

ãëÿíóòèõ ìåòîäiâ ïðè n = 5 :

1) u(x) = λ
1∫
0

(x+ y)5u(y)dy + x, x ∈ [0, 1] ;

2) u(x) = λ
1∫
0

(x− y)4u(y)dy + x, x ∈ [0, 1] ;

3) u(x) = λ
1∫
0

(
x+ y

x+2y

)
u(y)dy + x, x ∈ [0, 1] .

Âïðàâè íà ïîâòîðåííÿ

1. Çâåñòè iíòåãðàëüíi ðiâíÿííÿ äî äèôåðåíöiàëüíèõ i ðîçâ'ÿçàòè:

1) y(x) = xex −
1∫
0

K(x, s)y(s)ds , K(x, s) = 1
sh1

shx sh(s− 1), x ∈ [0, s]

shs sh(x− 1) x ∈ (s, 1]

(y = 2ex − 2 + (2− e)x );

2) y(x) = x +
1∫
0

K(x, s)y(s)ds , K(x, s) = 1
sh1

(x+ 1)(s− x), x ∈ [0, s]

(s+ 1)(x− s) x ∈ (s, 1]

(y = [3(sh2x+ 2ch2x) + (sh2− 4ch2)(x− 1)] [9sh2 + 6ch2]−1 ).

2. Çâåñòè äî ðiâíÿíü äðóãîãî ðîäó:

1)
x∫
0

exsy(s)ds = ex − 1 ;

2)
x∫
2

(ex−s + 1)y(s)ds = x− 2 ;

3)
x∫
2

y(s)
x+s+1ds = x, x ≥ 0 .

3. Ðîçâ'ÿçàòè ðiâíÿííÿ ç âèðîäæåíèìè ÿäðàìè:

1) y(x) = sin(
√
2x) +

π∫
0

sin(3x) sin(3s)√
3

y(s)ds ;

2) y(x) = cos(
√
2x) +

π/2∫
0

cos(2x) cos(2s)√
2

y(s)ds .
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4. Çíàéòè äâà íàáëèæåííÿ ðîçâ'ÿçêó ìåòîäîì Ïiêàðà (ïîñëiäîâíèõ íàáëè-

æåíü), âèáèðàþ÷è y0(x) = 0 :

1) y(x) = x+ 1
3

1∫
0

(xs+ x2)y(s)ds (y2(x) = 10
9 x+

1
12 );

2) y(x) = 1 + 1
10

π/4∫
0

arctg(xs)y(s)ds

(y2(x) = 1 + 1
10

[
π
4arctg(πx/4)−

x
2 ln(1 +

π2x2

16 )
]
);

3) y(x) = 1 + 1
3

1∫
0

y(s)
(1+s2+x2)2ds (y2(x) = x+ 1

6(1+x2) ).

5. Çíàéòè íàáëèæåíèé ðîçâ'ÿçîê, çàìiíèâøè ÿäðî äâî÷ëåííèì íàáëèæåííÿì:

1) y(x) = x+ 1
3

1∫
0

(xs+ x2)y(s)ds ;

2) y(x) = 1 + 2
1∫
0

y(s)
(3+xs)(4−x−s)ds ;

3) y(x) = x+ 1
3

1∫
0

tg(x− s)y(s)ds .

6. Çíàéòè õàðàêòåðèñòè÷íi ÷èñëà òà âëàñíi ôóíêöi¨ ÿäðà:

1) y(x) = λ
2∫
1

(xs)y(s)ds ;

2) y(x) = λ
1∫
0

(xs+ x2s2)y(s)ds ;

3) y(x) = λ
1∫
0

(
1√

s(x+1)
+ 1√

s+1(x+2)

)
y(s)ds .

7. Çíàéòè ðåçîëüâåíòó ÿäðà i çàïèñàòè âèãëÿä ðîçâ'ÿçêó:

1) y(x) = f(x) + λ
x∫
0

ch x
ch sy(s)ds (R(x, s) = ch x

ch se
λ(s−x) );

2) y(x) = f(x) + λ
x∫
0

ex
2−s2y(s)ds (R(x, s) = eλ(x−s)+x

2−s2 );

3) y(x) = f(x) + λ
x∫
0

(x− s)2y(s)ds (R(x, s) =
∞∑
n=0

λn 2n+1(x−s)3n+2

(3n+2)! ).

Çðàçîê êîíòðîëüíî¨ ðîáîòè

1. Ðîçâ'ÿçàòè ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü i ïîáóäóâàòè ðåçîëüâåíòó

y(t) = arctgt+
t∫
0

y(s)
1+s2ds (y0(t) = 0 ).
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2. Ðîçâ'ÿçàòè ðiâíÿííÿ ç âèðîäæåíèì ÿäðîì ïðè λ = 1 , çíàéòè õàðàêòåðèñ-

òè÷íi ÷èñëà, âëàñíi ôóíêöi¨ òà ðîçâ'ÿçêè âiäïîâiäíîãî îäíîðiäíîãî ðiâíÿííÿ

y(t)− 4λ
π/2∫
0

sin2(t)y(s)ds = 2t− π .

3. Çâåñòè äî iíòåãðàëüíîãî ðiâíÿííÿ:

à) y
′′′ − 2ty

′′
+ (t+ 1)y = sin t , y(0) = 1, y′(0) = 0, y

′′
(0) = 10 ;

á) y
′′
+ 16y = g(t, y) , y′(0) = 0, y(π) = 0 .

1.8 Çàñòîñóâàííÿ ïåðåòâîðåííÿ Ôóð'¹

Íåõàé S(Rn) = {φ ∈ C∞(Rn) : sup
x∈Rn

|xβDγφ(x)| < +∞ ∀β, γ} .

Ïîñëiäîâíiñòü φk → 0 (k → ∞ ) ó ïðîñòîði S = S(Rn) , ÿêùî:

a) äëÿ äîâiëüíèõ ìóëüòèiíäåêñiâ β , γ iñíó¹ äîäàòíà ñòàëà Cβ,γ òàêà, ùî äëÿ

êîæíîãî k ∈ N
sup
x∈Rn

|xβDγφk(x)| ≤ Cβ,γ ;

á) äëÿ äîâiëüíîãî ìóëüòèiíäåêñó γ ðiâíîìiðíî Dγφk(x) → 0 (k → ∞ ).

Ïðîñòið S ′ = S ′(Rn) � ïðîñòið ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà

S(Rn) . Ââàæà¹ìî, ùî gk → 0 ó ïðîñòîði S ′ ïðè k → ∞ , ÿêùî (gk, ψ) → 0

äëÿ äîâiëüíî¨ ψ ∈ S .

Ïðèêëàäîì ðåãóëÿðíî¨ óçàãàëüíåíî¨ ôóíêöi¨ ç S ′ ¹ ôóíêöiîíàë

g : (g, ψ) =

∫
Rn

g(σ)ψ(σ)dσ ∀ψ ∈ S,

äå g(σ) ðîñòå íå øâèäøå ïîëiíîìà (òàêi ôóíêöi¨ íàçèâàþòüñÿ ïîâiëüíî çðîñ-

òàþ÷èìè íà áåçìåæíîñòi).

Ïðîñòið S(Rn) íàçèâà¹òüñÿ ïðîñòîðîì øâèäêî ñïàäàþ÷èõ íà áåçìåæíîñ-

òi ãëàäêèõ ôóíêöié, à ïðîñòið S ′(Rn) � ïðîñòîðîì ïîâiëüíî çðîñòàþ÷èõ íà

áåçìåæíîñòi óçàãàëüíåíèõ ôóíêöié.

Íåõàé φ ∈ D(Rn) (φ ∈ S(Rn) ). Ôóíêöiÿ

φ̂(s) = F [φ](s) :=

∫
Rn

φ(x)ei(x,s)dx, s = σ + τi ∈ Cn (1.29)

íàçèâà¹òüñÿ ïåðåòâîðåííÿì Ôóð'¹ ôóíêöi¨ φ .
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Òóò i2 = −1 , (x, s) = x1s1 + · · · + xnsn� ñêàëÿðíèé äîáóòîê âåêòîðiâ x

òà s , xγ = xγ11 · · · · · xγnn (γ = (γ1, . . . , γn) , γj ∈ Z+ ), Dγφ(x) = ∂γ1+···+γnφ(x)

∂x
γ1
1 ...∂xγnn

.

Âëàñòèâîñòi ïåðåòâîðåííÿ Ôóð'¹ îñíîâíèõ ôóíêöié:

1) F [Dγφ(x)](s) = (−is)γF [φ], s ∈ Cn;

2) F [(ix)γφ(x)](s) = DγF [φ](s), s ∈ Cn;

3) F [φ(x− x0)] = F [φ(x)] · ei(x0,s);

4) F [φ(x) · ei(x,s0)] = F [φ(x)](s+ s0);

5) F [φ ∗ ψ] = F [φ] · F [ψ];

6) F−1[φ](σ) = 1
(2π)nF [φ](−σ) , äå F−1[φ](σ) = 1

(2π)n

∫
Rn

φ(x)e−i(x,s)dx .

Ïåðåòâîðåííÿ Ôóð'¹ F : S → S .

Ñïðàâäi, iíòåãðàë (1.29) iñíó¹ òà âèçíà÷à¹ íåïåðåðâíó ôóíêöiþ φ̂(s) . Äî-

âåäåìî òàêå: ÿêùî φ ∈ S(Rn) , òî F [φ] ∈ S(Rn) . Ìà¹ìî

σα Dβ(F [φ]) = σαF [(ix)βφ] = i|α|F [Dα
(
(ix)βφ

)
] =

= i|α|
∫
Rn

Dα
(
(ix)βφ

)
ei(x,σ)dσ (|α| = α1 + · · ·+ αn) .

Iíòåãðàë ó ïðàâié ÷àñòèíi iñíó¹ i ¹ îáìåæåíîþ ôóíêöi¹þ äëÿ âñiõ α, β .

Îòæå, F [φ] ∈ S(Rn) .

Äëÿ äîâiëüíèõ f, φ ∈ S∫
Rn

f̂(σ)φ(σ)dσ =
∫
Rn

( ∫
Rn

f(x)ei(x,σ)dx
)
φ(σ)dσ =

=
∫
Rn

f(x)
( ∫
Rn

φ(σ)ei(x,σ)dσ
)
dx =

∫
Rn

f(x)φ̂(x)dx .

Ïåðåòâîðåííÿì Ôóð'¹ ôóíêöi¨ f ∈ S ′ íàçèâà¹òüñÿ ôóíêöiÿ g = F [f ] ∈ S ′ ,

âèçíà÷åíà ðiâíiñòþ

(F [f ], φ) = (f,F [φ]) ∀φ ∈ S,

òàêîæ âèçíà÷à¹ìî îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹ ôóíêöi¨ g ∈ S ′ :

(F−1[g], ψ) = (g,F−1[ψ]) ∀ψ ∈ S.

Ââåäåíå ïåðåòâîðåííÿ Ôóð'¹ ¹ ëiíiéíîþ é íåïåðåðâíîþ îïåðàöi¹þ. Äëÿ

íüîãî âèêîíóþòüñÿ âñi âëàñòèâîñòi, ùî é äëÿ ïåðåòâîðåííÿ Ôóð'¹ îñíîâíèõ
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ôóíêöié. Çîêðåìà, ïåðåòâîðåííÿ Ôóð'¹ çãîðòêè ¹ äîáóòêîì ïåðåòâîðåíü Ôóð'¹

éîãî êîìïîíåíò, F [δ(x)] = 1 , F [1] = (2π)n δ(x) .

ßêùî f � ôiíiòíà óçàãàëüíåíà ôóíêöiÿ, òî ¨¨ ïåðåòâîðåííÿ Ôóð'¹ ìîæíà

òàêîæ âèçíà÷àòè ôîðìóëîþ [12]

F [f ](σ) = (f(x), ei(x,σ)).

Ïðèêëàäè:

1) F [10x−2] = 10F [x]−2F [1] = −iF [ix ·1]−4πδ(s) = −2πiδ′(s)−4πδ(s) ;

2) F [θ(1− |x|) ∗ e−|x|] = F [θ(1− |x|)] F [e−|x|)] =

=
1∫

−1

eixsdx · [
∞∫
0

e−x+ixsdx+
0∫

−∞
ex+ixsdx] =

= eis−e−is

is · [ 1
1−is +

1
1+is ] =

2 sin(s)
s · 2

1+s2 =
4 sin(s)
s(1+s2)

(òóò θ(1− |x|) = 1 ïðè |x| < 1 , θ(1− |x|) = 0 ïîçà [−1, 1] );

3) F [sin(5x) ∗ δ′(x)] = F [5cos(5x)] = 5
2F [e5ix + e−5ix] =

= 5
2{F [e5ix] + F [e−5ix]} = 5

2{F [1](s+ 5) + F [1](s− 5)} =

= 5π{δ(s+ 5) + δ(s− 5)} ;

4) çíàéäåìî F [δR(x)] , äå δR(x) = 1 íà ñôåði |x| = R â R3 i íóëþ ïîçà

íåþ

F [δR(x)](ξ) =

∫
|x|=R

ei(x,ξ)dS = R2

2π∫
0

dα

π∫
0

ei|x||ξ| cosβ sin βdβ =

= −2πR2

π∫
0

eiR|ξ| cosβd(cos β) = 2πR2

1∫
−1

eiR|ξ|ηdη = 2πR
eiR|ξ| − e−iR|ξ|

i|ξ|
,

F [δR(x)](ξ) =
4πR sin(R|ξ|)

|ξ|
;

5) F [g(|x|)] = (2π)
n
2

|ξ|
n
2−1

∞∫
0

g(r)r
n
2Jn

2−1(r|ξ|)dr , n = 1, 2, 3, . . . , äå Jν(x) � ôóíê-

öiÿ Áåññåëÿ ïåðøîãî ðîäó ïîðÿäêó ν , çîêðåìà,

F [g(|x|)] = 2
∞∫
0

g(r) cos(r|ξ|)dr, n = 1 ,

F [g(|x|)] = 1
2π

∞∫
0

g(r)rJ0(r|ξ|)dr, n = 2 ,
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F [g(|x|)] = 4π
|ξ|

∞∫
0

g(r)r sin(r|ξ|)dr, n = 3 ;

6) âèêîðèñòîâóþ÷è íàâåäåíi ôîðìóëè ïåðåòâîðåííÿ Ôóð'¹ ñôåðè÷íî-ñè-

ìåòðè÷íèõ ôóíêöié, çíàõîäèìî

F [e−p|x|] = 2nπ
n−1
2 Γ

(
n+1
2

)
p

(p2+|ξ|2)
n+1
2
,

çîêðåìà, F [e−p|x|] = 2p
p2+ξ2 , âiäïîâiäíî, F

−1[ 1
p2+ξ2 ] =

1
2pe

−p|x| ó âèïàäêó n = 1 ;

F [|x|p]
Γ
(

n+p
2

) = 2n+pπ
n
2
|ξ|−p−n

Γ
(
−p

2

) .
Çàñòîñóâàííÿ äî ðîçâ'ÿçàííÿ iíòåãðàëüíèõ ðiâíÿíü

Ïðèêëàäè:

1) ðîçâ'ÿçàòè ðiâíÿííÿ

y(t) =
∞∫

−∞
e−|t−s|y(s)ds+ e−|t| <=> y(t) = e−|t| ∗ y(t) + e−|t| ;

âèêîíóþ÷è ïåðåòâîðåííÿ Ôóð'¹, îòðèìó¹ìî

ŷ(ξ) = 2
ξ2+1 ŷ(ξ) +

2
ξ2+1 <=> ŷ(ξ) = 2

ξ2−1 =
1
ξ−1 −

1
ξ+1 ;

F [φ(ξ − ξ0)] = F [φ(ξ)] · eiξ0t ,
òîäi

F−1[ 1
ξ−1 ] =

1
2πF [ 1

ξ−1 ](−t) =
1
2πF [1ξ ](−t) · e

−it ;

âiäîìî (äèâ., íàïðèêëàä, [12]), ùî

F [1ξ ] = πi sign(t) ,

à òîìó

F−1[ 1
ξ−1 ] =

i
2sign(−t) · e

−it ,

F−1[ 1
ξ+1 ] =

i
2sign(−t) · e

it ,

F−1[ 2
ξ2−1 ] =

i
2sign(t)[e

it − e−it] = −eit−e−it

2i sign(t) =

= − sin(t)sign(t) = −| sin(t)| , y(t) = −| sin(t)| ;

2) ðîçâ'ÿçàòè ðiâíÿííÿ
∞∫

−∞

y(s)
(t−s)2+1ds =

2
t2+1 <=> 1

t2+1 ∗ y(t) =
2

t2+1 ;

ìà¹ìî

F [ 1
t2+1 ]ŷ(ξ) = F [ 2

t2+1 ] , çâiäêè ŷ(ξ) = 2 ; y = 2δ(x) .
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Äëÿ ðiâíÿííÿ

u(t) =

∞∫
−∞

K(t− s)u(s)ds+ f(t),

ÿêå ìîæíà çàïèñàòè ÿê ðiâíÿííÿ â çãîðòêàõ

u(t) = (K ∗ u)(t) + f(t),

ìîæíà çíàéòè ðåçîëüâåíòó R(t, s) = R(t− s) . Çãàäà¹ìî, ùî

u(t) = f(t) +

∞∫
−∞

R(t, s)f(s)ds.

Ïiñëÿ ïåðåòâîðåííÿ Ôóð'¹

û(ξ) = K̂(ξ) û(ξ) + f̂(ξ) <=> (1− K̂(ξ))û(ξ) = f̂(ξ) ,

û(ξ) = f̂(ξ) + R̂(ξ) f̂(ξ) <=> û(ξ) = (1 + R̂(ξ)) f̂(ξ) .

Îòæå,

û(ξ) = f̂(ξ)

1−K̂(ξ)
= (1 + R̂(ξ)) f̂(ξ) =>

1 + R̂(ξ) = 1

1−K̂(ξ)
, R̂(ξ) = 1

1−K̂(ξ)
− 1 , R̂(ξ) = K̂(ξ)

1−K̂(ξ)
.

Ïîäiáíèìè âëàñòèâîñòÿìè âîëîäiþòü iíøi iíòåãðàëüíi ïåðåòâîðåííÿ, çîêðå-

ìà, ñèíóñ i êîñèíóñ-ïåðåòâîðåííÿ Ôóð'¹

Fcos[φ(x)](s) =
√

2
π

+∞∫
0

φ(x) cos(sx)dx = F−1
cos[φ(x)](s) ;

Fsin[φ(x)](s) =
√

2
π

+∞∫
0

φ(x) sin(sx)dx = F−1
sin[φ(x)](s) ;

Fcos[e
−ax](s) =

√
2
π

a
s2+a2 .

Ïðèêëàä. Ðîçâ'ÿçàòè ðiâíÿííÿ u(x) =
+∞∫
0

cos(xy)u(y)dy + f(x) .

Íåõàé û(s) = Fcos[u(x)](s) , òîäi ðiâíÿííÿ ìà¹ âèãëÿä

u(x) =

√
π

2
û(x) + f(x),

à ïiñëÿ ïåðåòâîðåííÿ

û(s) =
√

π
2 Fcos[û](s) + f̂(s) <=> û(s) =

√
π
2 u(s) + f̂(s) =>

u(x) =
√

π
2

[√
π
2u(x) + f̂(x)

]
, u(x)(1− π

2 ) =
√

π
2 f̂(x) ;

u(x) =
√

π
2
f̂(x)
1−π

2
.
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1.9 Çàñòîñóâàííÿ ïåðåòâîðåííÿ Ëàïëàñà

Íåõàé f ∈ L1,loc(R) , f(t) = 0 ïðè t < 0 , |f(t)| ≤ Aeat, t→ ∞.

Ôóíêöiÿ, ÿêà ìà¹ òàêi âëàñòèâîñòi, íàçèâà¹òüñÿ îðèãiíàëîì.

Ïåðåòâîðåííÿì Ëàïëàñà ôóíêöi¨ f(t) àáî ¨¨ çîáðàæåííÿì íàçèâà¹òüñÿ

ôóíêöiÿ

F (s) = L[f ](s) =
∞∫
0

f(t)e−stdt =

∞∫
0

f(t)e−σte−ωtidt = F [f(t)e−σt](−ω),

(1.30)

äå F � îïåðàòîð ïåðåòâîðåííÿ Ôóð'¹ i çàãàëîì s = σ + ωi .

Ïîçàÿê |e−ωti| = 1 , |f(t)e−σt| ≤ Ae−(σ−a)t, t→ ∞ , òî ç óìîâ íà ôóíêöiþ

f(t) âèïëèâà¹ iñíóâàííÿ iíòåãðàëà (1.30) äëÿ âñiõ σ > a , iíòåãðàë ðiâíîìiðíî

çáiãà¹òüñÿ íà çàìêíåíié ïiâïëîùèíi σ ≥ a+ ε , ε > 0 .

Çàïèñ f(t) → F (s) îçíà÷àòèìå, ùî F (s) ¹ çîáðàæåííÿì ôóíêöi¨ f(t) .

ßêùî ôóíêöiÿ F (s) = F (σ + ωi) àáñîëþòíî iíòåãðîâíà çà ω ∈ R , òî çà

çàäàíèì çîáðàæåííÿì îðèãiíàë çíàõîäèìî çà ôîðìóëîþ

f(t) = L−1[F ](t) =
1

2πi

σ+i∞∫
σ−i∞

F (s)eσtds. (1.31)

Ïåðåâiðèìî, ùî θ(t)e−ht → 1
s+h . Ìà¹ìî

∞∫
0

e−hte−stdt =
∞∫
0

e−(h+s)tdt = − 1
h+se

−(h+s)t|t=∞
t=0 = 1

s+h ,

çîêðåìà, θ(t) → 1
s .

Ïåðåâiðèìî, ùî θ(t) cos(ht) → s
s2+h2 . Ìà¹ìî

J =
∞∫
0

cos(ht)e−stdt = −1
s cos(ht)e

−stdt|t=∞
t=0 − h

s

∞∫
0

sin(ht)e−stdt =

= 1
s +

h
s2 sin(ht)e

−st|t=∞
t=0 − h2

s2J ,

(1 + h2

s2 )J = 1
s ,

s2+h2

s2 J = 1
s , J = s

s2+h2 ;

ïîäiáíî çíàõîäèìî, ùî

θ(t) cos(ht) → s
s2+h2 ;

θ(t) sin(ht) → h
s2+h2 .
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Ãîëîâíi âëàñòèâîñòi ïåðåòâîðåíü Ëàïëàñà çâè÷àéíèõ ôóíêöié:

1) f (m)(t) → smF (s)− sm−1f(0)− sm−2f ′(0)− · · ·− f (m−1)(0) , m = 0, 1, . . .

� ïåðåòâîðåííÿ Ëàïëàñà ïîõiäíî¨, çîêðåìà,
∞∫
0

f ′(t)e−stdt = −f(0) + s
∞∫
0

f(t)e−stdt = sF (s)− f(0) ,

sin(ht) = − 1
h(cos(ht))

′ → − 1
h

(
sL[cos(ht)]− 1

)
=

= − 1
h

(
s2

s2+h2 − 1
)
= h

s2+h2 , à îòæå, sin(ht) →
h

s2+h2 ;

2) (−t)mf(t) → F (m)(s) , m = 0, 1, . . . � äèôåðåíöiþâàííÿ ïåðåòâîðåííÿ

Ëàïëàñà, çîêðåìà,
∞∫
0

(−t)f(t)e−stdt = F ′(s) ;

3) f(t)eht → F (s− h) ïðè σ > a+Reh � çñóâ ïåðåòâîðåííÿ Ëàïëàñà;

4) f(t− τ) → e−τsF (s) ( τ ≥ 0 ) � ïåðåòâîðåííÿ Ëàïëàñà çñóâó;

5) f(ct) → 1
cF (

s
c) ( c = const ) � ïåðåòâîðåííÿ Ëàïëàñà ïîäiáíîñòi;

6) ÿêùî f(t) → F (s) , g(t) → G(s) , òî

(f ∗ g)(t) → F (s)G(s) � ïåðåòâîðåííÿ Ëàïëàñà çãîðòêè;

7)
t∫
0

f(τ)dτ → F (s)
s � ïåðåòâîðåííÿ Ëàïëàñà ïåðâiñíî¨.

Çàçíà÷èìî, ùî:

tneat → n!
(s−a)n+1 , n ∈ N ;

tch(at) → s2+a2

(s2−a2)2 ; tsh(at) → 2as
(s2−a2)2 ;

tcos(at) → s2−a2
(s2+a2)2 ; tsin(at) → 2as

(s2+a2)2 .

Ââåäåìî ôóíêöiéíi ïðîñòîðè

S ′
+ = D′

+ ∩ S ′ ,

D′
+(a) = {f ∈ D′

+ : f(t)e−σt ∈ S ′
+ ∀σ > a} .

Ïåðåòâîðåííÿì Ëàïëàñà óçàãàëüíåíî¨ ôóíêöi¨ f ∈ D′
+(a) íàçèâà¹òüñÿ

ôóíêöiÿ

L[f(t)](s) = F (s) := F [f(t)e−σt](−ω) ∀σ > a.

Òåîðåìà 12. Ïåðåòâîðåííÿì Ëàïëàñà óçàãàëüíåíî¨ ôóíêöi¨ f ∈ D′
+(a) ¹

ôóíêöiÿ

F (s) =
(
f(t)e−σ0t, η(t)e−(s−σ0)t

)
, s = σ + ωi, σ > σ0 > a,

äå η ∈ C∞(R) , η(t) =

1, t > −ε

0, t < −2ε
, ε > 0 .
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Äîâåäåííÿ. Ïîçàÿê f(t)e−σ0t íàëåæèòü S ′
+ , η(t)e

−(s−σ0)t � ôóíêöiÿ ç S ,

òî âèçíà÷åíà öi¹þ ôîðìóëîþ ôóíêöiÿ F (s) iñíó¹. Âèêîðèñòîâóþ÷è îçíà÷åí-

íÿ ïåðåòâîðåííÿ Ôóð'¹ òà âëàñòèâîñòi ôóíêöié iç ïðîñòîðó S ′
+ , D′

+(a) , äëÿ

äîâiëüíèõ f ∈ D′
+(a) òà φ ∈ S îòðèìó¹ìî

(L[f(t)], φ) = (F [f(t)e−σt](−ω), φ(−ω))

= (f(t)e−σt,F [φ(−ω)](t))

= (η(t)f(t)e−σ0te−(σ−σ0)t,F [φ(−ω)](t))

=
(
f(t)e−σ0t, η(t)e−(σ−σ0)t

∞∫
−∞

φ(−ω)eiωtdω
)

=
(
f(t)e−σ0t, η(t)e−(σ−σ0)t

∞∫
−∞

φ(ω)e−iωtdω
)

=
(
f(t)e−σ0t,

∞∫
−∞

φ(ω)η(t)e−(σ+iω−σ0)tdω
)

=
(
f(t)e−σ0t,

∞∫
−∞

φ(ω)η(t)e−(s−σ0)tdω
)

∀σ > σ0 > a.

Âèêîðèñòîâóþ÷è àíàëîã òåîðåìè Ôóáiíi (öå ìîæëèâî, îñêiëüêè η(t)e−(s−σ0)t

� ôóíêöiÿ ç S ), îäåðæèìî

(L[f(t)], φ) =
∞∫

−∞

(
f(t)e−σ0t, η(t)e−(s−σ0)t

)
φ(ω)dω,

çâiäêè çà ëåìîþ Äþáóà-Ðåéìîíà îòðèìó¹ìî òâåðäæåííÿ òåîðåìè.

ßê i äëÿ çâè÷àéíèõ ôóíêöié, çàïèñ f(t) → F (s) îçíà÷à¹, ùî F (s) ¹ çî-

áðàæåííÿì ôóíêöi¨ f(t) .

Âèêîðèñòîâóþ÷è îçíà÷åííÿ ïåðåòâîðåíü Ôóð'¹ òà Ëàïëàñà, âëàñòèâîñòi ïå-

ðåòâîðåííÿ Ôóð'¹, îñòàííþ òåîðåìó, îäåðæó¹ìî ãîëîâíi âëàñòèâîñòi ïåðå-

òâîðåííÿ Ëàïëàñà óçàãàëüíåíèõ ôóíêöié iç D′
+(a) .

1. f (m)(t) → smF (s) , m = 0, 1, . . . .

Ñïðàâäi, ÿêùî f ∈ D′
+(a) , òî f

′ ∈ D′
+(a) ,

f ′(t) → F [f ′(t)e−σt](−ω) = F [(f(t)e−σt)′ + σf(t)e−σt](−ω)

= F [(f(t)e−σt)′](−ω) + σF [f(t)e−σt](−ω) =

= ωiF [f(t)e−σt](−ω) + σF [f(t)e−σt](−ω) =
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= (σ + ωi)F [f(t)e−σt](−ω) = sF (s) ,

äàëi âèêîðèñòîâó¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨.

2. (−t)mf(t) → F (m)(s) , m = 0, 1, . . . .

Îñêiëüêè tmf(t) � ôóíêöiÿ iç D′
+(a) , òî çà òåîðåìîþ 12

(−t)mf(t) →
(
(−t)mf(t)e−σ0t, η(t)e−(s−σ0)t

)
=

(
f(t)e−σ0t, η(t)(−t)me−(s−σ0)t

)
.

Çàóâàæèìî, ùî
d
ds(−tη(t)e

−(s−σ0)t) = η(t) ddse
−(s−σ0)t

i ïîäiáíî

η(t)(−t)me−(s−σ0)t = η(t) d
m

dsme
−(s−σ0)t = dm

dsm

(
η(t)e−(s−σ0)t

)
.

Òîìó çà ïðàâèëîì äèôåðåíöiþâàííÿ óçàãàëüíåíèõ ôóíêöié, çàëåæíèõ âiä

ïàðàìåòðiâ (ó íàøîìó âèïàäêó ïàðàìåòðîì ¹ s ), îäåðæèìî(
f(t)e−σ0t, η(t)(−t)me−(s−σ0)t

)
= dm

dsm

(
f(t)e−σ0t, η(t)e−(s−σ0)t

)
= F (m)(s) .

3. f(t)eht → F (s− h) ïðè σ > a+Reh .

Ñïðàâäi, f(t)eht → F [f(t)e−(σ−h)t](−ω) = F (s− h) .

4. f(ct) → 1
cF (

s
c) ( c = const ).

5. ßêùî f(t) → F (s) , g(t) → G(s) , òî (f ∗ g)(t) → F (s)G(s).

Ñïðàâäi,

L[f ∗ g](s) = F [(f ∗ g)e−σt](−ω) = F [
(
f(t)e−σt

)
∗
(
g(t)e−σt

)
](−ω) =

= F [f(t)e−σt](−ω)F [g(t)e−σt](−ω) = L[f ]L[g] = F (s)G(s) .

6. f(t− τ) → e−τsF (s) ( τ ≥ 0 ).

7. f (−m)(t) → F (s)
sm � ïåðåòâîðåííÿ Ëàïëàñà ïåðâiñíî¨.

Ïðèêëàäè

1. a) θ(t) → 1/s ;

á) δ(t) → 1 ( δ(t) → F [δ(t)e−σt](−ω) = F [δ(t)](−ω) = 1 );

â) θ(t)tm−1

(m−1)! → 1
sm .

Íàñïðàâäi, çà âëàñòèâiñòþ 2

(−t)m−1θ(t) → dm−1

dsm−1L[θ(t)] = dm−1

dsm−1
1
s =

(−1)m−1(m−1)!
sm .
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Òàêîæ fβ(t) =
θ(t)tβ−1

Γ(β) → 1
Γ(β)

∞∫
0

tβ−1e−stdt = [st = τ ] = 1
Γ(β)

∞∫
0

τβ−1e−τdτ 1
sβ
,

òîáòî fβ(t) = θ(t)tβ−1

Γ(β) → 1
sβ
, β > 0 , äå âèáðàíà òàêà ãiëêà sβ ó ïiâïëîùèíi

σ > 0 , ùî sβ > 0 ïðè s > 0 .

2. Ðîçâ'ÿçàòè ó D′
+(R) :

a) θ(x)x cosx ∗ u(x) = θ(x) sinx ;

á) (θ(x)ex + δ′(x)) ∗ u(x) = δ
′′
(x) .

Ðîçâ'ÿçàííÿ:

a) u(x) → U(s) ;

θ(x)x cosx→ −(L[cosx])′(s) = −
(

s
s2+1

)′
= s2−1

(s2+1)2 ;

(θ(x)x cosx) ∗ u(x) → s2−1
(s2+1)2U(s) ; θ(x) sinx→ 1

s2+1 ;
s2−1

(s2+1)2U(s) =
1

s2+1 ;

U(s) = s2+1
s2−1 = 1 + 2

s2−1 = 1 + 1
s−1 −

1
s+1 ;

u(x) = δ(x) + θ(x)ex − θ(x)e−x ;

á) θ(x)ex → 1
s−1 , δ(x) → 1 ; δ′(x) → s ; δ

′′
(x) → s2 ;(

1
s−1 + s

)
U(s) = s2 ; s2−s+1

s−1 U(s) = s2 ;

U(s) = s2(s−1)
s2−s+1 = s− 1

s2−s+1 =

= s+ i
2
√
3(s− 1

2−
√
3i)

− i
2
√
3(s− 1

2−
√
3i)
;

u(x) = δ′(x) + i
2
√
3
θ(x)

(
e(

1
2+

√
3i)x − e(

1
2−

√
3i)x

)
=

= δ′(x) + i
2
√
3
θ(x)e

x
2 (e

√
3xi − e−

√
3xi) =

= δ′(x) + i
2
√
3
θ(x)e

x
22i sin(

√
3x) ;

u(x) = δ′(x)− 1√
3
θ(x)e

x
2 sin(

√
3x) .

3. Ðîçâ'ÿçàòè ó D′
+(R) iíòåãðàëüíi ðiâíÿííÿ:

a)
∫ x
0 sh(x− t)u(t)dt = cosx ;

á) u(x)− 1
2

∫ x
0 (x− t)u(t)dt = 1 .

Ðîçâ'ÿçàííÿ:

a) u(x) → U(s) i ìà¹ìî sh(x) ∗ u(x) = cos x ;

sh(x) = 1
2(e

x − e−x) ; ex → 1
s−1 ; e

−x → 1
s+1 ;

(ex − e−x) → 1
s−1 −

1
s+1 =

2
s2−1 ;

U(s)
s2−1 =

s
s2+1 ; U(s) =

s(s2−1)
s2+1 = s(1− 2

s2+1) = s− 2s
s2+1 ;

u(x) = δ′(x)− 2θ(x) cosx ;
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á) ìà¹ìî u(x)− 1
2(xθ(x)) ∗ u(x) = θ(x) ;

U(s) + 1
2(L[θ(x)])

′U(s) = 1
s ; U(s)−

1
2s2U(s) =

1
s ;

2s2−1
2s2 U(s) =

1
s ; U(s) =

2s
2s2−1 .

4. Ïåðåâiðèòè, ùî çàäàíi ôóíêöi¨ çàäîâîëüíÿþòü çàäàíi ðiâíÿííÿ:

à) (θ(x)x cosx) ∗ u(x) = δ(x) ,

u = δ
′′
(x) + 3δ(x) + 4θ(x)shx ;

á) u(x) + 2(θ(x) cosx) ∗ u(x) = δ(x) ,

u = δ(x)− 2θ(x)e−x(1− x) .

Ðîçâ'ÿçàííÿ:

à) (θ(x)x cosx) ∗ u(x) = δ(x) , u(x) → U(s) ;

θ(x)x cosx→ −(L[cosx])′(s) = −
(

s
s2+1

)′
= s2−1

(s2+1)2 ;

(θ(x)x cosx) ∗ u(x) → s2−1
(s2+1)2U(s) ; δ(x) → 1 ;

s2−1
(s2+1)2U(s) = 1 ;

U(s) = s4+2s2+1
s2−1 = s2 − 1 + 4s2

(s+1)(s−1) = s2 − 1 + 2s2

s−1 −
2s2

s+1 ;

u(x) = δ
′′
(x)− δ(x) + 2(θ(x)ex)

′′ − 2(θ(x)e−x)
′′
;

(θ(x)ex)
′′
= (δ(x)ex + θ(x)ex)′ = (δ(x) + θ(x)ex)′ =

= δ′(x) + δ(x) + θ(x)ex ,

(θ(x)e−x)
′′
= (δ(x)e−x − θ(x)e−x)′ = (δ(x)− θ(x)e−x)′ =

= δ′(x)− δ(x) + θ(x)e−x ,

u(x) = δ
′′
(x) + 3δ(x) + 2θ(x)ex − 2θ(x)e−x ,

u(x) = δ
′′
(x) + 3δ(x) + 4θ(x)shx ;

á) u(x) + 2(θ(x) cosx) ∗ u(x) = δ(x) ,

θ(x) cosx→ s
s2+1 , U(s) +

2s
s2+1U(s) = 1 ,

(s+1)2

s2+1 U(s) = 1 , U(s) = s2+1
(s+1)2 ,

u(x) =
(
f2(x)e

−x)′′

+ f2(x)e
−x = xθ(x)e−x +

(
xθ(x)e−x

)′′

,(
xθ(x)e−x

)′′

=
(
θ(x)e−x + xδ(x)e−x − xθ(x)e−x

)′
=

= δ(x)− 2θ(x)e−x + xθ(x)e−x ,

u(x) = 2xθ(x)e−x − 2θ(x)e−x + δ(x) =

= δ(x) + 2θ(x)e−x(x− 1) .

5. Ðîçâ'ÿçàòè çàäà÷ó Êîøi

x
′′ − 2x′ + x = 1, x(0) = 1, x′(0) = 0 .
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Ìà¹ìî

s2X(s)− sx(0)− x′(0)− 2(sX(s)− x(0)) +X(s) = 1
s ;

(s2 − 2s+ 1)X(s) = 1
s + s− 1 ; (s− 1)2X(s) = 1+s2−s

s ;

X(s) = s2−s+1
s(s−1)2 =

s
(s−1)2 −

1
(s−1)2 +

1
s

1
(s−1)2 ;

x(t) = (etf2(t))
′ − etf2(t) + θ(t) ∗ (etf2(t)) =

= et(f2(t) + f ′2(t)− f2(t)) +
∫ t
0 τe

τdτ =

= etf1(t) + θ(t)(tet + 1− et) ;

x(t) = etθ(t) + θ(t)(tet + 1− et) = θ(t)(tet + 1) .

6. Ðîçâ'ÿçàòè iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ

y
′
(x) + y(x) +

x∫
0

(x− t+ 1)y(t)dt = 0, y(0) = 3 .

Ìà¹ìî

sY (s)− 3 + Y (s) + L[x+ ∗ y(x)] + L[
x∫
0

y(t)dt] = 0 <=>

Y (s)(s+ 1)− 3 + Y (s)
s2 + Y (s)

s = 0 <=> Y (s)(s+ 1 + 1
s2 +

1
s) = 3 ;

Y (s) = 3s2

(s+1)(s2+1) =
1,5
s+1 −

1,5s
s2+1 −

1,5
s2+1 ;

y(x) = 1, 5θ(x)[e−x + cos(x)− sin(x)] .

7. ßêùî ðîçãëÿíóòè åëåêòðè÷íå êîëî ç ïîñëiäîâíî âêëþ÷åíèìè îïîðîì

R , iíäóêòèâíiñòþ ïðîâiäíèêà L i ¹ìíiñòþ C òà âêëþ÷åíî¨ â ìîìåíò t = 0

íàïðóãè E(t) = E(t)θ(t) , òî ñèëà ñòðóìó I(t) çà çàêîíàìè Êiðõãîôà çàäî-

âîëüíÿ¹ iíòåãðî-äèôåðåíöiàëüíå ðiâíÿííÿ

LI ′ +RI +
1

C

t∫
0

I(τ)dτ = E(t),

ÿêå ìîæíà çàïèñàòè ÿê ðiâíÿííÿ ó çãîðòêàõ

g ∗ I = E,

äå

g(t) = Lδ′(t) +Rδ(t) +
1

C
θ(t)

i g ∈ D′
+(0) , g(t) → Ls + R + 1

Cs . Ó òåîði¨ åëåêòðè÷íèõ êië ôóíêöiÿ g(t)

íàçèâà¹òüñÿ iìïåäàíñîì (óçàãàëüíåíèì îïîðîì) êîëà.
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Ôóíäàìåíòàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ ó çãîðòêàõ g−1(t) , ÿêèé ó òåîði¨ åëå-

êòðè÷íèõ êië íàçèâà¹òüñÿ àäìiòàíñîì (óçàãàëüíåíîþ ïðîâiäíiñòþ) ¹ îáåðíå-

íèì ïåðåòâîðåííÿì Ëàïëàñà âiä

1

Ls+R + 1
Cs

=
s

L(s− s1)(s− s2)
=

1

2Lωi

[ s1
s− s1

− s2
s− s2

]
,

s1 = − R

2L
+ ωi, s2 = − R

2L
− ωi, ω =

√
1

LC
− R2

4L2
.

Çíàõîäèìî

g−1(t) =
θ(t)

Lω
e−

R
2L t

(
ω cos ωt− R

2L
sin ωt

)
i ðîçâ'ÿçîê ðiâíÿííÿ

I(t) = (g−1 ∗ E)(t) = 1

Lω

t∫
0

e−
R
2Lτ

(
ω cos ωτ − R

2L
sin ωτ

)
E(t− τ)dτ.

Âïðàâè

1. Âèêîðèñòîâóþ÷è äðîáîâå äèôåðåíöiþâàííÿ (iíòåãðóâàííÿ), ðîçâ'ÿçàòè

ðiâíÿííÿ:

1)
x∫
0

√
x− sy(s)ds = x ;

2)
x∫
0

(x− s)1/4y(s)ds = x2 .

2. Âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ Ëàïëàñà, ðîçâ'ÿçàòè ðiâíÿííÿ:

1) y(x) = x+
x∫
0

sin(x− s)y(s)ds , (y = x+ x3/6 );

2) y(x) = x+
x∫
0

sh(x− s)y(s)ds , (y = x− x3/6 );

3)
x∫
0

sh(x− s)y(s)ds = x2e−x , (y = 2e−x(1− 2x) ).

3. Âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ Ëàïëàñà, ðîçâ'ÿçàòè çàäà÷ó:

1) y
′′
(x) + 2y′(x)− 2

x∫
0

sin(x− s)y′(s)ds = cos(x) , y(0) = y′(0) = 0 ,

(y = 1− e−x − xe−x );

2) y
′′
(x) + y(x) +

x∫
0

sh(x− s)y(s)ds+
x∫
0

ch(x− s)y′(s)ds = ch(x) ,

y(0) = −1, y′(0) = 1 , (y = 1− cos(x) ).
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4. Äîâåñòè òàêå: ÿêùî f(t) � àáñîëþòíî iíòåãðîâíà ïåðiîäè÷íà ç ïåðiîäîì

T > 0 ôóíêöiÿ, òî

θ(t)f(t) → 1
1−e−sT

T∫
0

f(t)e−stdt , σ > 0 .

5. Äîâåñòè, ùî äëÿ ëîêàëüíî iíòåãðîâíèõ ôóíêöié f, g ∈ D′
+(a) , g ∈

C1([0,+∞) ïðàâèëüíà ôîðìóëà (iíòåãðàë Äþàìåëÿ):

t∫
0

f(τ){g(t− τ)}dτ → sF(s)G(s)− g(0+)F(s) σ > a.

Âèêîðèñòàòè, ùî g′ = {g′(t)}+ g(0+)δ(t) i f ∗ g → F(s) G(s) .

Çðàçîê êîíòðîëüíî¨ ðîáîòè

1. Âèêîðèñòîâóþ÷è äðîáîâå äèôåðåíöiþâàííÿ (iíòåãðóâàííÿ), ðîçâ'ÿçàòè

ðiâíÿííÿ
x∫
0

√
(x− s)3 y(s)ds = x .

2. Âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ Ëàïëàñà, ðîçâ'ÿçàòè ðiâíÿííÿ:

a) y(x) = ex + 2
x∫
0

cos(x− s)y(s)ds , (y = 1 );

á)
x∫
0

ex−sy(s)ds = x2 , (y = 2x− x2 ).

3. Ðîçâ'ÿçàòè çà äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹

y(t) = −
∞∫

−∞

y(s)
(t−s)2+π2ds+ 1 .

1.10 Íåëiíiéíi iíòåãðàëüíi ðiâíÿííÿ

Ïðèêëàäè áàíàõîâèõ ïðîñòîðiâ (ïiäïðîñòîðiâ ïîâíèõ ìåòðè÷íèõ ïðîñòî-

ðiâ):

C([a, b]) , ||v||C([a,b]) = max
x∈[a,b]

|v(x)| ,

C1([a, b]) , ||v||C1([a,b]) = max{max
x∈[a,b]

|v(x)|, max
x∈[a,b]

|v′(x)|} ,

M = M(R) � ïðîñòið îáìåæåíèõ ôóíêöié íà äiéñíié îñi,

||v||M = sup
x∈R

|v(x)| ,

L2(a, b) , ||v||L2(a,b) =

√
b∫
a

|v(x)|2dx .
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Äëÿ ðîçâ'ÿçóâàííÿ îïåðàòîðíèõ ðiâíÿíü âèãëÿäó

u = Au (1.32)

âèêîðèñòîâóþòü ìåòîä ïîñëiäîâíèõ íàáëèæåíü i òàêi òåîðåìè.

Òåîðåìà 13 (Áàíàõà) (ïðèíöèï ñòèñíèõ âiäîáðàæåíü). ßêùî ó ïîâíîìó

ìåòðè÷íîìó ïðîñòîði H îïåðàòîð A ïåðåâîäèòü åëåìåíòè ïðîñòîðó H â

ñåáå i ¹ ñòèñíèì, òîáòî

∃L ∈ (0, 1) : ∀u1, u2 ∈ H ϱ(Au1, Au2) ≤ Lϱ(u1, u2),

òî îïåðàòîð A ìà¹ ¹äèíó íåðóõîìó òî÷êó, òîáòî iñíó¹ ¹äèíèé ðîçâ'ÿçîê

îïåðàòîðíîãî ðiâíÿííÿ (1.32).

Äîâåäåííÿ. Äëÿ äîâiëüíîãî åëåìåíòà u0 ∈ H âèáèðà¹ìî un = Aun−1 ,

n ∈ N . Äîâåäåìî, ùî öÿ ïîñëiäîâíiñòü ôóíäàìåíòàëüíà â H . Ìà¹ìî

ϱ(u1, u2) = ϱ(Au0, Au1) ≤ Lϱ(u0, u1) = Lϱ(u0, Au0) ,

ϱ(u2, u3) = ϱ(Au1, Au2) ≤ Lϱ(u1, u2) ≤ L2ϱ(u0, u1) = L2ϱ(u0, Au0) ,

ϱ(u3, u4) = ϱ(Au2, Au3) ≤ Lϱ(u2, u3) ≤ L3ϱ(u0, Au0) , i.ò.ä.

ϱ(um, um+p) ≤ ϱ(um, um+1) + · · ·+ ϱ(um+p−1, um+p) ≤
≤ (Lm + · · ·+ Lm+p)ϱ(u0, Au0) =

Lm−Lm+p

1−L ϱ(u0, Au0) ≤ Lm

1−Lϱ(u0, Au0)

(áî 0 < L < 1 ), à òîìó ϱ(um, um+p) → 0 , m → ∞ � ïîñëiäîâíiñòü ôóí-

äàìåíòàëüíà. Çà ïîâíîòîþ ïðîñòîðó H âîíà çáiãà¹òüñÿ äî äåÿêîãî åëåìåíòà

u ∈ H .

Äîâåäåìî, ùî u � ðîçâ'ÿçîê ðiâíÿííÿ. Ìà¹ìî

ϱ(u,Au) ≤ ϱ(u, um) + ϱ(um, Au) = ϱ(u, um) + ϱ(Aum−1, Au) ≤
≤ ϱ(u, um) + Lϱ(um−1, u) → 0 , m→ ∞ .

�äèíiñòü ðîçâ'ÿçêó. Âiä ñóïðîòèâíîãî.

u = Au, v = Av => ϱ(u, v) = ϱ(Au,Av) ≤ Lϱ(u, v) .

ßêùî ϱ(u, v) ̸= 0 , òî 1 ≤ L . Ñóïåðå÷íiñòü.

Iç ïîïåðåäíüîãî òàêîæ ¹ îöiíêà ïîõèáêè

ϱ(um, u) ≤
Lm

1− L
ϱ(u,Au).

Ðîçãëÿíåìî çàñòîñóâàííÿ òåîðåìè Áàíàõà äî ðîçâ'ÿçíîñòi iíòåãðàëüíîãî
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ðiâíÿííÿ Óðèñîíà

u(x) = λ

b∫
a

K(x, y, u(y))dy, x ∈ [a, b]. (1.33)

Òóò Au = λ
b∫
a

K(x, y, u(y))dy .

Ïðèêëàäè:

1) çà óìîâè

K(x, y, u(y)) = K(x, y)u(y) + f(x) ,
b∫
a

b∫
a

|K(x, y)|2dxdy = Q2 < +∞ , f ∈ L2(a, b)

áóëî äîâåäåíî, ùî Au ∈ L2(a, b) ïðè u ∈ L2(a, b) � îïåðàòîð A äi¹ ç L2(a, b)

â L2(a, b) ; ïðè u1, u2 ∈ L2(a, b) ìà¹ìî

||Au1 − Au2||2L2(a,b)
= ||λ[Ku1 −Ku2]||2L2(a,b)

=

= |λ
b∫
a

|(Ku1)(x)− (Ku2)(x)|2dx|2 =

= |λ|2
b∫
a

|
b∫
a

K(x, y)[u1(y)− u2(y)]dy|2dx ≤

≤ |λ|2
b∫
a

[ b∫
a

|K(x, y)|2dy
b∫
a

|u1(y)− u2(y)|2dy
]
dx ≤

≤ |λ|2
[ b∫
a

b∫
a

|K(x, y)|2dxdy
] b∫

a

|u1(y)− u2(y)|2dy ≤

≤ (|λ|Q)2||u1 − u2||2L2(a,b)
.

Îòæå, ïðè |λ|Q < 1 îïåðàòîð A ñòèñíèé i çà òåîðåìîþ Áàíàõà â L2(a, b)

iñíó¹ ¹äèíèé ðîçâ'ÿçîê ëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ

u(x) = λ

b∫
a

K(x, y)u(y)dy + f(x), x ∈ [a, b];

2) íåõàé ôóíêöiÿ K(x, y, u) íåïåðåðâíà íà Ω := [a, b] × [a, b] × [−h, h]
(h > 0 ) i çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà àðãóìåíòîì u :

∃L1 > 0 : ∀(x, y, u1), (x, y, u2) ∈ Ω |K(x, y, u1)−K(x, y, u2)| ≤ L|u1 − u2| .

Íåõàé Sh = {u ∈ C([a, b]) : ||u|| := ||u||C([a,b]) ≤ h} . Òîäi
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||Au|| = max
x∈[a,b]

|λ
b∫
a

K(x, y, u(y))dy| ≤ |λ| max
x,y∈[a,b],u∈Sh

|K(x, y, u(y))|(b− a) ,

òàê ùî ||Au|| ≤ h ïðè |λ|M(b − a) ≤ h , äå M = max
(x,y,u)∈Ω

|K(x, y, u(y))| �

îïåðàòîð A ïåðåâîäèòü ïîâíèé ìåòðè÷íèé (òóò áàíàõiâ) ïðîñòið Sh â ñåáå;

äëÿ äîâiëüíèõ u, v ∈ Sh

||Au− Av|| = |λ max
x,y∈[a,b],u,v∈Sh

b∫
a

[K(x, y, u(y))−K(x, y, v(y))]dy| ≤

≤ |λ|L1

b∫
a

|u(y)− v(y)|dy ≤ |λ|L1 max
y∈[a,b]

|u(y)− v(y)|
b∫
a

dy ,

||Au− Av|| ≤ |λ|L1(b− a)||u− v|| i ¹ ñòèñíèì ïðè |λ|L1(b− a) < 1 .

Îòîæ ïðè |λ| < min{ h
M(b−a) ,

1
L1(b−a)} óìîâè òåîðåìè Áàíàõà âèêîíóþòüñÿ

� iíòåãðàëüíå ðiâíÿííÿ (1.33) ìà¹ ¹äèíèé ðîçâ'ÿçîê â Sh ;

3) u(β) = u2 + g(t) ïðè g ∈ C([0, T ]) , |g(t)| ≤ G ïðè t ∈ [0, T ] .

Ìà¹ìî

f−β(t) ∗ u(t) = u2 + g(t) ,

u(t) = fβ(t) ∗ u2(t) + fβ(t) ∗ g(t) ;

u(t) = 1
Γ(β) [

t∫
0

(t− τ)β−1u2(τ)dτ +
t∫
0

(t− τ)β−1g(τ)dτ ] := Au(t) ,

i íåõàé S = {u ∈ C([0, T ]) : ||u|| = max
t∈[0,T ]

|u(t)| ≤M} .

||Au|| ≤ 1
Γ(β) [M

2
t∫
0

(t− τ)β−1dτ + |
t∫
0

(t− τ)β−1g(τ)dτ |] ≤

≤ 1
βΓ(β) [M

2tβ + tβ max
τ∈[0,T ]

|g(τ)|] ≤ 1
Γ(β+1)t

β[M 2 +G] ≤ T β

Γ(β+1) [M
2 +G] .

Ñïî÷àòêó äîâåäåìî, ùî ||Au|| ≤M .

Íåõàé a = T β

Γ(β+1) i âèáåðåìî M 2 ≥ G . Òîäi G ≤ M 2 , a(M 2 +G) ≤ 2aM 2

i óìîâà ||Au|| ≤M âèêîíó¹òüñÿ ïðè

2aM 2 ≤M <=> a ≤ 1
2M <=> T β

Γ(β+1) ≤
1

2M , ùî ¹ ïðè äîñòàòíüî ìàëèõ T .

Ïåðåâiðèìî, ÷è îïåðàòîð ñòèñíèé íà âèáðàíié çàìêíåíié ïiäìíîæèíi S

ïîâíîãî ìåòðè÷íîãî ïðîñòîðó C([0, T ]) . Ìà¹ìî

||Au1 − Au2|| ≤ max
t∈[0,T ]

1
Γ(β)

t∫
0

(t− τ)β−1|u21(τ)− u22(τ)|dτ =

= max
t∈[0,T ]

1
Γ(β)

t∫
0

(t− τ)β−1|u1(τ) + u2(τ)| |u1(τ)− u2(τ)|dτ ≤

≤ max
t∈[0,T ]

2M
Γ(β)

t∫
0

(t− τ)β−1 |u1(τ)− u2(τ)|dτ ≤
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≤ max
t∈[0,T ]

2M
Γ(β)

t∫
0

(t− τ)β−1 dτ ||u1 − u2|| ≤ 2MT β

Γ(β+1)||u1 − u2|| .

Îòæå, îïåðàòîð A ñòèñíèé ïðè 2MT β

Γ(β+1) < 1 <=> T β

Γ(β+1) <
1

2M .

Òîìó ïðè âèáðàíîìó T > 0 óìîâè òåîðåìè Ïiêàðà âèêîíàíi, à ðiâíÿííÿ

ìà¹ ¹äèíèé ðîçâ'ÿçîê u ∈ S .

Òåîðåìà 14 (ïðèíöèï Øàóäåðà). ßêùî öiëêîì íåïåðåðâíèé îïåðàòîð A

âiäîáðàæà¹ çàìêíåíó îïóêëó ìíîæèíó S̄ ïîâíîãî ìåòðè÷íîãî ïðîñòîðó H

íà ñâîþ ÷àñòèíó, òî iñíó¹ íåðóõîìà òî÷êà öüîãî âiäîáðàæåííÿ: iñíó¹ òàêèé

åëåìåíò u ∈ S̄ , ùî Au = u .

Âèêîðèñòîâóþòüñÿ àíàëîãè.

Òåîðåìà 15.ßêùî íåïåðåðâíèé îïåðàòîð A âiäîáðàæà¹ çàìêíåíó îïóêëó

ìíîæèíó S̄ áàíàõîâîãî ïðîñòîðó H íà ñâîþ êîìïàêòíó ÷àñòèíó, òî iñíó¹

íåðóõîìà òî÷êà öüîãî âiäîáðàæåííÿ.

Òåîðåìà 16 (Ëåðå-Øàóäåðà). ßêùî öiëêîì íåïåðåðâíèé îïåðàòîð A

âiäîáðàæà¹ âåñü áàíàõiâ ïðîñòið H â ñåáå i äëÿ âñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ

u = λAu ïðè λ ∈ [0, 1] âèêîíàíà íåðiâíiñòü ||u|| ≤ c , òî ðiâíÿííÿ u = Au

ìà¹ ðîçâ'ÿçîê.

Òåîðåìà 17. ßêùî öiëêîì íåïåðåðâíèé îïåðàòîð A : Sr(0) → H (H �

áàíàõiâ ïðîñòið) ¹ òàêèì, ùî

∀v : ||v|| = r => ||Av|| ≤ ||v||,

òî ðiâíÿííÿ u = Au ìà¹ ðîçâ'ÿçîê.

Òåîðåìà 18. ßêùî öiëêîì íåïåðåðâíèé îïåðàòîð A : Sr(0) → H (H �

áàíàõiâ ïðîñòið) ¹ òàêèì, ùî

∀λ > 1, ∀v : ||v|| = r => Av ̸= v,

òî ðiâíÿííÿ u = Au ìà¹ ðîçâ'ÿçîê.

Ïðèêëàä. Äîâåäåìî, âèêîðèñòîâóþ÷è ïðèíöèï Øàóäåðà, ùî ïðè íåïå-

ðåðâíié i îáìåæåíié f(t, u, z) â îáëàñòi Ω = {t ∈ [0, T ], u, z ∈ R} iñíó¹

ðîçâ'ÿçîê çàäà÷i

u
′′
= f(t, u(t), u′(t)), u(0) = 0, u(T ) = 0. (1.34)
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Çàäà÷à åêâiâàëåíòíà iíòåãðî-äèôåðåíöiàëüíîìó ðiâíÿííþ

u(t) =

T∫
0

G(t, s)f(s, u(s), u′(s))ds, (1.35)

äå G(t, s) � ôóíêöiÿ Ãðiíà çàäà÷i (1.34).

Íåõàé E = {v ∈ C1([0, T ])} � áàíàõiâ ïðîñòið ç íîðìîþ ||v||E = ||v||C1[0,T ] .

Òîäi u � êëàñè÷íèé ðîçâ'ÿçîê çàäà÷i (1.34). Çíàõîäèìî ôóíêöiþ Ãðiíà

G(t, s) = −


s(T−t)
T , 0 ≤ s ≤ t

t(T−s)
T , 0 ≤ t ≤ s.

Ñïðàâäi, ðîçâ'ÿçîê ðiâíÿííÿ Gtt = δ(t− s) ìà¹ âèãëÿä

G = C1(t)t+ C2(t) ,

äå

C ′
1(t)t+ C ′

2(t) = 0 , C ′
1(t) = δ(t− s) ,

C1(t) = θ(t− s) + c1 ,

C ′
2(t) = −C ′

1(t)t = −tδ(t− s) = −sδ(t− s) ,

C2(t) = −sθ(t− s) + c2 ,

i òîäi

G(t, s) = (t− s)θ(t− s) + c1t+ c2 ( c1, c2 � äîâiëüíi ñòàëi);

ç êðàéîâèõ óìîâ

G(0, s) = −sθ(−s) + c2 = 0 ,

G(T, s) = (T − s)θ(T − s) + c1T + c2 = 0 ,

çâiäêè

c2 = sθ(−s) = 0, c1T = −(T − s)θ(T − s) = −(T − s) ,

à îòæå,

G(t, s) = (t− s)θ(t− s)− t
T (T − s) ,

G(t, s) = t− s− t
T (T − s) = tT−sT−tT+ts

T = −s(T−t)
T ïðè 0 ≤ s ≤ t ,

G(t, s) = − t(T−s)
T ïðè 0 ≤ t ≤ s .

Çàóâàæèìî, ùî ìîæíà áóëî çíàõîäèòè ôóíäàìåíòàëüíèé ðîçâ'ÿçîê G1(t)

ðiâíÿííÿ G
′′

1 = δ(t) , à ïîòiì, ÿê äëÿ äîâiëüíîãî ðiâíÿííÿ çi ñòàëèìè êîåôiöi-

¹íòàìè, çàïèñàòè, ùî G(t, s) = G1(t−s) , i äàëi ïiäñòàâëÿòè G(t, s) ó êðàéîâi

óìîâè çàäà÷i.
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Ìà¹ìî

(Av)(t) =
T∫
0

G(t, s)f(s, v(s), v′(s))ds , |f(s, u, z)| ≤M â Ω ,

|G(t, s)| ≤ max
t∈[0,T ]

t(T−t)
T = T/4 => ||Av||C[0,T ] ≤MT 2/4 ,

(Av)′(t) = d
dt [−

t∫
0

s(T−t)
T f(s, v(s), v′(s))ds−

T∫
t

t(T−s)
T f(s, v(s), v′(s))ds] =

=
t∫
0

s
T f(s, v(s), v

′(s))ds− t(T−t)
T f(t, v(t), v′(t))−

−
T∫
t

T−s
T f(s, v(s), v′(s))ds+ t(T−t)

T f(t, v(t), v′(t)) ,

||(Av)′||C([0,T ]) ≤
T∫
0

|f(s, v(s), v′(s))| ds ≤MT ,

||Av||E = max{||Av||C([0,T ]), ||(Av)′||C([0,T ])} ≤
≤ max{MT 2/4,MT} =MT max{T/4, 1} ,

à îòæå, ìíîæèíà ôóíêöié Av (v ∈ E ) ðiâíîìiðíî îáìåæåíà çà íîðìîþ ïðîñ-

òîðó E ;

|(Av)(t1)− (Av)(t2)| ≤
T∫
0

|G(t1, s)−G(t2, s)| |f(s, v(s), v′(s))|ds ≤

≤ 2M |t1 − t2| , |(Av)′(t1)− (Av)′(t2)| ≤ 2M |t1 − t2| ,

i òîäi ìíîæèíà ôóíêöié (Av) (v ∈ E ) îäíîñòàéíî íåïåðåðâíà çà íîðìîþ

ïðîñòîðó E .

Çà ëåìîþ Àðöåëà-Àñêîëi îïåðàòîð A öiëêîì íåïåðåðâíèé. Çà òåîðåìîþ

Øàóäåðà iñíó¹ òàêà ôóíêöiÿ u ∈ E , ùî Au = u � iíòåãðàëüíå ðiâíÿííÿ

(1.35), à îòæå, é çàäà÷à (1.34) ìàþòü ðîçâ'ÿçêè.

Ïðè äîñëiäæåííi êðàéîâèõ çàäà÷ äëÿ ïiâëiíiéíèõ ðiâíÿíü ç óçàãàëüíåíè-

ìè ôóíêöiÿìè â êðàéîâèõ óìîâàõ âèíèêàþòü iíòåãðàëüíi ðiâíÿííÿ ó âàãîâèõ

ïðîñòîðàõ Ëåáåãà (äèâ., íàïðèêëàä, [11,14,16]).

Ïðèìiòêà. ßêùî ÿäðî íåëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ âèðîäæåíå, òî

éîãî ðîçâ'ÿçàííÿ, ÿê ó âèïàäêó ëiíiéíîãî iíòåãðàëüíîãî ðiâíÿííÿ ç âèðîäæå-

íèì ÿäðîì, ìîæíà òàêîæ çâåñòè äî ðîçâ'ÿçàííÿ (óæå íåëiíiéíî¨) àëãåáðè÷íî¨

ñèñòåìè ðiâíÿíü, ÿê áóëî äîâåäåíî ó ïiäðîçäiëi 1.2.
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1.11 Iíòåãðàëüíi ðiâíÿííÿ ïåðøîãî ðîäó

Ëiíiéíi iíòåãðàëüíi ðiâíÿííÿ Âîëüòåððè ïåðøîãî ðîäó ìîæóòü íå ìàòè ðîç-

â'ÿçêiâ íàâiòü ïðè íåïåðåðâíèõ ÿäðàõ (íà âiäìiíó âiä ëiíiéíèõ iíòåãðàëüíèõ

ðiâíÿíü Âîëüòåððè äðóãîãî ðîäó). Íàïðèêëàä, íåîáõiäíîþ óìîâîþ iñíóâàííÿ

íåïåðåðâíîãî íà [a, b] ðîçâ'ÿçêó ðiâíÿííÿ

x∫
a

K(x, y)u(y)dy = f(x), x ∈ [a, b]

¹ óìîâà f(a) = 0 . Âîíà íå âèêîíó¹òüñÿ, çîêðåìà, äëÿ ðiâíÿíü [17]:
t∫
0

(s+ t)y(s)ds = sin(t) + 1 ,

t∫
0

y(s)ds+ 2ty(t) = cos(t) .

Òàêîæ ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà ïåðøîãî ðîäó

b∫
a

K(x, y)u(y)dy = f(x), x ∈ [a, b] (1.36)

íàâiòü ç íåïåðåðâíèì ÿäðîì ìîæå íå ìàòè ðîçâ'ÿçêiâ.

Ïðèêëàäè:

1)
1∫
0

u(y)dy = x ;

2)
b∫
a

[a0(y)x
m+ · · ·+ am−1(y)x+ am(y)]u(y)dy = f(x) ìîæå ìàòè ðîçâ'ÿçîê

òiëüêè êîëè f(x) òàêîæ ¹ ïåâíèì ïîëiíîìîì;

3) äëÿ ðiâíÿííÿ ç ñèìåòðè÷íèì ÿäðîì íåîáõiäíî, ùîá f(x) ðîçêëàäàëàñü

â ðÿä çà âëàñíèìè ôóíêöiÿìè ÿäðà (äèâ. íàñòóïíó òåîðåìó 19).

ßäðî iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëüìà íàçèâà¹òüñÿ çàìêíåíèì, ÿêùî

b∫
a

K(x, y)ω(y)dy = 0, x ∈ [a, b] => ω(x) = 0, x ∈ [a, b]. (1.37)

Òåîðåìà 19 (Ïiêàðà). Ïðè f ∈ L2(a, b) iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà

ïåðøîãî ðîäó (1.36) ç çàìêíåíèì ñèìåòðè÷íèì ÿäðîì K(x, y) ìà¹ (ïðè÷îìó
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¹äèíèé) ðîçâ'ÿçîê ó L2(a, b) òîäi é òiëüêè òîäi, êîëè çáiãà¹òüñÿ ðÿä

∞∑
k=1

λ2kf
2
k . (1.38)

Òóò f(x) =
∞∑
k=1

fkφk(x) , fk = (f, φk) , λk � õàðàêòåðèñòè÷íi ÷èñëà ÿäðà

K(x, y) , φk(x) � éîãî âëàñíi ôóíêöi¨: φk(x) = λk
b∫
a

K(x, y)φk(y)dy .

Äîâåäåííÿ. Íåõàé iñíó¹ ðîçâ'ÿçîê u ∈ L2(a, b) ðiâíÿííÿ (1.36). Òîäi äëÿ

îðòîíîðìàëüíî¨ ñèñòåìè âëàñíèõ ôóíêöié ÿäðà K(x, y) , âèêîðèñòàâøè ñè-

ìåòðè÷íiñòü ÿäðà K(x, y) , îäåðæó¹ìî

fk =
b∫
a

f(x)φk(x)dx =
b∫
a

[ b∫
a

K(x, y)u(y)dy
]
φk(x)dx =

=
b∫
a

[ b∫
a

K(x, y)φk(x)dx
]
u(y)dy =

=
b∫
a

[ b∫
a

K(y, x)φk(x)dx
]
u(y)dy = 1

λk

b∫
a

u(y)φk(y)dy ,

à îòæå, λkfk = (u, φk) , òîáòî ÷èñëà ck = λkfk ¹ êîåôiöi¹íòàìè Ôóð'¹ ôóíêöi¨

u . Âiäîìî, ùî ðÿä iç êâàäðàòiâ êîåôiöi¹íòiâ Ôóð'¹ ôóíêöi¨ ç L2(a, b) çáiãà-

¹òüñÿ. Îòðèìàëè çáiæíiñòü ðÿäó (1.38).

Íàâïàêè, íåõàé çáiãà¹òüñÿ ðÿä (1.38). Òîäi çà òåîðåìîþ Ôiøåðà-Ðiñà iñíó¹

ôóíêöiÿ u ∈ L2(a, b) , ùî ìà¹ êîåôiöi¹íòè λkfk . Äîâåäåìî, ùî öÿ ôóíêöiÿ

¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1.36). Çà ïîáóäîâîþ f(x) i
b∫
a

K(x, y)u(y)dy ìàþòü

îäíàêîâi êîåôiöi¹íòè Ôóð'¹. I ñàìå òiëüêè òàê ìà¹ áóòè äëÿ ðîçâ'ÿçêó ðiâíÿ-

ííÿ (1.36) iç çàìêíåíèì ÿäðîì.

Ïðèìiòêà. ßêùî (1.37) íå âèêîíó¹òüñÿ, òî òàêîæ ìîæå íå áóòè ðîçâ'ÿçêó

ðiâíÿííÿ (1.36), àáî âií ìîæå áóòè íå¹äèíèì. Ñïðàâäi, ÿêùî iñíóþòü òàêi

ôóíêöi¨ ωj ( j = 1, . . . ,m ), âiäìiííi âiä òðèâiàëüíèõ, ùî

b∫
a

K(x, y)ωj(y)dy = 0, x ∈ [a, b],

òî, êðiì u , ôóíêöiÿ u +
m∑
k=1

Ckωk òàêîæ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1.36) ïðè

äîâiëüíèõ ñòàëèõ Ck .
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Òåîðåìà 20. ßêùî L2 -ÿäðî K(x, y) ñèìåòðè÷íå, äîäàòíî âèçíà÷åíå, à

ðiâíÿííÿ (1.36) îäíîçíà÷íî ðîçâ'ÿçíå, òî ïîñëiäîâíiñòü

uk(x) = uk−1(x) + λ
[
f(x)−

b∫
a

K(x, y)uk−1(y)dy
]
, k ∈ N, 0 < λ < λ1,

äå u0 ∈ L2[a, b] , λ1 � íàéìåíøå õàðàêòåðèñòè÷íå ÷èñëî ÿäðà K(x, y) , çái-

ãà¹òüñÿ â L2[a, b] äî ðîçâ'ÿçêó.

Äîâåäåííÿ. Íåõàé u � ðîçâ'ÿçîê ðiâíÿííÿ, uk = u+ vk . Òîäi

vk(x) = vk−1(x)− λ
b∫
a

K(x, y)vk−1(y)dy ,

b∫
a

vk(x)φj(x)dx =
b∫
a

vk−1(x)φj(x)dx−λ
b∫
a

φj(x)dx
b∫
a

K(x, y)vk−1(y)dy <=>

ck,j = ck−1,j − λ
b∫
a

[ b∫
a

K(x, y)φj(x)dx
]
vk−1(y)dy ( ck,j =

b∫
a

vk(x)φj(x)dx ),

ck,j = ck−1,j − λ
λj
ck−1,j <=> ck,j = ck−1,j

(
1− λ

λj

)
= · · · = c0,j

(
1− λ

λj

)k
.

Ìà¹ìî
b∫

a

v2kdx =

b∫
a

[uk − u]2dx =
∞∑
k=1

c2k,j =
∞∑
k=1

c20,j
(
1− λ

λj

)2k
.

Òîìó ùî
(
1− λ

λj

)2 ≤ 1 , äëÿ êîæíîãî ε > 0 iñíó¹ òàêå N = N(ε) , ùî äëÿ

âñiõ n > N

b∫
a

v2kdx =

b∫
a

[uk − u]2dx < ε <=> uk → u â L2(a, b).

Ïðèìiòêà. ßêùî ÿäðî íå ¹ ñèìåòðè÷íèì, òî ìîæíà âèêîðèñòîâóâàòè ìå-

òîä íåâèçíà÷åíèõ êîåôiöi¹íòiâ: øóêà¹ìî ðîçâ'ÿçîê ðiâíÿííÿ (1.36) ó âèãëÿäi

ðîçâèíåííÿ çà äåÿêîþ ïîâíîþ îðòîíîðìàëüíîþ ñèñòåìîþ ôóíêöié ωk(x) íà

(a, b) ç íåâiäîìèìè ak : u(x) =
∞∑
k=1

akωk(x) . Ïiäñòàâëÿþ÷è â ðiâíÿííÿ, îäåð-

æó¹ìî
∞∑
k=1

ak
b∫
a

K(x, y)ωk(y)dy = f(x) <=>
∞∑
k=1

akhk(x) = f(x) ,

äå hk(x) =
b∫
a

K(x, y)ωk(y)dy � âiäîìi ôóíêöi¨.
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1.12 Ïîíÿòòÿ ðåãóëÿðèçàöi¨. Çãëàäæóâàëüíèé ôóíêöiî-

íàë

Îçíà÷åííÿ. Îïåðàòîðíå ðiâíÿííÿ

Au = f, A : X → X (1.39)

íàçèâà¹òüñÿ êîðåêòíèì, ÿêùî âîíî ìà¹ ¹äèíèé ðîçâ'ÿçîê, ÿêèé íåïåðåðâíî

çàëåæèòü âiä äàíèõ.

Çâiäñè âèïëèâà¹, ùî îïåðàòîð A−1 íåïåðåðâíèé (ÿêùî iñíó¹). Öÿ óìîâà

âèêîíó¹òüñÿ, ÿêùî îïåðàòîð A ¹ îáìåæåíèì çíèçó, òîáòî

∃C > 0 : ||Ax|| ≥ C||x|| ∀x ∈ X.

ßêùî A íå ¹ îáìåæåíèì çíèçó, òî ïîðóøó¹òüñÿ íåïåðåðâíà çàëåæíiñòü

ðîçâ'ÿçêó âiä äàíèõ. Ñïðàâäi, òîäi

∀n ∈ N ∃un ∈ X : ||Aun|| ≤
1

n
||un||,

ïðè x ∈ X , xn = x+
√
n un
||un|| ìàòèìåìî

||A(xn − x)|| =
√
n ||Aun||

||un|| <
1√
n
→ 0 ïðè n→ ∞ ,

àëå çà ïîáóäîâîþ ||xn − x|| =
√
n→ ∞ ïðè n→ ∞ .

Îçíà÷åííÿ. Ðåãóëÿðèçàöi¹þ íåêîðåêòíîãî ðiâíÿííÿ (1.39) íàçèâà¹òüñÿ çà-

ìiíà ðiâíÿííÿ (1.39) ñiì'¹þ áëèçüêèõ êîðåêòíèõ ðiâíÿíü.

ßêùî îïåðàòîð A ó ðiâíÿííi (1.36) ¹ îáìåæåíèì çíèçó, òî iíîäi ìîæíà

îäåðæàòè éîãî ðåãóëÿðèçàöiþ, çàìiíèâøè ðiâíÿííÿ (1.36) ðiâíÿííÿì

τu(x) +

b∫
a

K(x, y)u(y)dy = fτ(x), (1.40)

äå ||f − fτ || < τ.

Ïðèêëàäè:

1)

1
4∫
0

et−su(s)ds = 1
4e
t ; çàìiíèìî éîãî ðiâíÿííÿì

τuτ(t) +

1
4∫
0

et−suτ(s)ds =
1
4e
t ; uτ(t) = 1

4τ e
t − et

τ

1
4∫
0

e−suτ(s)ds ;
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îäåðæàíå ðiâíÿííÿ äðóãîãî ðîäó ìà¹ âèðîäæåíå ÿäðî, éîãî ðîçâ'ÿçîê

uτ(t) =
et

1+4τ => u(t) = lim
τ→0

uτ(t) = et ;

2)
1∫
0

(4set + 3)u(s)ds = et + 1 ; u = t2 ¹ ðîçâ'ÿçêîì, àëå ùå ¹ iíøèé, ÿêèé

ìîæíà çíàéòè, çàìiíèâøè öå ðiâíÿííÿ ðiâíÿííÿì [17]

τuτ(t) +
1∫
0

(4set + 3)uτ(s)ds = et + 1 ,

à ïîòiì ïåðåõîäÿ÷è äî ãðàíèöi ïðè τ → 0 . Ñïðàâäi, çíàõîäèìî ðîçâ'ÿçîê

öüîãî ðiâíÿííÿ ÿê ðiâíÿííÿ ç âèðîäæåíèì ÿäðîì:

V1 =
1∫
0

suτ(s)ds , V2 =
1∫
0

uτ(s)ds ,

òîäi

uτ(t) =
1
τ [−4etV1 − 3V2 + et + 1] ,

V1 =
1
τ

1∫
0

s[−4esV1 − 3V2 + es + 1]ds ,

V2 =
1
τ

1∫
0

[−4esV1 − 3V2 + es + 1]ds ,

τV1 = −4V1 − 3
2V2 +

3
2 , τV2 = −4(e− 1)V1 − 3V2 + e ,

(τ + 4)V1 +
3
2V2 =

3
2 , 4(e− 1)V1 + (τ + 3)V2 = e ,

V1 =
3
2

3−e+τ
τ2+7τ−6e+18) , V2 =

(τ−2)e+6
τ2+7τ−6e+18) ,

u(t) = lim
τ→0

uτ(t) = lim
τ→0

1
τ [−4etV1 − 3V2 + et + 1] =

= lim
τ→0

et(τ+3)+τ+7−3e
τ2+7τ−6e+18 = 3et+7−3e

6(3−e) .

Íå çàâæäè òàê ïðîñòî îòðèìàòè ðåãóëÿðèçàöiþ íåêîðåêòíîãî ðiâíÿííÿ.

Ðåãóëÿðèçîâàíèì çà Òèõîíîâèì ðîçâ'ÿçêîì îïåðàòîðíîãî ðiâíÿííÿ

Au = f, A : X → X (1.41)

íàçèâà¹òüñÿ åëåìåíò uτ(f) = Rτ(f) ïðîñòîðó X , ÿêèé ìiíiìiçó¹ â L2(0, b)

ôóíêöiîíàë Òèõîíîâà (çãëàäæóâàëüíèé ôóíêöiîíàë)

Mτ(u, f) = ||Au− f ||+ τ ||u||′

ç äåÿêèì ïàðàìåòðîì τ , ÿêèé íàçèâà¹òüñÿ ïàðàìåòðîì ðåãóëÿðèçàöi¨.

Äëÿ ðiâíÿííÿ
b∫

0

K(x, y)u(y)dy = f(x), x ∈ [0, b] (1.42)
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ç íåïåðåðâíèìè ÿäðîì i f âèáèðàþòü

||u||′ =
b∫

0

{
p(y)[u′(y)]2 + q(y)[u(y)]2

}
dy

ç p ∈ C1([0, b]), q ∈ C([0, b]) i øóêàþòü ìiíiìóì ôóíêöiîíàëà Mτ(u, f) ó

êëàñi òàêèõ u ∈ C2[0, b] , ùî

u′(0) = 0, u′(b) = 0. (1.43)

Ç êóðñó âàðiàöiéíîãî ÷èñëåííÿ âiäîìî, ùî ìiíiìóì ôóíêöiîíàëà ðåàëiçó-

¹òüñÿ íà òié ôóíêöi¨, çà ÿêî¨ âàðiàöiÿ öüîãî ôóíêöiîíàëà äîðiâíþ¹ íóëþ (âîíà

íàçèâà¹òüñÿ åêñòðåìàëëþ ôóíêöiîíàëà). Çíàéäåíî, ùî åêñòðåìàëëþ ôóíê-

öiîíàëà Mτ(u, f) ¹ ðîçâ'ÿçîê ðiâíÿííÿ

(pu′)′(x)− (qu)(x) =
1

τ

b∫
0

K̃(x, t)u(t)dt− 1

τ
f̃(x), (1.44)

äå K̃(x, t) =
b∫
0

K(y, t)K(y, x)dy , f̃(x) =
b∫
0

K(y, x)f(y)dy .

Ìîæíà äîâåñòè, ùî ïðè p(x) > 0, q(x) ≤ 0, x ∈ [0, b] êðàéîâà çàäà÷à

(pu′)′(x)− (qu)(x) = 0, x ∈ (0, b), u′(0) = 0, u′(b) = 0

ìà¹ ¹äèíèé ðîçâ'ÿçîê u(x) = 0 . Òîìó iñíó¹ ôóíêöiÿ Ãðiíà G(x, y) öi¹¨ êðà-

éîâî¨ çàäà÷i, à çàäà÷à (1.44) åêâiâàëåíòíà iíòåãðàëüíîìó ðiâíÿííþ

u(x) =

b∫
0

G(x, y)
{1

τ

b∫
0

K̃(y, t)u(t)dt− 1

τ
f̃(y)

}
dy,

òîáòî iíòåãðàëüíîìó ðiâíÿííþ Ôðåäãîëüìà äðóãîãî ðîäó

u(x) =

b∫
0

T (x, t)u(t)dt+ F (x), x ∈ [0, b], (1.45)

ç íåïåðåðâíèì ÿäðîì, ùî ìà¹ ¹äèíèé ðîçâ'ÿçîê.

Òåîðåìà 21. Ïðè íåïåðåðâíèõ ÿäði i f iñíó¹ ¹äèíà ôóíêöiÿ u ∈ C2[0, b] ,

ùî çàäîâîëüíÿ¹ óìîâè (1.43) i ìiíiìiçó¹ ôóíêöiîíàë Mτ .
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Ðîçäië 2

ÇÀÑÒÎÑÓÂÀÍÍß IÍÒÅÃÐÀËÜÍÈÕ

ÐIÂÍßÍÜ

2.1 Ðiâíÿííÿ ç äðîáîâèìè ïîõiäíèìè òà çàäà÷i äëÿ íèõ

Áàãàòî âàæëèâèõ ôiçè÷íèõ ïðîöåñiâ îïèñóþòü çà äîïîìîãîþ çàäà÷ äëÿ

ðiâíÿíü ç ïîõiäíèìè äðîáîâèõ ïîðÿäêiâ, ÿêi ìîæíà ïîäàòè ÿê iíòåãðî-äèôå-

ðåíöiàëüíi ðiâíÿííÿ, â îêðåìèõ âèïàäêàõ ÿê iíòåãðàëüíi ðiâíÿííÿ.

1. Íåõàé f∗g � çãîðòêà çâè÷àéíèõ ôóíêöié f i g

(f∗g)(x) =
∫
Rn

f(y)g(x− y)dy.

ßêùî f ∈ Lp(Rn) , g ∈ Lq(Rn) , 1/p+ 1/q ≥ 1 , òî iñíó¹ f ∗ g ∈ Lr(Rn) , äå

1/r = 1/p+ 1/q − 1 , ïðè÷îìó

||f ∗ g||Lr
≤ ||f ||Lp

||g||Lq
,

çîêðåìà, r = 1 ïðè p = q = 1 , r = ∞ ïðè p = 1 , q = ∞ àáî p = q = 2 .

ßêùî f, g ∈ L1(Rn) , òî iñíó¹ f ∗ g ∈ L1(Rn) .

ßêùî f, g ∈ L1,loc(Rn) i õî÷ îäíà ç íèõ ôiíiòíà, òî iñíó¹ f ∗ g ∈ L1,loc(Rn) .

ßêùî f, g ∈ L1,loc(Rn) é îáèäâi ôóíêöi¨ ìàþòü íîñi¨ íà [0,+∞) , òî iñíó¹

f ∗ g ∈ L1,loc(Rn) , f ∗ g ìà¹ íîñié íà [0,+∞) i âèçíà÷à¹òüñÿ ôîðìóëîþ

(f ∗ g)(x) = θ(x)
x∫
0

f(ξ)g(x− ξ)dξ ,
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äå θ(x) � îäèíè÷íà ôóíêöiÿ Õåâiñàéäà. Â óñiõ öèõ âèïàäêàõ çãîðòêà êîìóòà-

òèâíà.

Ïîçíà÷à¹ìî ÷åðåç ∗̂ îïåðàöiþ çãîðòêè óçàãàëüíåíî¨ ôóíêöi¨ g òà îñíîâíî¨

ôóíêöi¨ φ

(g∗̂φ)(x) = (g(ξ), φ(x+ ξ)).

Íàãàäà¹ìî, ùî çãîðòêîþ óçàãàëüíåíèõ ôóíêöié f i g íàçèâà¹òüñÿ óçàãàëü-

íåíà ôóíêöiÿ f ∗ g :
(f ∗ g, φ) = (f, g∗̂φ) äëÿ êîæíî¨ îñíîâíî¨ ôóíêöi¨ φ .

ßêùî f, g ∈ D′ i õî÷ îäíà ç íèõ ôiíiòíà, òî iñíó¹ f ∗ g ∈ D′ .

Çà óìîâè iñíóâàííÿ f ∗ g ïðàâèëüíà ôîðìóëà äèôåðåíöiþâàííÿ çãîðòêè

Dγ(f ∗ g) = Dγf ∗ g = f ∗Dγg = Dβf ∗Dγ−βg ;

òàêîæ δ ∗ f = f ∗ δ = f , Dγδ ∗ f = Dγ(δ ∗ f) = Dγf .

Àëãåáðà çãîðòêè D′
+ i äðîáîâå äèôåðåíöiþâàííÿ

Íåõàé D′
+(R) = {f ∈ D′(R) : f = 0 ïðè t < 0} .

Öå ïðîñòið óçàãàëüíåíèõ ôóíêöié ç íîñiÿìè íà [0,∞) . ßêùî f ∈ D′
+(R) ,

òî f ′ ∈ D′
+(R) , af ∈ D′

+(R) äëÿ äîâiëüíî¨ a ∈ C∞ .

ßêùî f, g ∈ D′
+ , òî iñíó¹ êîìóòàòèâíà çãîðòêà f ∗ g ∈ D′

+ .

Iç âðàõóâàííÿì öi¹¨ òåîðåìè ïðîñòið D′
+(R) ¹ êîìóòàòèâíîþ (òà àñîöiàòèâ-

íîþ) àëãåáðîþ çãîðòêè (îïåðàöi¹þ "ìíîæåííÿ"åëåìåíòiâ f, g ¹ ¨õíÿ çãîðòêà,

îäèíè÷íèì åëåìåíòîì ¹ δ -ôóíêöiÿ Äiðàêà).

Âèêîðèñòîâóþòü ôóíêöiþ ç D′
+(R) :

fλ(t) =
θ(t)tλ−1

Γ(λ) ïðè λ > 0 ,

fλ(t) = f ′1+λ(t) ïðè λ ≤ 0,

äå Γ(λ) � ãàìà-ôóíêöiÿ, θ(t)� îäèíè÷íà ôóíêöiÿ Õåâiñàéäà. Ïðàâèëüíi ñïiâ-

âiäíîøåííÿ fλ ∗ fµ = fλ+µ (λ, µ ∈ R) .
Çàóâàæèìî, ùî

f1(t) = θ(t) , f0(t) = δ(t) , f−1(t) = f ′0(t) = δ′(t) ,

f−n(t) = f
(n)
0 (t) = δ(n)(t) ïðè n ∈ N , à òîäi

(f−n ∗ g)(t) = (δ(n) ∗ g)(t) = g(n)(t) äëÿ äîâiëüíî¨ g ∈ D′
+ .

Âðàõîâóþ÷è öåé ôàêò, âèçíà÷àþòü ïîõiäíó äðîáîâîãî ïîðÿäêó α > 0 (ïî-

82



õiäíó Ðiìàíà-Ëióâiëëÿ) ôóíêöi¨ v ∈ D′
+ ôîðìóëîþ

v(α)(t) = f−α(t) ∗ v(t) = f
(n)
n−α(t) ∗ v(t) =

dn

dtn
(
fn−α(t) ∗ v(t)

)
,

ïåðâiñíó äðîáîâîãî ïîðÿäêó α > 0 ôóíêöi¨ v ∈ D′
+ ôîðìóëîþ

Iα(t) = fα(t) ∗ v(t),

ïîõiäíó Âåéëÿ fα(t)∗̂v(t) ïîðÿäêó α ,

ïîõiäíó Êàïóòî (Äæðáàøÿíà-Íåðñåñÿíà-Êàïóòî) ïîðÿäêó α ∈ (n− 1, n)

Dαv(t) = fn−α(t) ∗ v(n)(t) (D1v(t) = v′(t)).

Ó öié ôîðìóëi ïîõiäíà v(n)(t) ó êëàñè÷íîìó ðîçóìiííi.

Çîêðåìà, ïîõiäíà v(α)(t) Ðiìàíà-Ëióâiëëÿ ôóíêöi¨ v(t)

v(α)(t) = 1
Γ(n−α)

dn

dtn

t∫
0

(t− τ)n−α−1v(τ)dτ ïðè α ∈ (n− 1, n) ,

ðåãóëÿðèçîâàíà äðîáîâà ïîõiäíà (ïîõiäíà Êàïóòî)

Dα
t v(t) =

1
Γ(n−α)

t∫
0

(t− τ)n−α−1 dn

dτnv(τ)dτ ïðè α ∈ (n− 1, n)

çà óìîâ iñíóâàííÿ iíòåãðàëiâ.

Çâiäñè ïðè α ∈ (0, 1) îäåðæó¹ìî

v(α)(t) = 1
Γ(1−α)

d
dt

t∫
0

(t− τ)−αv(τ)dτ ,

Dαv(t) = 1
Γ(1−α)

t∫
0

(t− τ)−αv′(τ)dτ =

= 1
Γ(1−α)

t∫
0

τ−αv′(t− τ)dτ =

= 1
Γ(1−α) [

d
dt

t∫
0

τ−αv(t− τ)dτ − t−αv(0)] =

= 1
Γ(1−α)

d
dt

t∫
0

(t− τ)−αv(τ)dτ − v(0)
Γ(1−α)tα ,

i çâ'ÿçîê ìiæ ðåãóëÿðèçîâàíîþ ïîõiäíîþ òà ïîõiäíîþ Ðiìàíà-Ëióâiëëÿ äðîáî-

âîãî ïîðÿäêó α ∈ (0, 1)

Dαv(t) = v(α)(t)− f1−α(t)v(0). (2.1)

Âiäîìå ðiâíÿííÿ Àáåëÿ
x∫

0

(x− ξ)−γu(ξ)dξ = g(x), γ ∈ (0, 1),
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ÿêå ¹ ëiíiéíèì iíòåãðàëüíèì ðiâíÿííÿì Âîëüòåððè ïåðøîãî ðîäó ç ðiçíèöåâèì

ïîëÿðíèì ÿäðîì, çàïèñó¹ìî ó âèãëÿäi ðiâíÿííÿ ó çãîðòêàõ

Γ(1− γ)f1−γ(x) ∗ u(x) = g(x).

Ôóíäàìåíòàëüíîþ ôóíêöi¹þ ¹ ω(x) = fγ−1(x)
Γ(1−γ) (f1−γ(x) ∗ fγ−1(x) = f0(x) =

δ(x) ). Çíàõîäèìî ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ Àáåëÿ

fγ−1(x)
Γ(1−γ) ∗ Γ(1− γ)f1−γ(x) ∗ u(x) = fγ−1(x)

Γ(1−γ) ∗ g(x) ,

u(x) =
fγ−1(x)

Γ(1− γ)
∗ g(x) = 1

Γ(1− γ)
f ′γ(x) ∗ g(x),

ÿêèé çà óìîâ g ∈ C1(R+) , g(0) = 0 íàáóâà¹ êëàñè÷íîãî âèãëÿäó

u(x) = 1
Γ(1−γ)fγ(x) ∗ g

′(x) = 1
Γ(1−γ)Γ(γ)

x∫
0

(x− ξ)γ−1g′(ξ)dξ.

Ðîçãëÿíåìî òåïåð ðiâíÿííÿ

T (α) + λT = f(t). (2.2)

Çàóâàæèìî, ùî ëiíiéíå îäíîðiäíå ðiâíÿííÿ

CDαu+ a(t)u = 0,

(ðiçíîâèä äðîáîâèõ äèôåðåíöiàëüíèõ ðiâíÿíü Ðiêêàòi) ¹ ðiâíÿííÿì ÿäåðíîãî

ðîçïàäó. Òóò u(t) � êiëüêiñòü ðàäiîíóêëiäiâ, íàÿâíèõ ó ðàäiîàêòèâíîìó ñå-

ðåäîâèùi. Ðîçâ'ÿçàííÿ öi¹¨ ôîðìè ðiâíÿíü íàäçâè÷àéíî âàæëèâå ÷åðåç éîãî

çàñòîñóâàííÿ â ãàëóçi ÿäåðíî¨ åíåðãåòèêè.

Âèêîðèñòîâó¹ìî ôóíêöiþ Ìiòòàã-Ëåôôëåðà

Eα,µ(x) =
∞∑
p=0

xp

Γ(pα + µ)
(E1,1(x) =

∞∑
p=0

xp

Γ(p+ 1)
= ex).

Ôóíêöiÿ Eα,µ(−x) (x > 0 )� íåñêií÷åííî äèôåðåíöiéîâíà ïðè α ∈ (0, 1) ,

µ ∈ R òà ìà¹ îöiíêó

Eα,µ(−x) ≤ rα,µ
1+x , x > 0, äå rα,µ � äîäàòíà ñòàëà.

Ëåìà 1. Ïðè äîâiëüíèõ ñòàëèõ λ > 0 , α ∈ (0, 2) ôóíêöiÿ

T (t) = θ(t)tα−1Eα,α(−λtα) (2.3)

84



¹ ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.2), òîáòî

T (α) + λT = δ(t) (2.4)

( δ(t) � äåëüòà-ôóíêöiÿ Äiðàêà). Öåé ðîçâ'ÿçîê ¹äèíèé ó D′
+(R) .

Äîâåäåííÿ. Çàïèñó¹ìî ðiâíÿííÿ (2.4) ó âèãëÿäi

f−α ∗ T + λT = δ(t).

Äiþ÷è íà íüîãî îïåðàòîðîì fα∗ , îäåðæó¹ìî iíòåãðàëüíå ðiâíÿííÿ Âîëü-

òåððè äðóãîãî ðîäó ç ïîëÿðíèì ÿäðîì

T = −λfα ∗ T + fα,

T (t) =
θ(t)

Γ(α)
[−λ

t∫
0

(t− τ)α−1T (τ)dτ + tα−1],

ÿêå ðîçâ'ÿçó¹ìî ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü

T 0(t) = fα(t),

T 1(t) = fα(t)− λfα(t) ∗ fα(t) = fα(t)− λf2α(t),

T 2(t) = T 0(t)− λfα(t) ∗ T 1(t) = fα(t)− λf2α(t) + λ2f3α(t) ,

. . .

Çà ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ çíàõîäèìî

T (t) =
∞∑
p=1

(−λ)p−1fpα(t) = θ(t)
∞∑
m=0

(−λ)mfmα+α(t)

= θ(t)
∞∑
m=0

(−λ)m tmα+α−1

Γ(mα+α) = θ(t)tα−1Eα,α(−λtα).

Ïðèêëàäè:

1) T (3/2) + λT = δ ;

T (t) = θ(t)tα−1Eα,α(−λtα) = θ(t)t1/2E3/2,3/2(−λt3/2) ,

T (t) = θ(t)t1/2
∞∑
p=0

(−λt3/2)p
Γ( 3p+3

2 )
;

2) T (3/2) + λT = 2t ;

T (t) = θ(t)t1/2
∞∑
p=0

(−λt3/2)p
Γ( 3p+3

2 )
∗ (2t) ,

T (t) = 2
t∫
0

τ 1/2
∞∑
p=0

(−λτ3/2)p
Γ( 3p+3

2 )
(t− τ)dτ .

Ëåìà 2. Ïðè äîâiëüíèõ ñòàëèõ λ > 0 , α ∈ (0, 1) ôóíêöiÿ
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T (t) = f(t)− λ
t∫
0

(t− τ)α−1Eα,α(−λ(t− τ)α)f(τ)dτ

(T (t) = f(t)− λ
t∫
0

τα−1Eα,α(−λτα)f(t− τ)dτ, t ≥ 0 (A) )

¹ ðîçâ'ÿçêîì ðiâíÿííÿ

T (t) = −λ
t∫

0

(t− τ)α−1T (τ)dτ + f(t).

Äîâåäåííÿ. Çà ìåòîäîì ïîñëiäîâíèõ íàáëèæåíü:

T 0(t) = f(t),

T 1(t) = f(t)− λfα(t) ∗ f(t),
T 2(t) = f(t)− λfα(t) ∗ T 1(t) =

= f(t)− λfα(t) ∗ [f(t)− λfα(t) ∗ f(t)] =
= f(t)− λ(fα ∗ f)(t) + λ2(fα ∗ fα ∗ f)(t) =
= f(t)− λ(fα ∗ f)(t) + λ2(f2α ∗ f)(t) ,
. . .

Çà ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ çíàõîäèìî

T (t) = f(t) +
∞∑
m=1

(−λ)m(fmα ∗ f)(t) =

[p = m− 1,m = p+ 1]

= f(t) +
∞∑
p=0

(−λ)p+1(fpα+α ∗ f)(t) =

= f(t)− θ(t)
∞∑
p=0

(−λ)p+1 tpα+α−1

Γ(pα+α) ∗ f(t) =

= f(t)− θ(t)λtα−1
∞∑
p=0

(−λ)p tpα

Γ(pα+α) ∗ f(t) =

= f(t)− λ[θ(t)tα−1Eα,α(−λtα)] ∗ f(t).

Ïðèêëàä. T (t) = −λ
t∫
0

(t− τ)1/2T (τ)dτ + sin(t) ;

T (t) = f(t)− λ
t∫
0

τα−1Eα,α(−λτα)f(t− τ)dτ ,

T (t) = sin(t)− λ
t∫
0

τ 1/2E3/2,3/2(−λτ 3/2) sin(t− τ)dτ ,

T (t) = sin(t)− λ
t∫
0

∞∑
p=0

(−λτ3/2)p
Γ( 3p+3

2 )
sin(t− τ)dτ ;

86



2. Ó çàñòîñóâàííÿõ ÷àñòî òðàïëÿþòüñÿ ðiâíÿííÿ

∂αu

∂xα1
+
∂αu

∂xα2
= f(x1, x2), α ∈ (1, 2),

∂βu

∂tβ
=
∂2u

∂x2
+ f(x, t), β ∈ (0, 2).

∂βu

∂tβ
=
∂αu

∂xα
+ f(x, t), β, α ∈ (0, 2),

à åëåêòðîìàãíiòíi õâèëi â äiåëåêòðèêàõ îïèñóþòüñÿ òàêèìè ðiâíÿííÿìè ïðè

β ∈ (1, 2) i β ∈ (2, 3) .

Ïåðåõiä äî äðîáîâî¨ ïîõiäíî¨ çà ÷àñîì (íà âiäìiíó âiä ïîõiäíî¨ öiëîãî ïî-

ðÿäêó, ÿêà ¹ ëîêàëüíîþ) äà¹ çìîãó âðàõóâàòè åôåêòè ïàì'ÿòi ñèñòåìè.

ßê âèíèêàþòü ðiâíÿííÿ äðîáîâî¨ äèôóçi¨. Çàêîí Ôóð'¹

q(x, t) = −k grad u(x, t) ,
âðàõîâóþ÷è ïàì'ÿòü, çàìiíþþòü íà çàêîí

q(x, t) = −k
t∫
0

K(t− τ)grad u(x, τ)dτ

àáî

q(x, t) = −k ∂
∂t

t∫
0

fα(t− τ)grad u(x, τ)dτ ,

i òîäi çàìiñòü ðiâíÿííÿ ut = a2∆u îäåðæóþòü

ut = a2
t∫
0

K(t− τ)∆u(x, τ)dτ àáî ut = a2 ∂∂t

t∫
0

fα(t− τ)∆u(x, τ)dτ .

Ç öüîãî, iíòåãðóþ÷è, çíàõîäèìî

u(x, t)− u(x, 0) = a2
t∫
0

fα(t− τ)∆u(x, τ)dτ (= a2Iα∆u(x, t)) ,

à äiþ÷è îïåðàòîðîì Dα i âðàõîâóþ÷è, ùî Dα1 = 0 , DαIαu = u , îäåðæèìî
CDαu = a2∆u .

Ïðèêëàä. Ðîçãëÿíåìî êðàéîâó çàäà÷ó

Dα
t u− uxx = g(t)F0(x) + h(x, t), (x, t) ∈ (0, l)× (0, t0] := Q, (2.5)

u(0, t) = u(l, t) = 0, t ∈ [0, t0], (2.6)

u(x, 0) = F1(x), ut(x, 0) = F2(x), x ∈ [0, l]. (2.7)

Ðîçâ'ÿçêîì çàäà÷i (2.5)-(2.7) íàçèâà¹òüñÿ ôóíêöiÿ u ∈ C2,α(Q̄) , ùî çàäî-

âîëüíÿ¹ ðiâíÿííÿ (2.5) â Q òà óìîâè (2.6), (2.7). Äðóãî¨ ïî÷àòêîâî¨ óìîâè
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íåìà¹ ïðè α ∈ (0, 1] . Òóò C(Q0) , C(Q̄0) , C([0, t0]) � êëàñè íåïåðåðâíèõ,

âiäïîâiäíî, â Q0 , Q̄0 òà íà [0, t0] ôóíêöié,

C2,α(Q0) = {v ∈ C(Q0) : vxx, D
α
t v ∈ C(Q0)} ,

C2,α(Q̄0) = C2,α(Q0) ∩ C(Q̄0) ïðè α ∈ (0, 1] .

Øóêàòèìåìî ðîçâ'ÿçîê çàäà÷i ó âèãëÿäi ðÿäó Ôóð'¹

u(x, t) =
∞∑
k=1

Tk(t) sin
kπx

l
, (x, t) ∈ Q (2.8)

çà âëàñíèìè ôóíêöiÿìè sin kπx
l (k = 1, 2, . . . ) çàäà÷i Øòóðìà-Ëióâiëëÿ

X ′′ + λX = 0, x ∈ (0, l), X(0) = X(l) = 0. (2.9)

Äëÿ çíàõîäæåííÿ íåâiäîìèõ ôóíêöié Tk(t) îäåðæó¹ìî çàäà÷i Êîøi

DαTk + λkTk = g(t)F0k + hk(t) t ∈ (0, t0), (2.10)

Tk(0) = F1k, T ′
k(0) = F2k, k = 1, 2, . . . (2.11)

äå λk =
(
kπ
l

)2
, F0k , F1k , F2k , hk(t) � êîåôiöi¹íòè ðîçâèíåííÿ, âiäïîâiäíî,

ôóíêöié F0(x) , F1(x) , F2(x) , h(x, t) çà âëàñíèìè ôóíêöiÿìè çàäà÷iØòóðìà-

Ëióâiëëÿ

h(x, t) =
∞∑
k=1

hk(t) sin
kπx
l ,

Fj(x) =
∞∑
k=1

Fjk sin
kπx
l , j = 0, 1, 2 .

Âèêîðèñòîâóþ÷è çâ'ÿçîê (2.1) ìiæ ïîõiäíèìè äðîáîâîãî ïîðÿäêó Êàïóòî

òà Ðiìàíà-Ëióâiëëÿ, çâîäèìî êîæíó ç çàäà÷ (2.10), (2.11) ïðè α ∈ (0, 1] äî

ðiâíÿííÿ

T
(α)
k + λkTk = g(t)F0k + hk(t) + f1−α(t)F1k, t ∈ (0, t0]

i çà ëåìîþ 1 îäåðæó¹ìî éîãî ðîçâ'ÿçîê

Tk(t) = F0kt
α−1Eα,α(−λktα) ∗ g(t)+ (2.12)

+tα−1Eα,α(−λktα) ∗ hk(t) + F1kEα,1(−λktα), t ∈ (0, t0].

Íåõàé

C̃1(0, l) = {F ∈ C[0, l] ∩ C1(0, l) : F (0) = F (l) = 0} ,
C̃1(Q0) = {v ∈ C(Q̄0) : v(·, t) ∈ C̃1(0, l) ∀t ∈ (0, t0]} .
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Òåîðåìà 1. Íåõàé α ∈ (0, 1] , g ∈ C[0, t0] , h ∈ C̃1(Q0) , F1 ∈ C̃1(0, l) .

Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê u ∈ C2,α(Q̄0) çàäà÷i (2.5)�(2.7). Âií ìà¹ âèãëÿä

(2.8), äå Tk(t) âèçíà÷àþòüñÿ ôîðìóëîþ (2.12). Ïðàâèëüíi îöiíêè

||u||C(Q0) ≤ a0||h||C(Q0) + a0||F0||C(0,l) + a1||F1||C(0,l),

||uxx||C(Q0) + ||Dα
t u||C(Q0) ≤ â0||h||C1(Q0) + â0||F0||C1(0,l) + â1||F1||C1(0,l),

äå a, a0, a1, â, â0, â1 � äîäàòíi ñòàëi.

Òóò ||v||C(Q0) = sup
(x,t)∈Q0

|v(x, t)| , ||v||Cr(0,l) = max
m=0,r

sup
x∈(0,l)

|v(m)(x)| ,

||v||Cr(Q0) = max
m=0,r

max
t∈[0,t0]

sup
(x,t)∈Q0

|∂
mv(x,t)
∂xm |, r = 0, 1, . . .

2.2 Iíòåãðàëüíi ðiâíÿííÿ Ôðåäãîëüìà ç ïîëÿðíèìè ÿäðà-

ìè ó ìåòîäi ïîòåíöiàëó

Áàãàòî çàäà÷ ïðàêòèêè ìàþòü ìàòåìàòè÷íèìè ìîäåëÿìè êðàéîâi çàäà÷i

äëÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè. Îäíèì ç ìåòîäiâ ¨õ ðîçâ'ÿçàííÿ ¹ ìåòîä

çâåäåííÿ äî iíòåãðàëüíèõ ðiâíÿíü. Ïðîiëþñòðó¹ìî éîãî íà ïðèêëàäi êðàéîâèõ

çàäà÷ äëÿ ðiâíÿííÿ Ëàïëàñà

∂2u

∂x21
+
∂2u

∂x22
+
∂2u

∂x23
= 0, x = (x1, x2, x3) ∈ R3,

ÿêå êîðîòêî çàïèñó¹ìî ÿê

∆u = 0,

i ðiâíÿííÿ Ïóàññîíà

∆u = f(x).

Âèâ÷à¹ìî öi ðiâíÿííÿ i çàäà÷i äëÿ íèõ â îáëàñòi Ω ⊂ R3 , îáìåæåíié çàìê-

íåíîþ ïîâåðõíåþ S êëàñó C1 , òîáòî òàêîþ, ùî ó êîæíié òî÷öi ïîâåðõíi S

âèçíà÷åíà äîòè÷íà ïëîùèíà, à îòæå, i íîðìàëü. Äàëi ν(x) � îðò çîâíiøíüî¨

íîðìàëi äî ïîâåðõíi S ó òî÷öi x ∈ S ,

ν(x) = (ν1(x), ν2(x), ν3(x)) , νj(x) = cos(ν(x), Oxj) , j = 1, 2, 3 .

Òîäi ðiâíÿííÿ âñi¹¨ ïîâåðõíi àáî êîæíî¨ ¨¨ ÷àñòèíè ìîæíà çàäàòè çà äîïî-

ìîãîþ íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié.
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Òàêîæ çàäà÷i ðîçãëÿäà¹ìî â îáëàñòi Ωe ççîâíi ïîâåðõíi S . Çîâíiøíÿ íîð-

ìàëü äî Ωe íàïðàâëåíà âñåðåäèíó îáëàñòi Ω .

Ðiâíÿííÿ Ëàïëàñà â ïëîñêié îáëàñòi

∂2u

∂x21
+
∂2u

∂x22
= 0, x = (x1, x2) ∈ Ω ⊂ R2,

êîðîòêî çàïèñó¹ìî òàêîæ ÿê

∆u = 0,

à ðiâíÿííÿ Ïóàññîíà ÿê ∆u = f(x). Òóò ìåæåþ îáëàñòi Ω ¹ ïëîñêà ëiíiÿ S ,

à ν(x) = (ν1(x), ν2(x)) � îðò çîâíiøíüî¨ íîðìàëi äî íå¨ ó òî÷öi x ∈ S .

Êëàñè÷íi ðîçâ'ÿçêè ðiâíÿíü íàëåæàòü C2(Ω) , òîáòî äâi÷i íåïåðåðâíî äèôå-

ðåíöiéîâíi â îáëàñòi. Âîíè, ÿê âiäîìî, íàçèâàþòüñÿ ãàðìîíi÷íèìè ôóíêöiÿìè.

Ôóíäàìåíòàëüíi ðîçâ'ÿçêè ìàþòü îñîáëèâîñòi â òî÷öi. Öå

ω3(x, x0) = − 1
4π|x−x0| , x0 ∈ R3 , ω2(x, x0) =

1
2π ln

1
|x−x0| , x0 ∈ R2 .

1. Ôîðìóëè Ãðiíà

Îñíîâíi âëàñòèâîñòi ðîçâ'ÿçêiâ ðiâíÿíü i êðàéîâèõ çàäà÷ äëÿ íèõ âèïëèâà-

þòü iç ôîðìóë Ãðiíà:∫
Ω

u∆v dx =

∫
S

u
∂v

∂ν
dS −

∫
Ω

[
∂u

∂x1

∂v

∂x1
+
∂u

∂x2

∂v

∂x2
+
∂u

∂x3

∂v

∂x3
] dx (2.13)

� ïåðøà ôîðìóëà Ãðiíà äëÿ îïåðàòîðà Ëàïëàñà,∫
Ω

(v∆u− u∆v) dx =

∫
S

(v
∂u

∂ν
− u

∂v

∂ν
) dS, u, v ∈ C2(Ω) ∩ C1(Ω). (2.14)

� äðóãà ôîðìóëà Ãðiíà äëÿ îïåðàòîðà Ëàïëàñà, ÿêi ïðàâèëüíi äëÿ äîâiëüíèõ

u, v ∈ C2(Ω) ∩ C1(Ω) ,

1

4π

∫
S

(
∂u(y)

∂ν

1

|y − x|
− u(y)

∂

∂νy

1

|y − x|
) dSy− (2.15)

1

4π

∫
Ω

∆u(y)
1

|y − x|
dy = u(x), x ∈ Ω

� òðåòÿ ôîðìóëà Ãðiíà äëÿ îïåðàòîðà Ëàïëàñà, ÿêà ïðàâèëüíà äëÿ äîâiëüíî¨

ôóíêöi¨ u ∈ C2(Ω) ∩ C1(Ω) . Öå iíòåãðàëüíå çîáðàæåííÿ äîâiëüíî¨ ôóíêöi¨
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u ∈ C2(Ω)∩C1(Ω) ÷åðåç ¨¨ çíà÷åííÿ íà S , çíà÷åííÿ ¨¨ ïîõiäíî¨ çà íàïðÿìîì

íîðìàëi ∂u(y)
∂ν â òî÷êàõ ïîâåðõíi S (y ∈ S ) i çíà÷åííÿ ∆u â Ω . Òàêîæ

1

4π

∫
S

(
∂u(y)

∂ν

1

|y − x|
−u(y) ∂

∂νy

1

|y − x|
) dSy−

1

4π

∫
Ω

∆u(y)
1

|y − x|
dy = 0, x ∈ Ωe,

(2.16)
1

4π

∫
S

(
∂u(y)

∂ν

1

|y − x|
− u(y)

∂

∂νy

1

|y − x|
) dSy −

1

4π

∫
Ω

∆u(y)
1

|y − x|
dy =

1

2
u(x),

x ∈ S (îñòàííÿ ðiâíiñòü, íà S , ¹ çà äîäàòêîâî¨ óìîâè, ùî S � ïîâåðõíÿ

Ëÿïóíîâà).

ßêùî Ω � îáëàñòü â R2 , òî òàê ñàìî îäåðæó¹ìî iíòåãðàëüíå çîáðàæåííÿ

äîâiëüíî¨ ôóíêöi¨ u ∈ C2(Ω) ∩ C1(Ω)

u(x) =
1

2π

∫
S

(
∂u(y)

∂ν
ln

1

|y − x|
− u(y)

∂

∂νy
ln

1

|y − x|
)dSy−

− 1

2π

∫
Ω

∆u(y) ln
1

|y − x|
dy, x ∈ Ω.

ßêùî äîäàòêîâî ôóíêöiÿ u(x) ãàðìîíi÷íà â îáëàñòi, òîáòî ùå é

∆u(x) = 0, x ∈ Ω,

òî â îñòàííiõ ÷îòèðüîõ ôîðìóëàõ äîäàíêà, ùî ìiñòèòü iíòåãðàë ïî Ω , íå áóäå.

Öi ôîðìóëè � áàçîâi äëÿ ìåòîäó êðàéîâèõ åëåìåíòiâ (÷èñëîâîãî ìåòîäó

ðîçâ'ÿçóâàííÿ êðàéîâèõ çàäà÷). Iäåÿ òàêà: ÿêùî òðåáà ðîçâ'ÿçàòè, íàïðèêëàä,

âíóòðiøíþ çàäà÷ó Äiðiõëå (òå ñàìå, ùî ïåðøó âíóòðiøíþ êðàéîâó çàäà÷ó)

∆u(x) = f(x), x ∈ Ω, u|x∈S = f1(x), x ∈ S,

òî ç (2.15) îäåðæó¹ìî

u(x) =
1

4π

∫
S

(
∂u(y)

∂ν

1

|y − x|
− f1(y)

∂

∂νy

1

|y − x|
) dSy−

− 1

4π

∫
Ω

f(y)
1

|y − x|
dy, x ∈ Ω.
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Òóò ìè íå çíà¹ìî ∂u(y)
∂ν , y ∈ S . Íåõàé µ(y) = ∂u(y)

∂ν , y ∈ S . Òîäi ç ôîðìóëè

(2.16) ∫
S

µ(y)
1

|y − x|
dS =

∫
S

f1(y)
∂

∂νy

1

|y − x|
dSy+ (2.17)

+

∫
Ω

f(y)
1

|y − x|
dy, x ∈ Ωe.

Ïðàâà ÷àñòèíà âiäîìà. Ïîçíà÷èìî ¨¨ ÷åðåç F (x) . Îäåðæàíå ðiâíÿííÿ∫
S

µ(y)
1

|y − x|
dS = F (x), x ∈ Ωe

� öå iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà ïåðøîãî ðîäó äëÿ çíàõîäæåííÿ íåâiäî-

ìî¨ ôóíêöi¨ µ(y) , y ∈ S . Ðîçâ'ÿçàâøè éîãî, ç ïîïåðåäíüî¨ ðiâíîñòi çíàéäåìî

ðîçâ'ÿçîê çàäà÷i Äiðiõëå

u(x) =
1

4π

∫
S

[
µ(y)

1

|y − x|
−f1(y)

∂

∂νy

1

|y − x|

]
dSy−

1

4π

∫
Ω

f(y)
1

|y − x|
dy, x ∈ Ω.

Ðiâíÿííÿ (2.17) çáiãà¹òüñÿ ç ïåâíèì iíòåãðàëüíèì ðiâíÿííÿì Ôðåäãîëü-

ìà äðóãîãî ðîäó íà ìåæi îáëàñòi (ïîâåðõíi S ). Âèâ÷åíî íàáëèæåíi ìåòîäè

ðîçâ'ÿçóâàííÿ ðiâíÿííÿ (2.17).

Òàêîæ iç ôîðìóë (2.15) i (2.16) âèïëèâà¹, ùî çàäà÷à Êîøi

∆u(x) = f(x), x ∈ Ω, u|x∈S = f1(x),
∂u(y)

∂ν
|x∈S = f2(x), x ∈ S

äëÿ ðiâíÿííÿ Ïóàññîíà (i Ëàïëàñà) íå ïðè äîâiëüíèõ äàíèõ f1, f2 íà ìåæi

ìà¹ ðîçâ'ÿçîê. Ñïðàâäi, ç ôîðìóëè (2.15) ìà¹ìî ñàì ðîçâ'ÿçîê

u(x) =
1

4π

∫
S

[
f1(y)

∂

∂νy

1

|y − x|
− f2(y)

1

|y − x|

]
dSy−

− 1

4π

∫
Ω

f(y)
1

|y − x|
dy, x ∈ Ω.

Òóò ïðàâà ÷àñòèíà âiäîìà. Àëå ç ôîðìóëè (2.16)∫
S

(f1(y)
∂

∂νy

1

|y − x|
− f2(y)

1

|y − x|
)dSy −

∫
Ω

f(y)
1

|y − x|
dy = 0, x ∈ Ωe.
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À öå çâ'ÿçîê ìiæ äàíèìè (f, f1, f2 ), òîáòî äîâiëüíèìè âîíè íå ìîæóòü áóòè.

Iç ôîðìóë Ãðiíà âèâîäÿòüñÿ îñíîâíi âëàñòèâîñòi ãàðìîíi÷íèõ ôóíêöié (à

îòæå, i ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ Ëàïëàñà).

2. Âëàñòèâîñòi ïîòåíöiàëiâ äëÿ îïåðàòîðà Ëàïëàñà

Ó ôîðìóëi (2.15) ¹ òðè iíòåãðàëè � iíòåãðàëè, çàëåæíi âiä ïàðàìåòðà x

(òî÷íiøå, âiä ïàðàìåòðiâ x1, x2, x3 ). Öå îá'¹ìíèé ïîòåíöiàë

V (x) =

∫
Ω

ρ(y)
1

|y − x|
dy

iç ãóñòèíîþ ϱ(y) = ∆u(y)
4π , ïîâåðõíåâèé ïîòåíöiàë ïðîñòîãî øàðó

v(x) =

∫
S

µ(y)
1

|y − x|
dSy

ç ãóñòèíîþ µ(y) = 1
4π

∂u(y)
∂ν(y) , ïîâåðõíåâèé ïîòåíöiàë ïîäâiéíîãî øàðó

w(x) =

∫
S

µ(y)
∂

∂ν(y)

1

|y − x|
dSy

ç ãóñòèíîþ µ(y) = u(y)
4π .

Öi îçíà÷åííÿ íå âèïàäêîâi, à ìàþòü ôiçè÷íèé çìiñò.

Ïiäiíòåãðàëüíi ôóíêöi¨ ìàþòü îöiíêè A
|x−y|γ , äå γ = 1 äëÿ ïîòåíöiàëiâ

V (x) i v(x) iç íåïåðåðâíèìè (à îòæå, îáìåæåíèìè äåÿêîþ ñòàëîþ A ãóñòè-

íàìè), γ = 2 äëÿ ïîòåíöiàëó w(x) .

Iç ìàòåìàòè÷íîãî àíàëiçó âiäîìî, ùî iíòåãðàë
∫
D

1
|y−x|γ dy ðiâíîìiðíî â D

çáiãà¹òüñÿ ïðè γ < dimD i ¹ íåïåðåðâíîþ ôóíêöi¹þ â D .

Ïîâåðõíÿ S ìà¹ ðîçìiðíiñòü dimS = 2 , à dimΩ = 3 . Òîìó ïîòåíöiàëè

V (x) i v(x) ¹ íåïåðåðâíèìè ôóíêöiÿìè â óñié îáëàñòi (ïîçà îáëàñòþ iíòåãðó-

âàííÿ ïiäiíòåãðàëüíi ôóíêöi¨ íå ìàþòü îñîáëèâîñòåé, áî x ̸= y , y � çìiííà

iíòåãðóâàííÿ).

Òàêîæ |∂V (x)
∂xj

| ≤ A1

|x−y|2 , 2 < 3 , à îòæå, V ∈ C1(R3) .

Àëå γ = 2 = dimS äëÿ ïîâåðõíåâîãî ïîòåíöiàëó ïîäâiéíîãî øàðó w(x) ,

|∂
2V (x)
∂x2j

| ≤ A2

|x−y|3 (γ = 3 = dimΩ ) äëÿ îá'¹ìíîãî ïîòåíöiàëó V (x) , òîìó áåç

äîäàòêîâèõ ïðèïóùåíü òàêi iíòåãðàëè íå iñíóþòü: íå iñíó¹ ïîòåíöiàë w(x)
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ïðè x ∈ S , à ïîòåíöiàë V (x) ïðè x ∈ Ω (ïðè x ïîçà S iíòåãðàë w(x) ¹

íåñêií÷åííî äèôåðåíöiéîâíîþ ôóíêöi¹þ, áî y ∈ S i òîìó x ̸= y , òàê ñàìî

ïðè x ïîçà Ω iíòåãðàë V (x) ¹ íåñêií÷åííî äèôåðåíöiéîâíîþ ôóíêöi¹þ, áî

y ∈ Ω i òîìó x ̸= y ).

Äëÿ iñíóâàííÿ ∂2V (x)
∂x2j

ðîáèòüñÿ äîäàòêîâå ïðèïóùåííÿ íà ãóñòèíó ρ(y) .

Ïðè ρ ∈ C1(Ω) i îáìåæåíié ïîõiäíié äðóãîãî ïîðÿäêó îá'¹ìíîãî ïîòåíöiàëó

iñíóþòü, ¹ íåïåðåðâíèìè â óñüîìó ïðîñòîði òà

∆V (x) = −4πρ(x), x ∈ Ω, ∆V (x) = 0, x ∈ Ωe. (2.18)

Äëÿ iñíóâàííÿ ïîâåðõíåâîãî ïîòåíöiàëó ïîäâiéíîãî øàðó w(x) ó òî÷êàõ

x ∈ S ìîæíà òàêîæ äîäàòêîâî ïðèïóñêàòè, ùî µ ∈ C1(S) , àëå ìîæíà çà-

ëèøàòè µ ∈ C(S) , ÿêùî ïîâåðõíÿ S ìà¹ áiëüøó ãëàäêiñòü � ¹ ïîâåðõíåþ

Ëÿïóíîâà.

Çàóâàæèìî, ùî

∂
∂νy

(
1

|x−y|
)
= ∂

∂y1

(
1

|x−y|
)
ν1(y) +

∂
∂y2

(
1

|x−y|
)
ν2(y) +

∂
∂y3

(
1

|x−y|ν3(y)
)
=

= − y1−x1
|x−y|3ν1(y)−

y2−x2
|x−y|3ν2(y)−

y3−x3
|x−y|3ν3(y) =

= − 1
|x−y|2 [

y1−x1
|x−y| ν1(y) +

y2−x2
|x−y| ν2(y) +

y3−x3
|x−y| ν3(y)] =

= − 1
|x−y|2 [cos(xy,Oy1)ν1(y) + cos(xy,Oy2)ν2(y) + cos(xy,Oy3)ν3(y)] =

= − 1
|x−y|2 [cos(xy,Oy1) cos(νy, Oy1) + cos(xy,Oy2) cos(νy, Oy2)+

+ cos(xy,Oy3) cos(νy, Oy3)] = −cos(xy,νy)
|x−y|2 =

cos(yx,νy)
|x−y|2 ,

äå xy � âåêòîð ç ïî÷àòêîì ó òî÷öi x i êiíöåì ó òî÷öi y . Ïîäiáíî

∂
∂νx

1
|x−y| = − 1

|x−y|2 [
x1−y1
|x−y| ν1(x) +

x2−y2
|x−y| ν2(x) +

x3−y3
|x−y| ν3(x)] =

= −cos(yx,νx)
|x−y|2 = cos(xy,νx)

|x−y|2 .

ßêùî S ¹ ïîâåðõíåþ Ëÿïóíîâà, òî

| cos(yx, νy)| ≤ C|x− y|α (òàêîæ | cos(xy, νx)| ≤ C|x− y|α )
ïðè áëèçüêèõ x, y ∈ S , α ∈ (0, 1) .

Òîäi îäåðæèìî, ùî

| ∂
∂νy

( 1

|y − x|
)
| ≤ A3

|x− y|2−α
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ïðè ìàëèõ |x − y| , x, y ∈ S i ïðè äåÿêîìó ÷èñëi α ∈ (0, 1) , ÿêùî S ¹

ïîâåðõíåþ Ëÿïóíîâà, à îòæå, γ = 2 − α < 2 , i öåé iíòåãðàë (ïîâåðõíåâèé

ïîòåíöiàë ïîäâiéíîãî øàðó w(x) ) ðiâíîìiðíî çáiãà¹òüñÿ íà S .

Õî÷ ïîâåðõíåâèé ïîòåíöiàë ïîäâiéíîãî øàðó ¹ íåïåðåðâíîþ ôóíêöi¹þ ó

òî÷êàõ ïîâåðõíi S (ÿêùî S � ïîâåðõíÿ Ëÿïóíîâà), íåñêií÷åííî äèôåðåí-

öiéîâíèì ïîçà S , âií ìà¹ ðîçðèâ ó òî÷êàõ ïîâåðõíi S (ãðàíè÷íi çíà÷åííÿ

éîãî íà S çñåðåäèíè i ççîâíi ðiçíi). Öå âèïëèâà¹ ç ôîðìóë (2.15) i (2.16):

ëiâà ÷àñòèíà (2.15) äîðiâíþ¹ u(x) ïðè x ∈ Ω , äîðiâíþ¹ íóëþ ïðè x ∈ Ωe , à

êîëè S � ïîâåðõíÿ Ëÿïóíîâà, òî äîðiâíþ¹ 1
2u(x) ïðè x ∈ S . I öå ñàìå ÷åðåç

ïîâåðõíåâèé ïîòåíöiàë ïîäâiéíîãî øàðó ó ëiâié ÷àñòèíi (2.15).

Âiäîìi [4] ôîðìóëè ñòðèáêiâ (ôîðìóëè ãðàíè÷íèõ çíà÷åíü íà S , âiäïî-

âiäíî, çñåðåäèíè îáëàñòi Ω i ççîâíi) äëÿ ïîâåðõíåâîãî ïîòåíöiàëó ïîäâiéíîãî

øàðó

lim
x→x0∈S,x∈Ω

∫
S

µ(y)
∂

∂νy

1

|x− y|
dSy =

∫
S

µ(y)
∂

∂νy

1

|x0 − y|
dSy − 2πµ(x0), (2.19)

lim
x→x0∈S,x∈Ωe

∫
S

µ(y)
∂

∂νy

1

|x− y|
dSy =

∫
S

µ(y)
∂

∂νy

1

|x0 − y|
dSy + 2πµ(x0).

Ïîäiáíi âëàñòèâîñòi ìàþòü ïîõiäíi ïåðøîãî ïîðÿäêó âiä ïîâåðõíåâîãî ïî-

òåíöiàëó ïðîñòîãî øàðó ∂
∂νx
v(x) =

∫
S

µ(y) ∂
∂νx

1
|x−y|dSy ïðè x ïîçà S ,

lim
x→x0∈S,x∈Ω

∫
S

µ(y)
∂

∂νx0

1

|x− y|
dSy =

∫
S

µ(y)
∂

∂νx0

1

|x0 − y|
dSy + 2πµ(x0), (2.20)

lim
x→x0∈S,x∈Ωe

∫
S

µ(y)
∂

∂νx0

1

|x− y|
dSy =

∫
S

µ(y)
∂

∂νx0

1

|x0 − y|
dSy − 2πµ(x0).

Ìè ðîçãëÿíóëè îñíîâíi âëàñòèâîñòi ïîòåíöiàëiâ. Òåïåð ïðî ¨õ çàñòîñóâàííÿ.

3. Ìåòîä ïîòåíöiàëó

Ðîçãëÿíåìî âíóòðiøíþ çàäà÷ó Äiðiõëå äëÿ ðiâíÿííÿ Ïóàññîíà: çíàéòè

ôóíêöiþ u ∈ C2(Ω) ∩ C(Ω̄) òàêó, ùî

∆u(x) = f(x), x ∈ Ω, u|x∈S = f1(x), x ∈ S,
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äå êðàéîâó óìîâó ðîçóìi¹ìî òàê:

lim
x→x0∈S,x∈Ω

u(x) = f1(x0), ∀x0 ∈ S.

ßêùî f ∈ C1(Ω) i îáìåæåíà â Ω , òî îá'¹ìíèé ïîòåíöiàë

u0(x) = − 1

4π

∫
Ω

f(y)
1

|y − x|
dy

¹ ðîçâ'ÿçêîì ðiâíÿííÿ Ïóàññîíà ∆u(x) = f(x), x ∈ Ω .

Çðîáèìî çàìiíó u = u0 + ũ . Äëÿ ôóíêöi¨ ũ îäåðæèìî âíóòðiøíþ çàäà÷ó

Äiðiõëå âæå äëÿ ðiâíÿííÿ Ëàïëàñà

∆ũ(x) = 0, x ∈ Ω, ũ|x∈S = f1(x)− u0(x), x ∈ S.

Çàìiíèìî òåïåð ũ íà u i áóäåìî ðîçãëÿäàòè âíóòðiøíþ çàäà÷ó Äiðiõëå

äëÿ ðiâíÿííÿ Ëàïëàñà: çíàéòè u ∈ C2(Ω) ∩ C(Ω̄) òàêó, ùî

∆u(x) = 0, x ∈ Ω, u|x∈S = f2(x) <=> (2.21)

lim
x→x0∈S,x∈Ω

u(x) = f2(x0), ∀x0 ∈ S.

Çãiäíî ç ìåòîäîì ïîòåíöiàëó, ðîçâ'ÿçîê ¨¨ øóêàþòü ó âèãëÿäi ïîâåðõíåâîãî

ïîòåíöiàëó ïîäâiéíîãî øàðó

u(x) =

∫
S

µ(y)
∂

∂νy

1

|y − x|
dSy, x ∈ Ω (2.22)

ç íåâiäîìîþ ãóñòèíîþ µ(y) .

Ïðè äîâiëüíié íåïåðåðâíié µ(y) ôóíêöiÿ (2.22) ¹ ãàðìîíi÷íîþ â Ω . Ñïðàâ-

äi, x ̸= y ïðè x ∈ Ω (iíòåãðóâàííÿ ó (2.22) âiäáóâà¹òüñÿ çà çìiííèìè y ∈ S ),

òîìó ìîæíà äèôåðåíöiþâàòè ôóíêöiþ (2.22) ïiä çíàêîì iíòåãðàëà,

∆v(x) =

∫
S

µ(y)∆x
1

|y − x|
dSy = 0, x ∈ Ω,

îñêiëüêè ∆x
1

|y−x| = 0 ïðè x ̸= y .

Ùîá çàäîâîëüíèòè êðàéîâó óìîâó, âèêîðèñòà¹ìî ïåðøó ç ôîðìóë (2.19):

lim
x→x0∈S,x∈Ω

u(x) =

∫
S

µ(y)
∂

∂νy

1

|x0 − y|
dSy − 2πµ(x0).
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Îäåðæó¹ìî ∫
S

µ(y)
∂

∂νy

1

|x0 − y|
dSy − 2πµ(x0) = f2(x0) ∀x0 ∈ S. (2.23)

Öå iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó. Äàëi äîâåäåìî, ùî ïðè

íåïåðåðâíié f2(y) , y ∈ S iñíó¹ ¹äèíèé íåïåðåðâíèé ðîçâ'ÿçîê µ(y) , y ∈
S ðiâíÿííÿ (2.23). Ïiäñòàâèâøè çíàéäåíó µ(y) ó ôîðìóëó (2.22), ìàòèìåìî

ðîçâ'ÿçîê øóêàíî¨ çàäà÷i (2.21) � çàäà÷i Äiðiõëå.

Çãiäíî ç ìåòîäîì ïîòåíöiàëó, ðîçâ'ÿçîê çîâíiøíüî¨ çàäà÷i Äiðiõëå äëÿ ðiâ-

íÿííÿ Ëàïëàñà

∆u(x) = 0, x ∈ Ωe, u ∈ C2(Ωe) ∩ C(Ω̄e) ,

u|x∈S = f2(x) <=> lim
x→x0∈S,x∈Ωe

u(x) = f2(x0) ∀x0 ∈ S,

lim
|x|→∞

u(x) = 0

øóêàþòü òàêîæ ó âèãëÿäi ïîâåðõíåâîãî ïîòåíöiàëó ïîäâiéíîãî øàðó

u(x) =

∫
S

µ(y)
∂

∂νy

1

|y − x|
dSy, x ∈ Ωe (2.24)

ç íåâiäîìîþ ãóñòèíîþ µ(y) . Ïðè äîâiëüíié íåïåðåðâíié µ(y) ôóíêöiÿ (2.24)

¹ ãàðìîíi÷íîþ â Ωe i

lim
|x|→∞

∫
S

µ(y)
∂

∂νy

1

|y − x|
dSy = 0.

Ùîá çàäîâîëüíèòè êðàéîâó óìîâó, âèêîðèñòà¹ìî ôîðìóëó ñòðèáêà ïîòåíöià-

ëó ççîâíi S (äðóãó ç ôîðìóë (2.19))

lim
x→x0∈S,x∈Ωe

u(x) =

∫
S

µ(y)
∂

∂νy

1

|x0 − y|
dSy + 2πµ(x0).

Îäåðæó¹ìî ∫
S

µ(y)
∂

∂νy

1

|x0 − y|
dSy + 2πµ(x0) = f2(x0) ∀x0 ∈ S. (2.25)

Ðiâíÿííÿ (2.25) ñêëàäíiøå ùîäî ðîçâ'ÿçàííÿ, íiæ ðiâíÿííÿ (2.23).

Çãiäíî ç ìåòîäîì ïîòåíöiàëó, ðîçâ'ÿçîê âíóòðiøíüî¨ çàäà÷i Íåéìàíà (òå

ñàìå, ùî äðóãî¨ âíóòðiøíüî¨ êðàéîâî¨ çàäà÷i)

97



∆u(x) = 0, x ∈ Ω, u ∈ C2(Ω) ∩ C1(Ω̄) ,
∂u
∂νx

|x∈S = f2(x) <=> lim
x→x0∈S,x∈Ω

∂u
∂νx0

= f2(x0) ∀x0 ∈ S,

øóêàþòü ó âèãëÿäi ïîâåðõíåâîãî ïîòåíöiàëó ïðîñòîãî øàðó

u(x) =

∫
S

µ(y)
1

|y − x|
dSy, x ∈ Ω (2.26)

ç íåâiäîìîþ ãóñòèíîþ µ(y) .

Ïðè äîâiëüíié íåïåðåðâíié µ(y) ôóíêöiÿ (2.26) ¹ ãàðìîíi÷íîþ â Ω , òîáòî

çàäîâîëüíÿ¹ ðiâíÿííÿ Ëàïëàñà. Ùîá çàäîâîëüíèòè êðàéîâó óìîâó, âèêîðè-

ñòà¹ìî ïåðøó ç ôîðìóë (2.20)

lim
x→x0∈S,x∈Ω

∂u(x)

∂νx0
=

∫
S

µ(y)
∂

∂νx0

1

|x0 − y|
dSy + 2πµ(x0),

çâiäêè äëÿ çíàõîäæåííÿ íåâiäîìî¨ ôóíêöi¨ µ(y) îäåðæó¹ìî iíòåãðàëüíå ðiâ-

íÿííÿ Ôðåäãîëüìà äðóãîãî ðîäó∫
S

µ(y)
∂

∂νx0

1

|x0 − y|
dSy + 2πµ(x0) = f2(x0) ∀x0 ∈ S.

Àíàëîãi÷íî, øóêàþ÷è ðîçâ'ÿçîê çàâíiøíüî¨ çàäà÷i Íåéìàíà äëÿ ðiâíÿííÿ

Ëàïëàñà ó âèãëÿäi (2.26), äëÿ çíàõîäæåííÿ íåâiäîìî¨ ôóíêöi¨ µ(y) îäåðæó¹ìî

iíòåãðàëüíå ðiâíÿííÿ∫
S

µ(y)
∂

∂νx0

1

|x0 − y|
dSy − 2πµ(x0) = f2(x0) ∀x0 ∈ S.

4. Äîñëiäæåííÿ ðîçâ'ÿçíîñòi iíòåãðàëüíèõ ðiâíÿíü∫
S

µ(y) ∂
∂νy

1
|x0−y|dSy − 2πµ(x0) = f2(x0), ∀x0 ∈ S, (Di)∫

S

µ(y) ∂
∂νy

1
|x0−y|dSy + 2πµ(x0) = f2(x0), ∀x0 ∈ S, (De)∫

S

µ(y) ∂
∂νx0

1
|x0−y|dSy + 2πµ(x0) = f2(x0), ∀x0 ∈ S, (Ni)∫

S

µ(y) ∂
∂νx0

1
|x0−y|dSy − 2πµ(x0) = f2(x0), ∀x0 ∈ S. (Ne)

Çàïèøåìî öi ðiâíÿííÿ ó ñòàíäàðòíîìó âèãëÿäi:

µ(x)− 1
2π

∫
S

µ(y) ∂
∂νy

1
|x−y|dSy = f(x), ∀x ∈ S, (Di)
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µ(x) + 1
2π

∫
S

µ(y) ∂
∂νy

1
|x−y|dSy = f(x), ∀x ∈ S, (De)

µ(x) + 1
2π

∫
S

µ(y) ∂
∂νx

1
|x−y|dSy = f(x), ∀x ∈ S, (Ni)

µ(x)− 1
2π

∫
S

µ(y) ∂
∂νx

1
|x−y|dSy = f(x), ∀x ∈ S. (Ne)

Ìà¹ìî K(x, y) = 1
2π

∂
∂νy

1
|x−y| , K

∗(x, y) = 1
2π

∂
∂νx

1
|x−y| = K(y, x) , α ∈ (0, 1) .

Ðiâíÿííÿ (Ne) ¹ ñïðÿæåíèì äî (Di), à ðiâíÿííÿ (Ni) � ñïðÿæåíå äî (De).

ßäðà ïîëÿðíi |K(x, y)| ≤ C
|x−y|2−α .

Äîâåäåìî, ùî λ = 1 íå ¹ õàðàêòåðèñòè÷íèì ÷èñëîì ÿäðà K(x, y) , à çà

äðóãîþ òåîðåìîþ Ôðåäãîëüìà i ÿäðà K∗(x, y) . Âiä ñóïðîòèâíîãî, ÿêùî µ∗ �

âëàñíà ôóíêöiÿ ÿäðà K∗(x, y) , òî µ∗ ∈ C(S) ,

µ∗(x)− 1

2π

∫
S

µ∗(y)
∂

∂νx

1

|x− y|
dSy = 0, x ∈ S.

Ðîçëÿíåìî ïîâåðõíåâèé ïîòåíöiàë ïðîñòîãî øàðó

V0(x) =
1

2π

∫
S

µ∗(y)
1

|x− y|
dSy.

Ôóíêöiÿ V0(x) � ãàðìîíi÷íà â Ω i ïîçà S , V0(x) → 0 ïðè |x| → ∞ , çà

ôîðìóëîþ ñòðèáêà ïîõiäíî¨ çà íàïðÿìîì íîðìàëi ïîâåðõíåâîãî ïîòåíöiàëó

ïðîñòîãî øàðó

lim
x→x0∈S,x∈Ωe

∂

∂ν
V0(x) = µ∗(x0)−

1

2π

∫
S

µ∗(y)
∂

∂νx0

1

|x0 − y|
dSy = 0,

òàê ùî V0(x) � ðîçâ'ÿçîê çîâíiøíüî¨ çàäà÷i Íåéìàíà äëÿ ðiâíÿííÿ Ëàïëàñà ç

íóëüîâîþ êðàéîâîþ óìîâîþ. Çà ¹äèíiñòþ ¨¨ ðîçâ'ÿçêó V0(x) = 0 , x ∈ Ω̄e , à

çà íåïåðåðâíiñòþ ïîâåðõíåâîãî ïîòåíöiàëó ïðîñòîãî øàðó V0(x) = 0 , x ∈ S .

Òîäi V0(x) � ðîçâ'ÿçîê âíóòðiøíüî¨ çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ Ëàïëàñà ç

íóëüîâîþ êðàéîâîþ óìîâîþ. Çà ¹äèíiñòþ ¨¨ ðîçâ'ÿçêó V0(x) ≡ 0 , x ∈ Ω̄ , à

îòæå, V0(x) ≡ 0 , x ∈ R3 .

Iç ôîðìóë ñòðèáêiâ

4πµ∗(x0) = lim
x→x0∈S,x∈Ω

∫
S

µ(y)
∂

∂νx

1

|x− y|
dSy−
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− lim
x→x0∈S,x∈Ωe

∫
S

µ(y)
∂

∂νx

1

|x− y|
dSy = 0, x0 ∈ S,

çâiäêè µ∗(x) = 0, x ∈ S .

Ç'ÿñóâàëè, ùî λ = 1 íå ¹ õàðàêòåðèñòè÷íèì ÷èñëîì ÿäåð K(x, y) i

K∗(x, y) . Çà ïåðøîþ òåîðåìîþ Ôðåäãîëüìà iíòåãðàëüíi ðiâíÿííÿ (Di) i (Ne)

çà äîâiëüíî¨ f ∈ C(S) îäíîçíà÷íî ðîçâ'ÿçíi, ¨õíi ðîçâ'ÿçêè íåïåðåðâíi íà S .

Äîâåäåìî, ùî λ = −1 ¹ ïðîñòèì õàðàêòåðèñòè÷íèì ÷èñëîì ÿäðà K∗(x, y) .

Çà âëàñòèâiñòþ iíòåãðàëà Ãàóñà

J(x) =
1

2π

∫
S

∂

∂νx

1

|x− y|
dSy = −1, x ∈ S,

òîìó ôóíêöiÿ µ(x) = 1 ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (De) ïðè f(x) = 0 . À òîäi çà

äðóãîþ òåîðåìîþ Ôðåäãîëüìà iñíó¹ ðîçâ'ÿçîê µ0(x) (âiäìiííèé âiä òîòîæíîãî

íóëÿ) ñïðÿæåíîãî îäíîðiäíîãî ðiâíÿííÿ

µ0(x) +
1

2π

∫
S

µ0(y)
∂

∂νx

1

|x− y|
dSy = 0, x ∈ S. (2.27)

Ðîçëÿíåìî ïîâåðõíåâèé ïîòåíöiàë ïðîñòîãî øàðó

V0(x) =
1

2π

∫
S

µ0(y)
1

|x− y|
dSy.

Ôóíêöiÿ V0(x) � ãàðìîíi÷íà â R3 , V0(x) → 0 ïðè |x| → ∞ , à çà ôîðìó-

ëîþ ñòðèáêà ïîõiäíî¨ çà íàïðÿìîì íîðìàëi ïîâåðõíåâîãî ïîòåíöiàëó ïðîñòîãî

øàðó

lim
x→x0∈S,x∈Ωi

∂

∂ν
V0(x) = µ0(x0) +

1

2π

∫
S

µ0(y)
∂

∂νx0

1

|x0 − y|
dSy = 0.

Îòæå, V0(x) � ðîçâ'ÿçîê âíóòðiøíüî¨ çàäà÷i Íåéìàíà äëÿ ðiâíÿííÿ Ëàïëàñà

ç íóëüîâîþ êðàéîâîþ óìîâîþ. Çà òåîðåìîþ ¹äèíîñòi äëÿ âíóòðiøíüî¨ çàäà÷i

Íåéìàíà V0(x) = C , x ∈ Ω̄ , äå C �äîâiëüíà ñòàëà. ßêáè C = 0 , òî ÿê ïðè

äîñëiäæåííi ïîïåðåäíüîãî âèïàäêó (λ = 1 ) ìè îäåðæàëè á µ0(x) = 0 , x ∈ S ,

òîáòî ñóïåðå÷íiñòü. Îòæå, C ̸= 0 .

Äîâåäåìî, ùî λ = −1 ¹ ïðîñòèì õàðàêòåðèñòè÷íèì ÷èñëîì ÿäðà K∗(x, y) .

ßêùî ¹ ùå îäèí ðîçâ'ÿçîê µ1(x) = C1 ðiâíÿííÿ (2.27), òî, ìiðêóþ÷è ïîäiáíî,
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îäåðæèìî C1

C V0(x)− V1(x) = 0, x ∈ S äëÿ ïîòåíöiàëó ç ãóñòèíîþ C1

C µ0(x)−
µ1(x) , à òîäi, ÿê ïðè äîñëiäæåííi âèïàäêó λ = 1 , ìàòèìåìî µ1(x) =

C1

C µ0(x)

(âëàñíà ôóíêöiÿ µ1(x) ëiíiéíî çàëåæèòü âiä âëàñíî¨ ôóíêöi¨ µ0(x) öüîãî

ÿäðà).

Çà òðåòüîþ òåîðåìîþ Ôðåäãîëüìà äëÿ ðîçâ'ÿçíîñòi iíòåãðàëüíîãî ðiâíÿííÿ

(Ni) íåîáõiäíî i äîñòàòíüî, ùîá∫
S

f(x) · 1dS = 0,

à äëÿ ðîçâ'ÿçíîñòi iíòåãðàëüíîãî ðiâíÿííÿ (De) íåîáõiäíî i äîñòàòíüî, ùîá∫
S

f(x) · µ0(x)dS = 0.

Äëÿ òàêèõ f ðîçâ'ÿçîê ðiâíÿííÿ (Ni) ìà¹ âèãëÿä µ(x)+Cµ0(x) (C�äîâiëüíà

ñòàëà), à ðîçâ'ÿçîê ðiâíÿííÿ (De) íàáóâ âèãëÿäó µ(x) + C .

Äîñëiäæóþ÷è êðàéîâi çàäà÷i äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi

ut = a2∆u+ f(x, t),

ÿêå ìà¹ ôóíäàìåíòàëüíèé ðîçâ'ÿçîê

G(x, t) =
θ(t)

(2a)n[πt]
n
2

e−
|x|2

4a2t ,

ïîäiáíî âèêîðèñòîâóþòü ïàðàáîëi÷íi ïîòåíöiàëè

V (x, t) =
t∫
0

dτ

(2a)n[π(t−τ)]
n
2

∫
Ω

e
− |x−y|2

4a2(t−τ)ρ(y, τ)dy =

=
t∫
0

dτ
∫
Ω

G(x− y, t− τ)ρ(y, τ)dy,

v0(x, t) =
∫
Ω

G(x− y, t)ρ(y)dy,

v(x, t) =
t∫
0

dτ
∫
S

G(x− y, t− τ)µ(y, τ)dy,

w(x, t) =
t∫
0

dτ
∫
S

∂
∂νy
G(x− y, t− τ)µ(y, τ)dy.

Äîñëiäæåííÿ îñíîâíèõ êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi çâî-

äèòüñÿ äî äîñëiäæåííÿ ëiíiéíèõ iíòåãðàëüíèõ ðiâíÿíü Âîëüòåððè äðóãîãî ðî-

äó. Òàêi iíòåãðàëüíi ðiâíÿííÿ îäíîçíà÷íî ðîçâ'ÿçíi ïðè äîâiëüíèõ íåïåðåðâ-

íèõ ôóíêöiÿõ ó ¨õíiõ ïðàâèõ ÷àñòèíàõ.
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2.3 Óçàãàëüíåíi ðîçâ'ÿçêè òà iíòåãðàëüíi ðiâíÿííÿ

1. Ïîíÿòòÿ óçàãàëüíåíîãî ðîçâ'ÿçêó äèôåðåíöiàëüíîãî ðiâíÿííÿ

Íåõàé P (x,D) =
∑

|γ|≤m
aγ(x)D

γ � ëiíiéíèé äèôåðåíöiàëüíèé âèðàç ïîðÿä-

êó m , aγ ∈ C∞(Rn) , |γ| ≤ m .

Îçíà÷åííÿ. Ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ

P (x,D)u = f(x), f ∈ D′(Rn) (2.28)

ó ïðîñòîði D′(Rn) (óçàãàëüíåíèì ðîçâ'ÿçêîì ðiâíÿííÿ) íàçèâà¹òüñÿ óçàãàëü-

íåíà ôóíêöiÿ u ∈ D′(Rn) , ùî çàäîâîëüíÿ¹ òîòîæíiñòü

(P (x,D)u, φ) = (f, φ) ∀φ ∈ D(Rn), (2.29)

òîáòî

(u, P ∗(x,D)φ) = (f, φ) ∀φ ∈ D(Rn),

äå P ∗(x,D) � ôîðìàëüíî ñïðÿæåíèé âèðàç äî P (x,D)

( (P (x,D)u, φ) = (u, P ∗(x,D)φ) äëÿ äîâiëüíî¨ φ ∈ D(Rn) ).

Âèêîðèñòîâóþ÷è îçíà÷åííÿ îñíîâíèõ îïåðàöié ó ïðîñòîði D′(Rn) , çíàõî-

äèìî

P ∗(x,D)φ =
∑
|γ|≤m

(−1)|γ|Dγ(aγφ).

Çà îçíà÷åííÿì, çíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó u çàäàíî íà ìíîæèíi

{ψ ∈ D(Rn) : ψ(x) = P ∗(x,D)φ(x) , äå φ ∈ D(Rn)} . Ùîá ðîçâ'ÿçàòè ðiâíÿí-

íÿ, òðåáà ïðîäîâæèòè ôóíêöiîíàë iç öi¹¨ ìíîæèíè íà âåñü ïðîñòið D(Rn) .

Êëàñè÷íèì (àáî ðåãóëÿðíèì) ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ (2.28)

íàçèâà¹òüñÿ ôóíêöiÿ u ∈ Cm(Rn) , ÿêà çàäîâîëüíÿ¹ òîòîæíiñòü

P (x,D)u(x) ≡ f(x), x ∈ Rn.

Çðîçóìiëî, äëÿ öüîãî íåîáõiäíî, ùîá f ∈ C(Rn) .

Êîæíèé êëàñè÷íèé ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ (1) ¹ éîãî óçà-

ãàëüíåíèì ðîçâ'ÿçêîì. ßêùî f ∈ C(Rn) , u ∈ D′(Rn) ∩ Cm(Rn) òà ¹ óçà-

ãàëüíåíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.28), òî u � êëàñè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ

(2.28).
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Ïåðøå òâåðäæåííÿ î÷åâèäíå. ßêùî æ u ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì ðiâ-

íÿííÿ (2.28), òî (P (·, D)u − f, φ) = 0 äëÿ äîâiëüíî¨ φ ∈ D(Rn) . Çà óìîâ

òåîðåìè P (·, D)u − f ∈ C(Rn) ⊂ L1,loc(Rn) . Òîäi çà ëåìîþ Äþáóà-Ðåéìîíà

P (x,D)u(x)− f(x) = 0 ìàéæå âñþäè â Rn , à ïîçàÿê P (·, D)u− f ∈ C(Rn) ,

òî P (x,D)u(x)− f(x) ≡ 0 , x ∈ Rn .

Âiäîìî, ùî ëiíiéíi íîðìàëüíi çâè÷àéíi îäíîðiäíi äèôåðåíöiàëüíi ðiâíÿííÿ

(ç íåñêií÷åííî äèôåðåíöiéîâíèìè êîåôiöi¹íòàìè) ó ïðîñòîði óçàãàëüíåíèõ

ôóíêöié íå ìàþòü iíøèõ ðîçâ'ÿçêiâ, êðiì êëàñè÷íèõ.

Äëÿ ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè (íàâiòü iç íåñ-

êií÷åííî äèôåðåíöiéîâíèìè êîåôiöi¹íòàìè) ìîæóòü áóòè ñèíãóëÿðíi ðîçâ'ÿç-

êè. Ïîçíà÷èìî ÷åðåç L0 ìíîæèíó óçàãàëüíåíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ

P (x,D)u = 0, x ∈ Rn (2.30)

i âiäçíà÷èìî äåÿêi ¨¨ âëàñòèâîñòi (âëàñòèâîñòi óçàãàëüíåíèõ ðîçâ'ÿçêiâ ëiíié-

íèõ îäíîðiäíèõ ðiâíÿíü).

1. Ìíîæèíà L0 ëiíiéíà òà çàìêíåíà.

Ñïðàâäi, ÿêùî u, v ∈ L0 , c, d � ÷èñëà, òî

P (x,D)(cu+ dv) = cP (x,D)u+ dP (x,D)v = 0

(çà ëiíiéíiñòþ îïåðàöié äîäàâàííÿ òà äèôåðåíöiþâàííÿ). Îòæå, cu+dv ∈ L0 .

ßêùî uk ∈ L0 , uk → u ïðè k → ∞ ó ïðîñòîði D′(Rn) , òî

P (x,D)uk = 0 ó ïðîñòîði D′(Rn) ,

lim
k→∞

P (x,D)uk = P (x,D)( lim
k→∞

uk) = P (x,D)u ,

òîáòî îäåðæó¹ìî P (x,D)u = 0 ó ïðîñòîði D′(Rn) , à îòæå, u ∈ L0 .

2. ßêùî aγ(x) = aγ = const , |γ| ≤ m , g � ôiíiòíà óçàãàëüíåíà ôóíê-

öiÿ, u ∈ L0 , òî òàêîæ u ∗ g ∈ L0 .

Ñïðàâäi, çãîðòêà u ∗ g iñíó¹, à çà ëiíiéíiñòþ îïåðàöi¨ çãîðòêè òà ïðàâèëîì

¨¨ äèôåðåíöiþâàííÿ

P (u ∗ g) = (Pu) ∗ g = 0 ∗ g = 0 .

ßê íàñëiäîê öi¹¨ âëàñòèâîñòi îäåðæó¹ìî, ùî ïîõiäíi óçàãàëüíåíèõ ðîçâ'ÿçêiâ

ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè ¹ òàêîæ óçàãàëüíåíè-

ìè ðîçâ'ÿçêàìè öèõ ðiâíÿíü:
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Dβu = Dβ(δ ∗ u) = (Dβδ) ∗ u = u ∗ (Dβδ) , òóò g = Dβδ ,

òàêîæ ÿêùî u ∈ L0 , òî é u(x− x0) = u(x) ∗ δ(x− x0) íàëåæèòü L0 .

Ðîçâ'ÿçêè äèôåðåíöiàëüíèõ ðiâíÿíü âèçíà÷àþòüñÿ íåîäíîçíà÷íî (ÿê i ïåð-

âiñíi óçàãàëüíåíèõ ôóíêöié).

2. Ïîíÿòòÿ óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i

Óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i Êîøi

du

dx
= f(x, u), u(x0) = u0

íàçèâàþòü ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ

u(x) =

x∫
x0

f(y, u(y))dy + u0.

Êëàñè÷íèì ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ ðiâíÿííÿ êîëèâàíü ñòðóíè

utt = a2uxx, u|t=0 = φ(x), ut|t=0 = ψ(x), x ∈ R, t > 0, (2.31)

íàçèâà¹òüñÿ ôóíêöiÿ u = u(x, t) , äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà â R ×
(0,∞) , íåïåðåðâíî äèôåðåíöiéîâíà â R× [0,∞) (êëàñ òàêèõ ôóíêöié ïîçíà-

÷à¹ìî ÷åðåç C2(t > 0)∩C1(t ≥ 0) ), ïiäñòàâëÿþ÷è ÿêó ó ðiâíÿííÿ é ïî÷àòêîâi

óìîâè îäåðæó¹ìî òîòîæíîñòi, âiäïîâiäíî, â R× (0,∞) òà R .

�¨ ðîçâ'ÿçîê ïðè φ ∈ C2(R) , ψ ∈ C1(R)

u(x, t) =
1

2a

x+at∫
x−at

ψ(ξ)dξ +
φ(x+ at) + φ(x− at)

2
. (2.32)

Ñèëüíèì óçàãàëüíåíèì ðîçâ'ÿçêîì öi¹¨ çàäà÷i Êîøi íàçèâà¹òüñÿ ãðàíèöÿ

u(x, t) = lim
k→∞

uk(x, t) ïîñëiäîâíîñòi uk(x, t) ðîçâ'ÿçêiâ çàäà÷

(uk)tt = a2(uk)xx, (uk)|t=0 = φk(x), (uk)t|t=0 = ψk(x), x ∈ R, t > 0,

(2.33)

ÿêùî φk ∈ C2(R) , ψk ∈ C1(R) , ψk(x) → ψ(x) , φk → φ ðiâíîìiðíî íà R .

Ðîçãëÿíåìî ïåðøó ìiøàíó çàäà÷ó ïðè îäíîðiäíèõ êðàéîâèõ óìîâàõ

utt = uxx + f(x, t), (x, t) ∈ ΠT := (0, l)× (0, T ], (2.34)
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u(x, 0) = φ(x) , ut(x, 0) = ψ(x) , x ∈ (0, l) ,

u(0, t) = u(l, t) = 0 , t ∈ [0, T ] .

�¨ ¹äèíèé êëàñè÷íèé ðîçâ'ÿçîê ïðè f(x, t) = 0 , φ(x) íà âiäðiçêó [0, l] äâi÷i

íåïåðåðâíî äèôåðåíöiéîâíié, ùî ìà¹ êóñêîâî-íåïåðåðâíó òðåòþ ïîõiäíó òà

çàäîâîëüíÿ¹ óìîâè

φ(0) = φ(l) = 0, φ′′(0) = φ′′(l) = 0,

ψ(x) íåïåðåðâíî äèôåðåíöiéîâíié, ùî ìà¹ êóñêîâî-íåïåðåðâíó äðóãó ïîõiäíó

òà çàäîâîëüíÿ¹ óìîâè

ψ(0) = ψ(l) = 0,

ìîæíà ïîäàòè ó âèãëÿäi ðÿäó Ôóð'¹

u(x, t) =
∞∑
k=1

[Ak cos(
akπ

l
t) +Bk sin(

akπ

l
t)] sin(

kπx

l
) (2.35)

iç êîåôiöi¹íòàìè Ôóð'¹ Ak , Bk .

Ñàì ðÿä ðiâíîìiðíî é àáñîëþòíî çáiãà¹òüñÿ ó ñëàáøèõ ïðèïóùåííÿõ � ïðè

φ(x) íà âiäðiçêó [0, l] íåïåðåðâíî äèôåðåíöiéîâíié, ψ(x) íåïåðåðâíié, φ(0) =

φ(l) = 0 . Ó öüîìó âèïàäêó âií ¹ óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i â òàêîìó

ñåíñi.

Íåõàé L2(0, l) = {v :
l∫
0

v2(x)dx < +∞} . Öå áàíàõiâ ïðîñòið iç íîðìîþ

||v||L2(0,l) := ||v||0 = [
l∫
0

v2(x)dx]
1
2 .

Îçíà÷åííÿ. Êàæåìî, ùî ïîñëiäîâíiñòü vk(x) → v(x) ïðè k → ∞ ó ïðîñ-

òîði L2(0, l) , ÿêùî

||vk − v||0 = [
l∫
0

|vk(x)− v(x)|2dx] 12 → 0 , k → ∞ .

Íåõàé C
(
[0, T ];L2(0, l)

)
� êëàñ ôóíêöié v(x, t) (x ∈ (0, l) , t ∈ [0, T ] ),

íåïåðåðâíèõ çà çìiííîþ t íà âiäðiçêó [0, T ] çi çíà÷åííÿìè â L2(0, l) , à ñàìå

òàêèõ, ùî
l∫
0

v2(x, ·)dx ∈ C[0, T ] . Öå áàíàõiâ ïðîñòið iç íîðìîþ

||v||
C
(
[0,T ];L2(0,l)

) := max
t∈[0,T ]

[
l∫
0

v2(x, t)dx]
1
2 .
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Îçíà÷åííÿ. Êàæåìî, ùî ïîñëiäîâíiñòü vk(x, t) → v(x, t) ïðè k → ∞ ó

ïðîñòîði C
(
[0, T ];L2(0, l)

)
(àáî vk(x, t) → v(x, t) ïðè k → ∞ ó ïðîñòîði

L2(0, l) ðiâíîìiðíî çà t ∈ [0, T ] ), ÿêùî

||vk − v||
C
(
[0,T ];L2(0,l)

) = max
t∈[0,T ]

[
l∫
0

|vk(x, t)− v(x, t)|2dx] 12 → 0 , k → ∞ .

Òåîðåìà 2. ßêùî fk ∈ C(ΠT ) äëÿ êîæíîãî ñêií÷åíîãî T > 0 , φk ∈
C1(0, l) ∩ C([0, l]) , ψk ∈ L2(0, l) , k ∈ N ,

fk(x, t) → f(x, t) , k → ∞ ó ïðîñòîði C
(
[0, T ];L2(0, l)

)
,

φk(x) → φ(x) , k → ∞ ðiâíîìiðíî íà [0, l] ,

φ′
k(x) → φ′(x) òà ψk(x) → ψ(x) , k → ∞ ó L2(0, l) ,

ïðè êîæíîìó k ∈ N iñíó¹ êëàñè÷íèé (êëàñó C2(ΠT )∩C1(ΠT ) ) ðîçâ'ÿçîê

uk(x, t) çàäà÷i

(uk)tt = (uk)xx + fk(x, t), (x, t) ∈ ΠT , (2.36)

uk(x, 0) = φk(x) , (uk)t(x, 0) = ψk(x) , x ∈ (0, l) ,

uk(0, t) = uk(l, t) = 0 , t ∈ [0, T ] ,

òî äëÿ äîâiëüíîãî ñêií÷åííîãî T > 0 ïîñëiäîâíiñòü uk(x, t) ðiâíîìiðíî íà

ΠT çáiãà¹òüñÿ ïðè k → ∞ äî äåÿêî¨ ôóíêöi¨ u(x, t) (çðîçóìiëî, íåïåðåðâíî¨

íà ΠT ).

Îçíà÷åííÿ. Ãðàíèöÿ u(x, t) ïîñëiäîâíîñòi uk(x, t) ðîçâ'ÿçêiâ çàäà÷ (2.36)

íàçèâà¹òüñÿ ñèëüíèì óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.34).

Òåîðåìà 3. ßêùî f ∈ C(ΠT ) äëÿ êîæíîãî ñêií÷åíîãî T > 0 , φ ∈
C2(0, l) ∩ L2(0, l) ∩ C1([0, l]) , φ(0) = φ(l) = 0 , ψ ∈ L2(0, l) , òî ñèëüíèé

óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2.34) iñíó¹ òà ìîæå áóòè ïîäàíèé ó âèãëÿäi

ðÿäó Ôóð'¹ (ðÿäó (2.35) ïðè f ≡ 0 ó ΠT ).

ßê áà÷èìî ç íàâåäåíî¨ òåîðåìè, ñèëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i

(2.34) ¹ íåïåðåðâíîþ ôóíêöi¹þ â ΠT , çàäîâîëüíÿ¹ êðàéîâi òà ïî÷àòêîâi óìî-

âè çàäà÷i, îäíàê ðiâíÿííÿ çàäà÷i íå çàäîâîëüíÿ¹ ó êëàñè÷íîìó ñåíñi. Âií çà-

äîâîëüíÿ¹ ðiâíÿííÿ â óçàãàëüíåíîìó ñåíñi
T∫

0

l∫
0

u(ηtt − ηxx)dxdt =

T∫
0

l∫
0

f(x, t)η(x, t)dxdt (2.37)

äëÿ äîâiëüíî¨ η ∈ C2(ΠT ) òà ôiíiòíî¨ ç íîñi¹ì ó ΠT , òîáòî η(x, t) ≡ 0 äëÿ

âñiõ (x, t) ïîçà äåÿêèì êîìïàêòîì ó ΠT .
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Ñïðàâäi, iíòåãðóþ÷è ÷àñòèíàìè, ìàòèìåìî
T∫
0

l∫
0

[(uk)tt − (uk)xx]ηdxdt =
T∫
0

l∫
0

uk(ηtt − ηxx)dxdt , k ∈ N

(íåiíòåãðàëüíi äîäàíêè ïðîïàäàþòü çà ôiíiòíiñòþ ôóíêöi¨ η ). Ïåðåõîäÿ÷è ó

öié òîòîæíîñòi äî ãðàíèöi ïðè k → ∞ òà âðàõîâóþ÷è, ùî (uk)tt−(uk)xx = fk

ó ΠT , fk → f , uk → u ðiâíîìiðíî â ΠT , îäåðæó¹ìî (2.37).

Ïðè äîâiëüíié η ∈ C2(ΠT ) ∩ C1(ΠT ) i òàêié, ùî η(x, T ) = ηt(x, T ) = 0 ,

iíòåãðóþ÷è ÷àñòèíàìè, ìàòèìåìî
T∫
0

l∫
0

[(uk)tt − (uk)xx]ηdxdt =
T∫
0

l∫
0

uk(ηtt − ηxx)dxdt+ ,

+
l∫
0

[uk(x, 0)ηt(x, 0)− (uk)t(x, 0)η(x, 0)]dx , k ∈ N ,

çâiäêè
T∫
0

l∫
0

uk(ηtt − ηxx)dxdt =
t∫
0

l∫
0

fk(x, t)η(x, t)dxdt+

+
l∫
0

[φk(x)ηt(x, 0)− ψk(x)η(x, 0)]dx , k ∈ N .

Ïåðåõîäÿ÷è ó öié òîòîæíîñòi äî ãðàíèöi ïðè k → ∞ (çà óìîâ iñíóâàííÿ

ñèëüíîãî óçàãàëüíåíîãî ðîçâ'ÿçêó çàäà÷i (2.34)) îäåðæó¹ìî

T∫
0

l∫
0

u(ηtt − ηxx)dxdt =

t∫
0

l∫
0

f(x, t)η(x, t)dxdt+ (2.38)

+
l∫
0

[φ(x)ηt(x, 0)− ψ(x)η(x, 0)]dx

∀η ∈ C2(ΠT ) ∩ C1(ΠT ), η(x, T ) = ηt(x, T ) = 0 .

Îçíà÷åííÿ. Ôóíêöiÿ u(x, t) , ùî çàäîâîëüíÿ¹ òîòîæíiñòü (2.38), íàçèâà-

¹òüñÿ ñëàáêèì óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i (2.34).

Ìè ç'ÿñóâàëè, ùî çà óìîâ iñíóâàííÿ ñèëüíèé óçàãàëüíåíèé ðîçâ'ÿçîê çà-

äà÷i (2.34) ¹ òàêîæ ¨¨ ñëàáêèì óçàãàëüíåíèì ðîçâ'ÿçêîì. Çðîçóìiëî, ùî íå

êîæíèé ñëàáêèé óçàãàëüíåíèé ðîçâ'ÿçîê çàäà÷i (2.34) ìîæå áóòè ¨¨ ñèëüíèì

óçàãàëüíåíèì ðîçâ'ÿçêîì.
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3. Çàñòîñóâàííÿ ôîðìóë Ãðiíà òà ôóíêöi¨ Ãðiíà

Ìîæíà âèêîðèñòàòè äëÿ âèçíà÷åííÿ óçàãàëüíåíîãî ðîçâ'ÿçêó êðàéîâî¨ çà-

äà÷i âiäîìi iíòåãðàëüíi ôîðìóëè (ôîðìóëè Ãðiíà). Äîâåäåìî öå íà ïðèêëàäi

çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ Ïóàññîíà

∂2u

∂x21
+
∂2u

∂x22
+
∂2u

∂x23
= f(x1, x2, x3), x = (x1, x2, x3) ∈ Ω ⊂ R3.

Ïîäiáíi âëàñòèâîñòi ìàþòü iíøi ðiâíÿííÿ åëiïòè÷íîãî òèïó (áî ðiâíÿííÿ

Ëàïëàñà i Ïóàññîíà � öå ¨õíi êàíîíi÷íi ôîðìè).

Âèâ÷à¹ìî öi ðiâíÿííÿ â îáëàñòi Ω ⊂ R3 , îáìåæåíié çàìêíåíîþ ïîâåðõíåþ

S êëàñó C∞ . Òîäi ðiâíÿííÿ âñi¹¨ ïîâåðõíi àáî êîæíî¨ ¨¨ ÷àñòèíè ìîæíà çàäàòè

çà äîïîìîãîþ íåñêií÷åííî äèôåðåíöiéîâíèõ ôóíêöié.

Íåõàé

D(Ω̄) = C∞(Ω̄) , D0(Ω̄) = {v ∈ D(Ω̄) : v|S = 0} .
Âðàõîâóþ÷è äðóãó ôîðìóëó Ãðiíà∫

Ω

(v∆u− u∆v) dx =

∫
S

(v
∂u

∂ν
− u

∂v

∂ν
)dS, u, v ∈ C2(Ω) ∩ C1(Ω),

óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i Äiðiõëå

∆u = f0(x), x ∈ Ω, u|S = f1 (2.39)

ïðè f0 ∈ D′
0(Ω̄) , f1 ∈ D′(S) íàçèâàþòü [8] òàêó óçàãàëüíåíó ôóíêöiþ u ∈

D′(Ω̄) , ùî äëÿ äîâiëüíî¨ v ∈ D0(Ω̄) âèêîíó¹òüñÿ òîòîæíiñòü

(u,∆v) = (f0, v) + (f1,
∂v

∂ν
). (2.40)

Iñíó¹ ¨¨ ¹äèíèé ðîçâ'ÿçîê, ÿêèé ìîæíà ïîäàòè çà äîïîìîãîþ ôóíêöi¨ Ãðiíà

G(x, y)

(u, v) =
(
f0(y),

∫
Ω

G(x, y)v(x)dx
)
+
(
f1(y),

∫
Ω

∂

∂νy
G(x, y)v(x)dx

)
(2.41)

∀v ∈ D(Ω̄).

Ôóíêöiÿ Ãðiíà G(x, y) � öå ôóíäàìåíòàëüíèé ðîçâ'ÿçîê îïåðàòîðà Ëàïëà-

ñà, ùî çàäîâîëüíÿ¹ íóëüîâó êðàéîâó óìîâó, òîáòî ðîçâ'ÿçîê çàäà÷i

∆G(x, y) = δ(x− y), x, y ∈ Ω, G|x∈S = 0.
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Ôóíêöiÿ

G(x, y) = − 1
4π|y−x| + g(x, y) , ∆g(x, y) = 0 , x, y ∈ Ω

¹ ñóìîþ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó îïåðàòîðà Ëàïëàñà i éîãî êëàñè÷íîãî

ðîçâ'ÿçêó, ùî çàäîâîëüíÿ¹ óìîâó g|x∈S = 1
4π|y−x||x∈S äëÿ êîæíî¨ òî÷êè y ∈ Ω .

Ôóíäàìåíòàëüíi ðîçâ'ÿçêè ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ó âèïàäêó

ñòàëèõ êîåôiöi¹íòiâ ìîæíà ïîáóäóâàòè, âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ Ôóð'¹

çà ïðîñòîðîâèìè çìiííèìè ÷è ïåðåòâîðåííÿ Ëàïëàñà çà ÷àñîâîþ çìiííîþ,

àáî é îáèäâà òàêi ïåðåòâîðåííÿ, à ó âèïàäêó çìiííèõ êîåôiöi¹íòiâ ðiâíÿíü çà

ìåòîäîì Ëåâi, ðîçâ'ÿçóþ÷è ïåâíi iíòåãðàëüíi ðiâíÿííÿ.

4. Âèïàäîê ðåãóëÿðíèõ ïðàâèõ ÷àñòèí ðiâíÿííÿ

ßêùî f0 � ðåãóëÿðíà óçàãàëüíåíà ôóíêöiÿ, çîêðåìà f0(x) = 0 , x ∈ Ω , àëå

f1 ∈ D′(S) , òî ìîæëèâèé òàêèé (ìîæíà äîâåñòè, ùî åêâiâàëåíòíèé) ïiäõiä:

óçàãàëüíåíèì ðîçâ'ÿçêîì çàäà÷i Äiðiõëå

∆u = 0, x ∈ Ω, u|S = f1 (2.42)

ïðè f1 ∈ D′(S) íàçèâàþòü [7] ðåãóëÿðíèé (êëàñè÷íèé) ðîçâ'ÿçîê ðiâíÿííÿ

∆u = 0, x ∈ Ω,

ùî çàäîâîëüíÿ¹ óìîâó

lim
ε→0

∫
Sε

u(xε)v(xε)dS = (f1, v) ∀v ∈ D(S). (2.43)

Òóò xε = x− εν(x), x ∈ S , Sε � ïàðàëåëüíà äî S nîâåðõíÿ â Ω .

Ðîçâ'ÿçîê çàäà÷i øóêàþòü ó âèãëÿäi àíàëîãó ïîâåðõíåâîãî ïîòåíöiàëó ïî-

äâiéíîãî øàðó

u(x) =
(
F (y),

∂

∂νy

1

|y − x|
)
, x ∈ Ω (2.44)

ç íåâiäîìîþ óçàãàëüíåíîþ ôóíêöi¹þ F ∈ D′(S) .

Ïðè äîâiëüíié F ∈ D′(S) ôóíêöiÿ (2.44) ¹ ãàðìîíi÷íîþ â Ω . Ñïðàâäi,

∆u(x) =
(
F (y),

∂

∂νy
(∆x

1

|y − x|
)
)
= 0, x ∈ Ω.

Ïiäñòàâëÿþ÷è (2.44) ó êðàéîâó óìîâó (2.43), îäåðæóþòü

lim
ε→0

∫
Sε

u(xε)v(xε)dS = lim
ε→0

∫
Sε

(
F (y),

∂

∂νy

1

|y − xε|
)
v(xε)dS =
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=
(
F (y), lim

ε→0

∫
Sε

∂

∂νy

1

|y − xε|
v(xε)dS

)
= (f1, v),

à ç âèêîðèñòàííÿì ôîðìóëè ñòðèáêà ïîõiäíî¨ çà íîðìàëëþ ïîòåíöiàëó ïðîñ-

òîãî øàðó(
F (y),

∫
S

v(x)
∂

∂νy

1

|x− y|
dSx − 2πv(y)

)
= (f1, v) ∀v ∈ D(S),

òîáòî

(F, g) = (f1, vg) ∀g ∈ D(S),

äå vg � ðîçâ'ÿçîê iíòåãðàëüíîãî ðiâíÿííÿ∫
S

v(x)
∂

∂νy

1

|x− y|
dSx − 2πv(y) = g(y),

ÿêå ¹ ñïðÿæåíèì äî òîãî, ùî îäåðæóþòü ïðè çíàõîäæåííi ìåòîäîì ïîòåíöiàëó

ðîçâ'ÿçêó çàäà÷i Äiðiõëå ç íåïåðåðâíîþ f1 íà S .

Ó ïîäiáíèõ ôîðìóëþâàííÿõ âèâ÷àþòü i çàäà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü.

Äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü öå òðîõè ñêëàäíiøå, áî ¨õíi ôóíäàìåíòàëüíi ðîç-

â'ÿçêè ìàþòü îñîáëèâîñòi íå â òî÷êàõ, à íà õàðàêòåðèñòè÷íèõ êîíi÷íèõ ïî-

âåðõíÿõ ÷è âñåðåäèíi íèõ.
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Êîíòðîëüíi çàïèòàííÿ i çàâäàííÿ

1. Çàïèñàòè iíòåãðàëüíå ðiâíÿííÿ, åêâiâàëåíòíå çàäà÷i

y′ = t− siny , y(1) = 2 .

2. Çàïèñàòè ëiíiéíå iíòåãðàëüíå ðiâíÿííÿ Âîëüòåððè ïåðøîãî ðîäó.

3. Êîëè ìîæíà çâåñòè ËIÐ Âîëüòåððè ïåðøîãî ðîäó äî ËIÐ Âîëüòåððè

äðóãîãî ðîäó i ÿê.

4. Çàïèñàòè ËIÐ Ôðåäãîëüìà äðóãîãî ðîäó i ñïðÿæåíå éîìó.

5. Ñôîðìóëþâàòè äðóãó òåîðåìó Ôðåäãîëüìà äëÿ ËIÐ Ôðåäãîëüìà äðóãîãî

ðîäó ç íåïåðåðâíèì ÿäðîì.

6. Äîñòàòíÿ óìîâà iñíóâàííÿ ðîçâ'ÿçêó iíòåãðàëüíîãî ðiâíÿííÿ Ôðåäãîëü-

ìà äðóãîãî ðîäó ç íåïåðåðâíèì ÿäðîì.

7. Îçíà÷åííÿ ïîõiäíî¨ Ðiìàíà-Ëióâiëëÿ ïîðÿäêó α .

8. Êðèòåðié êîìïàêòíîñòi ìíîæèíè â C([a, b]) .

9. Êðèòåðié êîìïàêòíîñòi ìíîæèíè â Lp(a, b) .

10. Îçíà÷åííÿ êîìïàêòíîãî îïåðàòîðà.

11. ßäðà ÿêèõ iíòåãðàëüíèõ ðiâíÿíü ¹ âèðîäæåíèìè (ïîëÿðíèìè, ñèìåò-

ðè÷íèìè):

1) u(x) + λ
∫ 2

0 (x+ y)u(y)dy = f(x) ;

2) u(x) + λ
∫ x
0

1√
x−y u(y)dy = f(x) ;

3) u(x, t) + λ
∫ 2

0

∫ 1

0 (x− s+ 2y)u2(y, s)dy ds = f(x, t) ;

4) u(x) + λ
∫ 1

0
2

x+2y−1u(y)dy = f(x) .

12. ßêi ç íàâåäåíèõ ó ïóíêòi 11 iíòåãðàëüíèõ ðiâíÿíü ¹:

1) iíòåãðàëüíèìè ðiâíÿííÿìè Ôðåäãîëüìà äðóãîãî ðîäó;

2) iíòåãðàëüíèìè ðiâíÿííÿìè Âîëüòåððè äðóãîãî ðîäó;

3) iíòåãðàëüíèìè ðiâíÿííÿìè Ãàììåðøòåéíà.

13. Ñåðåä ïîäàíèõ iíòåãðàëüíèõ ðiâíÿíü âèáðàòè ëiíiéíi iíòåãðàëüíi ðiâ-
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íÿííÿ Ôðåäãîëüìà ïåðøîãî ðîäó (Âîëüòåððè ïåðøîãî ðîäó, Âîëüòåððè äðó-

ãîãî ðîäó):

1) u(x) + λ
∫ 2

0 (x+ y)u(y)dy = f(x) ;

2) u(x) + λ
∫ x
0

1√
x−y u(y)dy = f(x) ;

3)
∫ t
0

∫ 1

0 (x− s+ 2y)u2(y, s)dy ds = f(x, t) ;

4)
∫ 1

0 (x+ 2y − 1)u(y)dy = f(x) .

14. Çà ÿêèõ óìîâ íà ÿäðî i ïðàâó ÷àñòèíó ðîçâ'ÿçíå iíòåãðàëüíå ðiâíÿííÿ

Ôðåäãîëüìà ïåðøîãî ðîäó?

15. Çà ÿêèõ óìîâ íà ÿäðî i ïðàâó ÷àñòèíó ðîçâ'ÿçíå iíòåãðàëüíå ðiâíÿííÿ

Âîëüòåððè ïåðøîãî ðîäó?

16. ßêèìè ìåòîäàìè äîöiëüíî ðîçâ'ÿçóâàòè íàâåäåíi ðiâíÿííÿ:

1) u(x) + λ
∫ x
0

√
x− y u(y)dy = f(x) ;

2) u(x)− λ
∫∞
−∞(x− y)2 u(y)dy = f(x) ;

3) u(x) + λ
∫ 1

0 sin(x− y) u(y)dy = f(x) ;

4) u(x) + λ
∫ x
0

√
x+ y u(y)dy = f(x) .

17. Çíàéòè îöiíêó çíèçó õàðàêòåðèñòè÷ííèõ ÷èñåë iíòåãðàëüíîãî ðiâíÿííÿ

u(x) + λ
∫ 1

0

√
x+ y u(y)dy = f(x) .

18. ßêîãî òèïó iíòåãðàëüíå ðiâíÿííÿ (Âîëüòåððè ÷è Ôðåäãîëüìà) îäåðæó-

þòü äëÿ ðiâíÿííÿ çi çâè÷àéíîþ äðîáîâîþ ïîõiäíîþ i ç ÿêèì ÿäðîì.

19. ßêîãî òèïó iíòåãðàëüíå ðiâíÿííÿ îäåðæóþòü ó ìåòîäi ïîòåíöiàëó äëÿ

çàäà÷i Äiðiõëå i ç ÿêèì ÿäðîì.

20. Îçíà÷åííÿ ïåðåòâîðåííÿ Ôóð'¹ çâè÷àéíèõ i óçàãàëüíåíèõ ôóíêöié.

21. Íàïèñàòè ïðèêëàä iíòåãðàëüíîãî ðiâíÿííÿ, ÿêå ìîæíà ðîçâ'ÿçóâàòè çà

äîïîìîãîþ ïåðåòâîðåííÿ Ôóð'¹.

22. Îçíà÷åííÿ ïåðåòâîðåííÿ Ëàïëàñà çâè÷àéíèõ i óçàãàëüíåíèõ ôóíêöié.

23. Íàïèñàòè ïðèêëàä iíòåãðàëüíîãî ðiâíÿííÿ, ÿêå ìîæíà ðîçâ'ÿçóâàòè çà

äîïîìîãîþ ïåðåòâîðåííÿ Ëàïëàñà.

24. ßêi ëiíiéíi iíòåãðàëüíi ðiâíÿííÿ åêâiâàëåíòíi àëãåáðè÷íèì ñèñòåìàì

ðiâíÿíü.

25. Îçíà÷åííÿ åðìiòîâîãî îïåðàòîðà.

26. Ñôîðìóëþâàòè òåîðåìó Ãiëüáåðòà-Øìiäòà.

27. Îçíà÷åííÿ ðåãóëÿðèçàöi¨ îïåðàòîðíîãî ðiâíÿííÿ.
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