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Ëàáîðîòîðíà ðîáîòà 1.

Äèôåðåíöiàëüíi ðiâíÿííÿ ç âiäîêðåìëþâàíèìè çìiííèìè

i çâiäíi äî íèõ.

Äèôåðåíöiàëüíå ðiâíÿííÿ ïåðøîãî ïîðÿäêó, ðîçâ'ÿçàíå ùîäî ïîõiäíî¨,

ìà¹ âèãëÿä

dx

dt
= f(t, x), (t, x) ∈ Ω ⊂ R2.

Íåõàé x = φ(t), t ∈ (α, β) � éîãî ðîçâ'ÿçîê, òîäi

φ′(t) = f(t, φ(t)), t ∈ (α, β);

φ′(t)dt = f(t, φ(t))dt; dφ(t) = f(t, φ(t))dt,

i ìîæåìî ïîäàòè éîãî ó âèãëÿäi

dx = f(t, x)dt,

ùî ¹ îêðåìèì âèïàäêîì ðiâíÿííÿ ó äèôåðåíöiàëàõ

M(t, x) dt+N(t, x) dx = 0 (t, x) ∈ Ω ⊂ R2.

1. Ðîçãëÿíåìî ðiâíÿííÿ

T (t) dt+X(x) dx = 0, (1)

äå T (t) òà X(x) - çàäàíi íåïåðåðâíi ôóíêöi¨.

Íåõàé x = φ(t) � ðîçâ'ÿçîê ðiâíÿííÿ (1). Òîäi

T (t) dt+X(φ(t))φ′(t) dt ≡ 0,

çâiäêè ∫ t

t0

T (t) dt+

∫ t

t0

X(φ(t))φ′(t) dt = C
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äëÿ äîâiëüíîãî çíà÷åííÿ t0, òîáòî∫ t

t0

T (t) dt+

∫ x

x0

X(x) dx = C (2)

(x0 = x(t0), C � äîâiëüíà ñòàëà).

Ìè äîâåëè, ùî äîâiëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1) âõîäèòü ó ìíîæèíó

(2) ïðè êîíêðåòíîìó çíà÷åííi C. Ñïiââiäíîøåííÿ (2) ìîæåìî òàêîæ

çàïèñàòè ó âèãëÿäi ∫
T (t) dt+

∫
X(x) dx = C (3)

àáî ϕ(t, x) = C. Íåõàé x = φ(t) � íåÿâíî çàäàíà öèì ñïiââiäíîøåííÿì

ôóíêöiÿ. Äèôåðåíöiþþ÷è (2) çà çìiííîþ t, îäåðæó¹ìî

ϕ′
t(t, φ(t)) + ϕ′

x(t, φ(t))φ
′(t) ≡ 0,

òîáòî

T (t) dt+X(φ(t))φ′(t) dt ≡ 0.

Îòæå, çíàéäåíà ç (2) ÿê íåÿâíà ôóíêöiÿ x = φ(t) ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ (1). Çãiäíî ç îçíà÷åííÿì, (2) (àáî (3)) ¹ çàãàëüíèì ðîçâ'ÿçêîì

ðiâíÿííÿ (1) (ó íåÿâíîìó âèãëÿäi).

Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó

M1(t)M2(x) dt+N1(t)N2(x) dx = 0 (4)

Ðiâíÿííÿ (4), ÿê i ðiâíÿííÿ (1) íàçèâà¹òüñÿ ðiâíÿííÿì ç âiäîêðåìëþâàíèìè

çìiííèìè.

Ïðèïóñòèìî ñïî÷àòêó, ùî M2(x)N1(t) ̸= 0.

M1(t)

N1(t)
dt+

M2(x)

N2(x)
dx = 0
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� ðiâíÿííÿ âèãëÿäó (1). Çà äîâåäåíèì, éîãî çàãàëüíèé ðîçâ'ÿçîê∫
M1(t)

N1(t)
dt+

∫
M2(x)

N2(x)
dx = C. (5)

ßêùî M2(x) = 0 ïðè x = x0, òî âåðòèêàëüíà ïðÿìà x = x0 ¹

iíòåãðàëüíîþ êðèâîþ ðiâíÿííÿ (4). Ñïðàâäi, dx0 = 0, òîìó, ïiäñòàâëÿ-

þ÷è ôóíêöiþ x = x0 ó ðiâíÿííÿ (4), îäåðæó¹ìî ïðàâèëüíó ðiâíiñòü

M1(t)M2(x0) dt+N1(t)N2(x0) dx0 = 0.

Îòæå, ùîá ìàòè ïîâíó ñiì'þ ðîçâ'ÿçêiâ ðiâíÿííÿ (4), äî çàãàëüíîãî

ðîçâ'ÿçêó (5) òðåáà äîäàòè ôóíêöi¨

x ≡ xi, t ≡ tj,

äå xi, tj � êîðåíi âiäïîâiäíî ðiâíÿíü M2(x) = 0 òà N1(t) = 0.

Ïðèêëàäè.

1.7. y′ − xy2 = 2xy, dy
dx = xy(y + 2),

dy = xy(y + 2)dx | 1
y(y+2) ,

dy
y(y+2) = xdx,

∫
dy

y(y+2) =
∫
xdx+ C,

1
y(y+2) =

A
y + B

y+2 , A(y + 2) +By = 1,

y = 0 => 2A = 1, A = 1/2,

y = −2 => −2B = 1, B = −1/2. Îòæå,∫
dy

y(y+2) =
1
2

∫
dy
y − 1

2

∫
dy
y+2 =

1
2 [ln|y| − ln|y + 2|] = 1

2ln|
y

y+2|.

Òåïåð ðîçâ'ÿçîê ðiâíÿííÿ áóäå òàêèì

1
2ln|

y
y+2| =

1
2x

2 + C1

2 <=> ln| y
y+2| = lnex

2

+ ln |C2| <=>

| y
y+2| = |C2|ex

2

<=> y = C2e
x2

(y + 2). Äîäà¹ìî y = −2.

Ìíîæèíîþ âñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ áóäå ñóêóïíiñòü
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y = Cex
2

(y + 2), y = −2 àáî y + 2 = Ce−x2

y, y = 0.

1.8. (x2 − 1)y′ + 2xy2 = 0, y(0) = 1.

Öå çàäà÷à Êîøi. Ñïî÷àòêó çíàõîäèìî ìíîæèíó âñiõ ðîçâ'ÿçêiâ

ðiâíÿííÿ:

(x2 − 1)dydx + 2xy2 = 0, (x2 − 1)dy + 2xy2dx = 0 | 1
(x2−1)y2 ,

dy
y2 +

2x
x2−1 = 0, ðîçâ'ÿçêîì áóäå

∫
dy
y2 +

∫
2x

x2−1 = C <=>

−1
y + ln|x2 − 1| = C,

òàêîæ y = 0, òàêîæ x2 − 1 = 0 <=> x = +1, x = −1.

Àëå öi îêðåìi ðîçâ'ÿçêè íå çàäîâîëüíÿþòü ïî÷àòêîâó óìîâó (öi

ïðÿìi íå ïðîõîäÿòü ÷åðåç òî÷êó (0,1)).

Ç ïîïåðåäíüî¨ ìíîæèíè ðîçâ'ÿçêiâ ïðè x = 0, y = 1 îäåðæó¹ìî

−1 + ln|0− 1| = C <=> C = −1. Îòæå, øóêàíèé ðîçâ'ÿçîê

−1
y + ln|x2 − 1| = −1 <=> 1

y = 1− ln|x2 − 1| <=>

y = 1
1−ln|x2−1| (ó ÿâíîìó âèãëÿäi).

1.9. e−s
(
1 + ds

dt

)
= 1.

Ñïî÷àòêó ðîçâ'ÿçó¹ìî ðiâíÿííÿ âiäíîñíî ïîõiäíî¨:

1 + ds
dt = es, ds

dt = es − 1.

Äàëi çà ïîïåðåäíüîþ ñõåìîþ:

ds = (es − 1)dt | 1
es−1 ,

ds
es−1 = dt,

∫
ds

es−1 =
∫
dt+ C,∫

e−sds
1−e−s = t+C, ln|1− e−s| = t+C, ln|1− e−s| = lnet + ln|C|

1− e−s = Cet, ðîçâ'ÿçêîì ¹ es − 1 = 0 <=> 1− e−s = 0,

âií âõîäèòü ó îäåðæàíó ìíîæèíó ðîçâ'ÿçêiâ ïðè C = 0.
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2. Äî ðiâíÿíü ç âiäîêðåìëþâàíèìè çìiííèìè çâîäÿòüñÿ ðiâíÿííÿ

âèãëÿäó

dx

dt
= F (at+ bx+ c),

äå a, b, c � ñòàëi, F � ôóíêöiÿ îäíîãî àðãóìåíòó z = at+ bx+ c.

Çðîáèìî ó ðiâíÿííi çàìiíó z = at + bx + c, òîáòî âiä çìiííèõ t, x

ïåðåéäåìî äî çìiííèõ t, z. Çíàõîäèìî dz
dt = a + bdzdt , à âðàõîâóþ÷è

ðiâíÿííÿ, dz
dt = a+ bF (z). Îäåðæàëè ðiâíÿííÿ âèãëÿäó (1).

Ïðèêëàäè.

1.11. y′ = cos(y − x), àáî dy
dx = cos(y − x).

Ðîáèìî çàìiíó z = y − x. Äèôåðåíöiþ¹ìî ¨¨: dz = dy − dx, òîáòî

dz
dx = dy

dx − 1. Iç ðiâíÿííÿ ìà¹ìî dy
dx = cos(z). Òîäi ïîïåðåäíÿ ðiâíiñòü

äà¹

dz

dx
= cos(z)− 1.

Öå âæå äèôåðåíöiàëüíå ðiâíÿííÿ ó çìiííèõ z, t. Öå ðiâíÿííÿ ç

âiäîêðåìëþâàíèìè çìiííèìè. Ðîçâ'ÿçó¹ìî éîãî:

dz = (cos(z)− 1)dx, dz
cos(z)−1 = dx,

− dz
2 sin2( z2 )

= dx, − d z
2

sin2( z2 )
= dx,

ctg(z2) = x+ C,

òàêîæ ¹ ðîçâ'ÿçîê cos(z)− 1 = 0 <=> z = 2πn, n ∈ Z.

Ïîâåðòà¹ìîñü äî ñòàðèõ çìiííèõ. Îäåðæó¹ìî

ctg(y−x
2 ) = x + C, òàêîæ ¹ ðîçâ'ÿçîê y − x = 2πn, n ∈ Z � ùå

çëi÷åííà ìíîæèíà ðîçâ'ÿçêiâ.
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3. Îäíîðiäíèì íàçèâà¹òüñÿ ðiâíÿííÿ âèãëÿäó

dx

dt
= F (

x

t
).

Çðîáèìî çàìiíó z = x
t , òîáòî x = zt. Äèôåðåíöiþ¹ìî öþ ðiâíiñòü:

dx = t dz + z dt.

Ðiâíÿííÿ ïåðåòâîðþ¹òüñÿ äî òàêîãî

t dz + z dt = F (z) dt,

òîáòî

t dz + (z − F (z)) dt = 0.

À öå ðiâíÿííÿ âèãëÿäó (1).

1.10. xy′ − y = xtg
(
y
x

)
.

Çàóâàæèìî, ùî òóò x ̸= 0. Ïîäiëèìî ðiâíÿííÿ íà x:

dy
dx −

y
x = tg

(
y
x

)
, dy
dx = y

x + tg
(
y
x

)
, à îòæå, öå îäíîðiäíå ðiâíÿííÿ.

Ðîáèìî çàìiíó y
x = z <=> y = xz. Äèôåðåíöiþ¹ìî ¨¨:

dy = zdx + xdz, çâiäêè dy
dx = z + xdz

dx i ïiäñòàâëÿ¹ìî â ïîïåðåäí¹

ðiâíÿííÿ:

z + xdz
dx = z + tg(z), xdz

dx = tg(z), xdz = tg(z)dx | 1
xtg(z) ,

cos(z)
sin(z)dz = dx

x ,
∫ cos(z)

sin(z)dz =
∫

dx
x ,

ln| sin(z)| = ln|x|+ ln|C|, sin(z) = Cx, i ùå ðîçâ'ÿçêè

tgz = 0 <=> sin(z) = 0 (îñòàííié âõîäèòü ó ïîïåðåäíþ

ìíîæèíó ðîçâ'ÿçêiâ ïðè C = 0).

Îòæå, ìíîæèíà âñiõ ðîçâ'ÿçêiâ ¹ òàêîþ: sin(z) = Cx, à â ñòàðèõ

çìiííèõ sin(yx) = Cx.
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Ëàáîðîòîðíà ðîáîòà 2.

Ðiâíÿííÿ, çâiäíi äî îäíîðiäíèõ.

Äî îäíîðiäíèõ çâîäÿòüñÿ ðiâíÿííÿ âèãëÿäó

dy

dx
= g

( ax+ by + c

a1x+ b1y + c1

)
(1).

Îêðåìi âèïàäêè:

1) c = c1 = 0, ðiâíÿííÿ (1) ìà¹ âèãëÿä

dy
dx = g

(
ax+by
a1x+b1y

)
<=> dy

dx = g
(

a+b yx
a1+b1

y
x

)
<=> dy

dx = g1
(
y
x

)
� öå

îäíîðiäíå ðiâíÿííÿ;

2) a
a1

= b
b1
:= p, ðiâíÿííÿ (1) ìà¹ âèãëÿä

dy
dx = g

(
pa1x+pb1y+c
a1x+b1y+c1

)
<=> dy

dx = g
(
p(a1x+b1y)+c
(a1x+b1y)+c1

)
<=>

dy
dx = g1

(
a1x+ b1y

)
, àáî íàâiòü

dy
dx = g2

(
a1x+ b1y + c1

)
, áî dy

dx = g
(
p(a1x+b1y+c1)+c−pc1

a1x+b1y+c1

)
.

Òàêi ðiâíÿííÿ çâîäÿòüñÿ äî ðiâíÿíü ç âiäîêðåìëåíèìè çìiííèìè

çàìiíîþ z = a1x+ b1y (àáî âiäïîâiäíî z = a1x+ b1y + c1).

Çàãàëüíèé âèïàäîê: ðîáèìî çàìiíó x = u+ x0, y = v + y0. Ìà¹ìî

dv
du = g

(
a(u+x0)+b(v+y0)+c

a1(u+x0)+b1(v+y0)+c1

)
<=> dv

du = g
(

a(u+x0)+b(v+y0)+c
a1(u+x0)+b1(v+y0)+c1

)
<=>

dv
du = g

(
au+bv+ax0+by0+c

a1u+b1v

)
<=>

dv
du = g

(
au+bv
a1u+b1v

)
<=> îäíîðiäíå ðiâíÿííÿ, ÿêùî

ax0 + by0 + c = 0 i a1x0 + b1y0 + c1 = 0.

Iíîäi äî îäíîðiäíèõ ìîæíà çâåñòè ðiâíÿííÿ çàìiíîþ y = zα àáî

x = zα, äå α � äåÿêå äiéñíå ÷èñëî. Òàêi ðiâíÿííÿ íàçèâàþòüñÿ óçàãàëüíåíî

îäíîðiäíèìè.
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Ïðèêëàäè.

1.28. (2x− 3y + 1)dx+ (x+ y − 1)dy = 0.

Ñèñòåìà

2x− 3y + 1 = 0, x+ y − 1 = 0

ìà¹ ðîçâ'ÿçîê x0 = 0, 4, y0 = 0, 6. Ðîáèìî çàìiíó

x = u+ 0, 4, y = v + 0, 6.

Ìà¹ìî

(2u− 3v)du+ (u+ v)dv = 0.

Öå âæå îäíîðiäíå ðiâÿííÿ. Ðîáèìî ùå îäíó çàìiíó

v = uz (dv = udz + zdu).

Îäåðæó¹ìî

(2u− 3uz)du+ (u+ uz)(udz + zdu) = 0 <=>

(2− 3z)udu+ (1 + z)uzdu+ (1 + z)u2dz = 0 <=>

(2−2z+z2)du+(1+z)udz = 0 �ðiâíÿííÿ ç âiäîêðåìëþâàíèìè

çìiííèìè, u = 0 íå ¹ ðîçâ'ÿçêîì îäíîðiäíîãî ðiâíÿííÿ,

du
u + (z+1)dz

(z−1)2+1 = 0 <=>

du
u + (z−1+2)dz

(z−1)2+1 = 0,∫
du
u +

∫ (z−1)dz
(z−1)2+1 + 2

∫
dz

(z−1)2+1 = ln|C|,

ln|u|+ 1
2ln[(z − 1)2 + 1] + arctg(z − 1) = ln|C| <=>

u
√
z2 − 2z + 2 = Ce−arctg(z−1).

Ïîâåðòà¹ìîñü äî ñòàðèõ çìiííèõ

u
√

( vu)
2 − 2 v

u + 2 = Ce−arctg( vu−1) <=>
√
v2 − 2uv + 2u2 = Ce−arctg( v−u

u ),

(y− 0, 6)2 − 2(x− 0, 4)(y− 0, 3) + 2(x− 0, 2)2 = C2e−2arctg(y−x−0,1
x−0,2 ).
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1.29. 2(x
√
y + 2y)dx− xdy = 0.

Ïåðåâiðèìî, ÷è öå ðiâíÿííÿ ¹ óçàãàëüíåíî îäíîðiäíèì ðiâíÿííÿì.

Ðîáèìî çàìiíó y = zα. Òîäi dy = αzα−1dz,

2(xz
α
2 + 2zα)dx− xαzα−1dz = 0,

1 + α
2 = α = 1 + α− 1.

Öå ìîæëèâî ïðè α = 2. Îòæå, ðiâíÿííÿ ¹ óçàãàëüíåíî îäíîðiäíèì.

Òåïåð y = z2, dy = 2zdz,

2(xz + 2z2)dx− 2xzdz = 0

� îäíîðiäíå ðiâíÿííÿ,[
z
x + 2( zx)

2
]
dx− z

xdz = 0.

Çàìiíà z
x = u <=> z = xu, dz = udx+ xdu,

(u+ 2u2)dx− u(udx+ xdu) = 0 <=> u = 0 i

(1 + 2u)dx− udx− xdu = 0, <=>

(1 + u)dx− xdu = 0, âiäîêðåìëþ¹ìî çìiííi

dx
x = du

u+1 , ln|x| = ln|u+ 1|+ ln|C|, îäåðæó¹ìî

x = C(u+ 1), i ùå ðîçâ'ÿçêè u = −1, u = 0,

àáî u = Cx− 1, x = 0, u = 0.

Ïîâåðòà¹ìîñü äî ñòàðèõ çìiííèõ: z
x = Cx− 1 <=> z = Cx2 − x,

i ùå x = 0, z = 0, ùå äî ñòàðèõ çìiííèõ:

√
y = Cx2 − x, x = 0, z = 0,

òîáòî

y = (Cx2 − x)2, x = 0, y = 0.

12



1.30. x3(y′ − x) = y2.

Ïåðåâiðèìî, ÷è öå ðiâíÿííÿ ¹ óçàãàëüíåíî îäíîðiäíèì ðiâíÿííÿì.

Ðîáèìî çàìiíó y = zα. Òîäi dy = αzα−1dz,

x3
(
αzα−1 dz

dx − x
)
= z2α <=>

x3
(
αzα−1dz − xdx

)
= z2αdx,

x3αzα−1dz − x4dx = z2αdx,

3 + α− 1 = 4 = 2α.

Öå ìîæëèâî ïðè α = 2. Îòæå, ðiâíÿííÿ ¹ óçàãàëüíåíî îäíîðiäíèì.

Ïðè çàìiíi y = z2 îäåðæó¹ìî

2x3zdz − x4dx = z4dx <=> x = 0 i 2 z
xdz =

[
( zx)

4 + 1
]
dx,

2uxdu = (u4 − 2u2 + 1)dx <=> 2udu
(u2−1)2 =

dx
x ,∫

dt
(t−1)2 = ln|x|+ C, − 1

u2−1 = ln|x|+ C

i ùå îêðåìi ðîçâ'ÿçêè x = 0, u2 = 1.

Ïîâåðòà¹ìîñü äî ñòàðèõ çìiííèõ:

z2

x2 = 1− 1
ln|x|+C , x = 0, z2 = x2.

Ùå äî ñòàðèõ çìiííèõ:

y = x2 − x2

ln|x|+C , x = 0, y = x2.

1.31. y(x2y2 + 1)dx+ (x2y2 − 1)xdy = 0.

Ðîçâ'ÿæåìî öå ðiâíÿííÿ ìåòîäîì ãðóïóâàííÿ.

x2y2(ydx+ xdy) + ydx− xdy = 0 <=>

x2y2d(xy) + x2d(yx) = 0 <=>

x = 0 i y2d(xy) + d(yx) = 0.

Ââåäåìî íîâi çìiííi: u = xy, v = y
x (òîäi y2 = uv, x2 = u

v );
13



uvdu+ dv = 0 <=> v = 0 i udu+ dv
v = 0;

u2

2 + ln|v| = ln|C| <=> v = Ce−
u2

2 , à ó ñòàðèõ çìiííèõ

y = Cxe−
x2y2

2 , i ùå ç ïîïåðåäíüîãî x = 0.

1.32. 3x5ydx+ (y4 − x6)dy = 0.

Ïåðåâiðèìî, ÷è öå ðiâíÿííÿ ¹ óçàãàëüíåíî îäíîðiäíèì ðiâíÿííÿì.

Ðîáèìî çàìiíó x = zα. Òîäi dx = αzα−1dz, à òîäi

3z5αyαzα−1dz + (y4 − z6α)dy = 0,

5α + 1 + α − 1 = 4 = 6α <=> 6α = 4 <=> α = 2/3 � ìà¹ìî

îäíîðiäíå ðiâíÿííÿ;

2yz3dz + (y4 − z4)dy = 0 <=> 2
(
z
y

)3
dz +

[
1−

(
z
y

)4]
dy = 0,

z
y = u, z = uy, dz = udy + ydu, òîäi

2u3(udy + ydu) + (1− u4)dy = 0 <=>

(2u4 + 1− u4)dy + 2u3ydu = 0 <=>

(u4 + 1)dy + 2u3ydu = 0 <=> dy
y + 2 u3du

u4+1 = 0 i y = 0,

ln|y|+ 1
2ln(u

4 + 2) = ln|C| <=> y(u4 + 2)1/2 = C i ïîâåðòà¹ìîñü

äî ñòàðèõ çìiííèõ.

Òàêîæ çàóâàæèìî, ùî d(x6) = 6x5dx, òîìó ìîæåìî çðîáèòè çàìiíó

t = x6 (dt = 6x5dx) i çàïèñàòè ðiâíÿííÿ ó âèãëÿäi

1
2ydt+(y4−t)dy = 0 <=> y dt

dy−2t+2y4 = 0, à öå ëiíiéíå ðiâíÿííÿ,

ÿêå ðîçãëÿäàòèìåìî â íàñòóïíié ëàáîðàòîðíié ðîáîòi.

1.33. y′ = y+2
x+1 + tg y−2x

x+1 .

Ðîáèìî çàìiíó x = u − 1, y = v − 2 (x + 1 = 0 i y − 2x = 0 ïðè

x = −1, y = −2);
14



dv
du = v

u + tg v−2u
u <=> dv =

[
v
u + tg

(
v
u − 2

)]
du;

v
u = z, v = zu, dv = zdu+ udz,

zdu+ udz = [z + tg(z − 2)]du <=> udz = tg(z − 2)du;

cos(z−2)dz
sin(z−2) = du

u , u = 0, z = 2;

ln| sin(z − 2)| = ln|u|+ ln|C| <=>

sin(z − 2) = Cu i u = 0, z = 2;

ln| sin(z − 2)| = ln|u|+ ln|C| <=>

sin(z − 2) = Cu i u = 0, z = 2;

sin(v−2u
u ) = Cu i u = 0, v = 2u;

sin(y−2x
x+1 ) = C(x+ 1) i x = −1, òàêîæ y = 2x (y + 2 = 2x+ 2).

15



Ëàáîðîòîðíà ðîáîòà 3.

Ëiíiéíi ðiâíÿííÿ i çâiäíi äî íèõ.

Ëiíiéíèì íàçèâà¹òüñÿ ðiâíÿííÿ âèãëÿäó

x′ + p(t)x = g(t), t ∈ (α, β). (1)

Ôóíêöiÿ p(t) íàçèâà¹òüñÿ êîåôiöi¹íòîì ðiâíÿííÿ, à g(t) � âiëüíèì

÷ëåíîì àáî ïðàâîþ ÷àñòèíîþ ðiâíÿííÿ. ßêùî g(t) = 0, òî îäåðæó¹ìî

ðiâíÿííÿ

x′ + p(t)x = 0, (2)

ÿêå íàçèâà¹òüñÿ ëiíiéíèì îäíîðiäíèì ðiâíÿííÿì (ËÎÐ), âiäïîâiäíî

ëiíiéíå ðiâíÿííÿ (1) ùå íàçèâàþòü ëiíiéíèì íåîäíîðiäíèì ðiâíÿííÿì

(ËÍÅÐ àáî ËÐ).

ËÎÐ ¹ ðiâíÿííÿì ç âiäîêðåìëþâàíèìè çìiííèìè i éîãî çàãàëüíèé

ðîçâ'ÿçîê x = Ce
−
∫ t

t0
p(τ) dτ çíàõîäèìî âiäîìèì ìåòîäîì.

Ðîçâ'ÿçîê ËÍÐ øóêàòèìåìî ìåòîäîì âàðiàöi¨ ñòàëî¨ : ó òàêîìó

æ âèãëÿäi ÿê çàãàëüíèé ðîçâ'ÿçîê âiäïîâiäíîãî ËÎÐ, àëå ç çàìiíîþ

ñòàëî¨ C íà íåâiäîìó ôóíêöiþ φ(t).

Ïðèêëàäè.

1.46. x2y′ + xy + 1 = 0.

Öå ËÐ, x2 dydx + xy + 1 = 0, ìîæå áóòè îñîáëèâà òî÷êà x2 = 0, àëå

xy + 1 ̸= 0 ïðè x = 0 (òóò íåìà îñîáëèâî¨ òî÷êè),

x2y′ + xy = 0� ËÎÐ (òîáòî ðiâíÿííÿ ç âiäîêðåìëþâàíèìè

çìiííèìè), xdy + ydx = 0 <=>
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d(xy) = 0 <=> xy = C <=> y = C
x .

Øóêà¹ìî ðîçâ'ÿçîê çàäàíîãî ËÍÅÐ çà ìåòîäîì âàðiàöi¨ ñòàëî¨,

òîáòî ó âèãëÿäi y = φ(x)
x ,

y′ = xφ′(x)−φ(x)
x2 = φ′(x)

x − φ(x)
x2 ,

òîäi

x2
(φ′(x)

x − φ(x)
x2

)
+ xφ(x)

x + 1 = 0 <=>

xφ′(x)− φ(x) + φ(x) + 1 = 0 <=> xφ′(x) = −1 <=>

φ′(x) = −1/x <=> φ(x) = −ln|x|+ C, à òîäi

y = −ln|x|+C
x <=> y = − ln|x|

x + C
x � ñóìà ÷àñòèííîãî ðîçâ'ÿçêó

ËÍÅÐ i çàãàëüíîãî ðîçâ'ÿçêó ËÎÐ.

1.47. xy′ + (x+ 1)y = 3x2e−x.

Âiäïîâiäíå ËÎÐ

xy′ + (x+ 1)y = 0 <=> xdy + (x+ 1)ydx = 0,

dy
y + (x+1)dx

x = 0 <=> ln|y|+ x+ ln|x| = ln|C| <=>

y = Cx−1e−x.

Øóêà¹ìî ðîçâ'ÿçîê çàäàíîãî ËÍÅÐ ó âèãëÿäi

y = φ(x)x−1e−x,

çâiäêè

y′ = φ′(x)x−1e−x − φ(x)x−2e−x − φ(x)x−1e−x.

Ïiäñòàâëÿ¹ìî â ïî÷àòêîâå ðiâíÿííÿ

x
[
φ′(x)x−1e−x−φ(x)x−2e−x−φ(x)x−1e−x

]
+(x+1)φ(x)x−1e−x = 3x2e−x,

φ′(x)− φ(x)/x− φ(x) + φ(x) + φ(x)/x = 3x2 <=>

φ′(x) = 3x2, φ(x) = x3 + C,
17



y = x3+C
x e−x <=> y = x2e−x + C

x e
−x.

1.48. (2ey − x)y′ = 1.

Ùå íå âèäíî, ùî öå ËÐ, àëå çàïèøåìî éîãî ó âèãëÿäi

(2ey − x)dy = dx <=>

2ey − x = dx
dy ,

dx
dy + x = 2ey � óæå ËÍÅÐ,

âiäïîâiäíå ËÎÐ

dx
dy + x = 0 <=> dx+ xdy = 0 <=> ln|x|+ y = ln|C|,

ln|x| = ln|C| − lney <=> ln|x| = ln|C|+ lne−y,

x = Ce−y.

Øóêà¹ìî ðîçâ'ÿçîê çàäàíîãî ËÍÅÐ ó âèãëÿäi

x = φ(y)e−y, çâiäêè x′ = φ′(y)e−y − φ(y)e−y,

φ′(y)e−y − φ(y)e−y + φ(y)e−y = 2ey <=>

φ′(y) = 2e2y, φ(y) = ey + C,

x = [ey + C]e−y <=> x = 1 + Ce−y.

1.49. (xy + ex)dx− xdy = 0,

xy + ex − xy′ = 0 <=> xy′ − xy = ex � ËÍÅÐ.

Âiäïîâiäíå ËÎÐ

xy′ − xy = 0,

dy − ydx = 0 <=> ln|y| − x = ln|C| <=> y = Cex,

y = φ(x)ex → x[φ′(x)ex + φ(x)ex]− xφ(x)ex = ex <=>

xφ′(x) = 1, φ(x) = ln|x|+ C,

y = [ln|x|+ C]ex.

1.50. xy′ + 2y + x5y3ex = 0.
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Öå ðiâíÿííÿ Áåðíóëëi, ÿêå ìà¹ îêðåìèé ðîçâ'ÿçîê y = 0.

Çàãàëüíèé âèãëÿä ðiâíÿííÿ Áåðíóëëi

a0(x)y
′ + a(x)y = b(x)ym.

Çâîäèòüñÿ äî ËÐ çàìiíîþ z = y1−m.

Ìíîæèìî çàäàíå ðiâíÿííÿ íà y−3, îäåðæó¹ìî xy−3y′+2y−2+x5ex.

Ðîáèìî çàìiíó z = y−2, z′ = −2y−3y′,

xz′

−2 + 2z + x5ex <=> xz′ − 4z = 2x5ex �ËÍÅÐ.

Âiäïîâiäíå éîìó ËÎÐ

xz′ − 4z = 0, xdz − 4zdx = 0 <=>

ln|z| = 4ln|x|+ ln|C| <=> z = Cx4, z = φ(x)x4,

i òîäi

x[φ′(x)x4 + 4x3φ(x)]− 4φ(x)x4 = 2x5ex, φ′(x)x5 = 2x5ex,

φ(x) = 2ex + C, z = [2ex + C]x4, y−2 = [2ex + C]x4,

y2[2ex + C]x4 = 1, i ùå y = 0.

1.51. xydy = (y2 + x)dx.

x
2d(y

2) = (y2 + x)dx, çàìiíà z = y2,

xdz = 2(z + x)dx � ¹ ËÐ: xz′ = 2z + 2x,

àëå òàêîæ ¹ îäíîðiäíèì ðiâíÿííÿì z′ = 2( zx + 1).

Çàìiíà z
x = u <=> z = ux, dz = udx+ xdu,

udx+ xdu = (2u+ 2)dx, xdu = (u+ 2)dx,

ln|u+ 2| = ln|x|+ ln|C|, u+ 2 = Cx i x = 0,

z
x + 2 = Cx i x = 0, z = (Cx− 2)x i x = 0,

y2 = (Cx− 2)x i x = 0.
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1.52. dx+
(
2x− 2(1− y)x

√
x
)
dy = 0. Ïî-iíøîìó

dx
dy = 2x− 2(1− y)x

√
x.

Öå ðiâíÿííÿ Áåðíóëëi, ÿêå ìà¹ îêðåìèé ðîçâ'ÿçîê x = 0. Äiëèìî

íà x
√
x, îäåðæó¹ìî x′

x
√
x
= 2√

x
− 2(1− y).

Çàìiíà z = x−1/2, òîäi z′ = −1
2 x

−3/2x′ i îäåðæó¹ìî ðiâíÿííÿ

−2z′ = 2z − 2 + 2y <=> −dz
dy = z + y − 1.

Öå âæå ËÐ, àëå éîãî ìîæíà ðîçâ'ÿçàòè øâèäøå çàìiíîþ

u = z + y − 1. Òîäi du = dz + dy, dz = du− dy.

−du+ dy = udy <=> du = (1− u)dy <=>

−ln|u− 1| = y − ln|C| <=> (u− 1)ey = C,

(z + y − 2)ey = C,

1√
x
+ y = 2 + Ce−y i x = 0.
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Ëàáîðîòîðíà ðîáîòà 4.

Ðiâíÿííÿ â ïîâíèõ äèôåðåíöiàëàõ. Iíòåãðóâàëüíèé ìíîæíèê.

Ðiâíÿííÿ âèãëÿäó

M(t, x) dt+N(t, x) dx = 0, (t, x) ∈ Ω ⊂ R2 (1)

íàçèâà¹òüñÿ ðiâíÿííÿì ó ïîâíèõ äèôåðåíöiàëàõ, ÿêùî éîãî ëiâà ÷àñòèíà

¹ äèôåðåíöiàëîì äåÿêî¨ ôóíêöi¨ u(t, x):

du(t, x) = M(t, x) dt+N(t, x) dx.

Êðiì òîãî,

du(t, x) =
∂u(t, x)

∂t
dt+

∂u(t, x)

∂x
dx.

Çâiäñè òà ç ïîïåðåäíüî¨ ðiâíîñòi îäåðæó¹ìî

∂u(t, x)

∂t
dt+

∂u(t, x)

∂x
dx = M(t, x) dt+N(t, x) dx,

à çà äîâiëüíiñòþ dt òà dx,

∂u

∂t
= M(t, x),

∂u

∂x
= N(t, x). (2)

Ðiâíÿííÿ (1) òåïåð ìîæåìî çàïèñàòè ó âèãëÿäi

du(t, x) = 0,

éîãî çàãàëüíèé ðîçâ'ÿçîê u(t, x) = C.

Òåîðåìà. Íåõàé ôóíêöi¨ M , N , ∂M
∂x ,

∂N
∂t íåïåðåðâíi ó äåÿêié

çâ'ÿçíié îáëàñòi Ω. Ùîá ðiâíÿííÿ (1) áóëî ðiâíÿííÿì ó ïîâíèõ äèôåðåíöiàëàõ,

íåîáõiäíî i äîñòàòíüî, ùîá

∂M(t, x)

∂x
=

∂N(t, x)

∂t
, (t, x) ∈ Ω. (3)
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Ïðèêëàäè.

1.67. (y cosx+ 2xy2)dx+ (sinx− a sin y + 2x2y)dy = 0.

Ïåðåâiðèìî, ÷è ∂
∂y(y cosx+ 2xy2) = ∂

∂x(sinx− a sin y). Ìà¹ìî

cosx+4xy = cosx+4xy, òîìó ðiâíÿííÿ ¹ â ïîâíèõ äèôåðåíöiàëàõ.

Çàñòîñó¹ìî ìåòîä ãðóïóâàííÿ:

y cosxdx+ 2xy2dx+ sinxdy − a sin ydy + 2x2ydy = 0 <=>

yd(sinx) + sin xdy + 2xy(ydx+ xdy) + d(a cos y) = 0 <=>

d(y sinx) + 2xyd(xy) + d(a cos y) = 0 <=>

d(y sinx) + d((xy)2) + d(a cos y) = 0 <=>

d(y sinx+x2y2+a cos y) = 0 <=> y sinx+x2y2+a cos y = C.

1.68. e−ydx− (2y + xe−y)dy = 0.

∂
∂ye

−y = − ∂
∂x(2y+xe−y) <=> −e−y = −e−y � ðiâíÿííÿ ¹ â ïîâíèõ

äèôåðåíöiàëàõ. Ìà¹ìî

e−ydx− 2ydy − xe−ydy = 0 <=>

−d(y2) + e−ydx+ xd(e−y) = 0 <=>

d(−y2) + d(xe−y) = 0 <=> xe−y − y2 = C.

1.69. 3x2(1 + lny)dx = (2y − x3

y )dy.

∂
∂y [3x

2(1 + lny)] = ∂
∂x [−(2y − x3

y )] <=> 3x2

y = 3x2

y ,

3x2dx+ 3x2lnydx+ x3d(lny)− 2ydy = 0 <=>

d(x3) + d(x3lny)− d(y2) = 0 <=>

x3 + x3lny − y2 = C.
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1.70. 2x
y3dx+ y2−3x2

y4 dy = 0.

∂
∂y

(
2x
y3

)
= ∂

∂x

(
1
y2 −

3x2

y4

)
<=> −6x

y4 = −6x
y4 .

Ðîçâ'ÿæåìî öå ðiâíÿííÿ iíøèì ìåòîäîì. Çàïèøåìî ñèñòåìó âèãëÿäó

(2):

∂u
∂x = 2x

y3 ,
∂u
∂y = 1

y2 −
3x2

y4 ;

iç 1-ãî ðiâíÿííÿ çíàõîäèìî

u(x, y) =
∫
(2xy3 )dx = 2

y3

∫
xdx+ C(y) = x2

y3 + C(y),

ïiäñòàâëÿ¹ìî â 2-ãå ðiâíÿííÿ

∂
∂y

(
x2

y3 +C(y)
)
= 1

y2 −
3x2

y4 <=> −3x2

y4 +C ′(y) = 1
y2 −

3x2

y4 <=>

C ′(y) = 1
y2 , çâiäêè C(y) = −1

y + C1; u = x2

y3 −
1
y + C1;

îäåðæàëè ðîçâ'ÿçîê

x2

y3 −
1
y = C.

1.71. dx+ (x+ e−yy2)dy = 0, y(1) = 1.

∂
∂y(1) ̸=

∂
∂x(x+ e−yy2); àëå öå ËÐ

dx
dy + x+ e−yy2 = 0.

ðîçâ'ÿæåìî éîãî ìåòîäîì iíòåãðóâàëüíîãî ìíîæíèêà, m = m(y):

m(y)dx+m(y)(x+ e−yy2) = 0;

çà òåîðåìîþ ìà¹ áóòè

m′(y) = ∂
∂x [m(y)(x+ e−yy2)] <=> m′(y) = m(y) <=>

dm
dy = m <=> dm

m = dy <=> m = Cey,

áåðåìî m = ey, òîäi

eydx+ eyxdy + y2dy = 0 <=> d(xey) + 1
3d(y

3) = 0,

xey + 1
3y

3 = C.
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1.72. (y
3

x3 − 1
x2 )dy = y

x3dx.

∂
∂y(−

y
x3 ) ̸= ∂

∂x(
y3

x3 − 1
x2 ), àëå ïîìíîæèâøè íà x3, ìàòèìåìî

(y3 − x)dy − ydx = 0, ∂
∂y(y) =

∂
∂x(y

3 − x), −1 = −1;

îòðèìàëè ðiâíÿííÿ â ïîâíèõ äèôåðåíöiàëàõ (x3 ¹ iíòåãðóâàëüíèì ìíîæíèêîì

äëÿ çàäàíîãî ðiâíÿííÿ). Çíàõîäèìî ðîçâ'ÿçîê

y4

4 − xy = C.

1.73. y(1− y sinx) cos2 ydx− (y2 + x cos2 y)dy = 0.

∂
∂y [y(1− y sinx) cos2 y] ̸= ∂

∂x [−(y2 + x)];

ïiäáèðà¹ìî iíòåãðóâàëüíèé ìíîæíèê; ïîäiëèìî ðiâíÿííÿ íà y cos2 y:

(1− y sinx)dx− ( y
cos2 y +

x
y )dy = 0;

∂
∂y(1− y sinx) ̸= ∂

∂x [−( y
cos2 y +

x
y )], áî − sinx ̸= −1

y ,

íåõàé m = m(y), òîäi

m(y)(1− y sinx)dx−m(y)( y
cos2 y +

x
y )dy = 0,

∂
∂y [m(y)(1− y sinx)] = ∂

∂x [−m(y)( y
cos2 y +

x
y )],

m′(y)(1− y sinx)−m(y) sinx = −m(y)
y <=>

m′(y)(1− y sinx) = m(y)(sinx− 1
y) <=>

m′(y)y(1− y sinx) = m(y)(y sinx− 1) <=>

m′(y) = −m(y)
y <=> dm

m = −dy
y , m = C

y ;

i ïðè C = 1 ìà¹ìî

(1y − sinx)dx− ( 1
cos2 y +

x
y2 )dy = 0;

∂
∂y(

1
y − sinx) = ∂

∂x [−( 1
cos2 y +

x
y2 )].

Îòðèìàëè ðiâíÿííÿ â ïîâíèõ äèôåðåíöiàëàõ. Çàïèøåìî ñèñòåìó âèãëÿäó
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(2):

∂u
∂x = 1

y − sinx,

∂u
∂y = −( 1

cos2 y +
x
y2 );

ç ïåðøîãî ðiâíÿííÿ çíàõîäèìî

u = x
y + cosx+ C(y), òîäi

∂
∂y [

x
y + cosx+ C(y)] = −( 1

cos2 y +
x
y2 ),

− x
y2 + C ′(y) = − 1

cos2 y −
x
y2 <=>

C ′(y) = − 1
cos2 y <=> C(y) = −tgy + C1. Îòæå,

u = x
y + cosx− tgy + C1,

à ðîçâ'ÿçîê ìà¹ âèãëÿä

x
y + cosx− tgy = C i ùå y = 0, cos y = 0.

Çàóâàæèìî, ùî âèõiäíå ðiâíÿííÿ ìà¹ iíòåãðóâàëüíèé íîæíèê 1
y2 cos2(y) .

Çðàçîê êîíòðîëüíî¨ ðîáîòè.

Ðîçâ'ÿçàòè ðiâíÿííÿ:

1) y′ = (x+ y)3,

2) (2y − x2)dx = 2ydy,

3) (3y2x+ x3) dy + (y3 + 3yx2) dx = 0,

4) (x2 − 3xy2) dx+ (6y2 − 3x2y) dy = 0,

5) (x+ y − 2) dx+ (x− y + 6) dy = 0,

6) y′ − y sinx = y2 sinx,

7) ey(1 + x2) dy − 2x(1 + ey) dx = 0.
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