
Îá÷èñëþâàëüíà ãåîìåòðiÿ i àëãåáðà

Îëåã Ãóòiê

Ëåêöiÿ 29: Ïàðàëåëüíi ïåðåíåñåííÿ

Îëåã Ãóòiê Îá÷èñëþâàëüíà ãåîìåòðiÿ i àëãåáðà. Ëåêöiÿ 29



Ïàðàëåëüíi ïåðåíåñåííÿ

Íàéïðîñòiøèì âèïàäêîì ðóõiâ ¹ ïàðàëåëüíi ïåðåíåñåííÿ.

Îçíà÷åííÿ 2.2.8

Äîâiëüíå âiäîáðàæåííÿ T : Rn → Rn âèãëÿäó
T (−→p ) = −→p +−→v , (1)

äå −→v � ôiêñîâàíèé âåêòîð, íàçèâà¹òüñÿ ïàðàëåëüíèì ïåðåíåñåííÿì

ïðîñòîðó Rn. Âåêòîð −→v íàçèâà¹òüñÿ âåêòîðîì ïàðàëåëüíîãî ïåðåíåñåííÿ

âiäîáðàæåííÿ T .

Âèïèñóþ÷è â òåðìiíàõ êîîðäèíàò, ëåãêî ïîáà÷èòè, ùî öå âiäîáðàæåííÿ
T : Rn → Rn, (x1, x2, . . . , xn) 7→ (x′

1, x
′
2, . . . , x

′
n)

¹ ïàðàëåëüíèì ïåðåíåñåííÿì òîäi i ëèøå òîäi, êîëè öå âiäîáðàæåííÿ
âèçíà÷à¹òüñÿ ðiâíîñòÿìè âèãëÿäó

x′
1 = x1 + c1;

x′
2 = x2 + c2;

. . . . . .

x′
n = xn + cn,

(2)

äå c1, c2, . . . , cn � ôiêñîâàíi äiéñíi ÷èñëà. Î÷åâèäíî, ùî (c1, c2, . . . , cn) ¹
âåêòîðîì ïàðàëåëüíîãî ïåðåíåñåííÿ âiäîáðàæåííÿ T ó öüîìó âèïàäêó.
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Âèïèñóþ÷è â òåðìiíàõ êîîðäèíàò, ëåãêî ïîáà÷èòè, ùî öå âiäîáðàæåííÿ
T : Rn → Rn, (x1, x2, . . . , xn) 7→ (x′

1, x
′
2, . . . , x

′
n)

¹ ïàðàëåëüíèì ïåðåíåñåííÿì òîäi i ëèøå òîäi, êîëè öå âiäîáðàæåííÿ
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Ïàðàëåëüíi ïåðåíåñåííÿ

Íàñòóïíà òåîðåìà ¹ î÷åâèäíîþ, i ìè ïðîïîíó¹ìî ñëóõà÷àì äîâåñòè ¨¨
ñàìîñòiéíî.

Òåîðåìà 2.2.9

Ïàðàëåëüíi ïåðåíåñåííÿ ¹ ðóõàìè.

Îñü äåêiëüêà ïðîñòèõ öiêàâèõ âëàñòèâîñòåé ïàðàëåëüíèõ ïåðåíåñåíü.

Òåîðåìà 2.2.10

Ïàðàëåëüíå ïåðåíåñåííÿ T : Rn → Rn ç íåíóëüîâèì âåêòîðîì
ïàðàëåëüíîãî ïåðåíåñåííÿ −→v çàäîâîëüíÿ¹ òàêi âëàñòèâîñòi:

(1) Âiäîáðàæåííÿ T íå ìà¹ íåðóõîìèõ òî÷îê.

(2) T âiäîáðàæà¹ ïðÿìi â ïðÿìi ç îäíàêîâèì âåêòîðîì íàïðÿìêó (àáî
íàõèëîì, ó âèïàäêó ïëîùèíè).

(3) �äèíi ëiíi¨, ÿêi ôiêñóþòüñÿ âiäîáðàæåííÿì T , � öå òi ç íàïðÿìíèì
âåêòîðîì −→v . Ó âèïàäêó ïëîùèíè ¹äèíèìè ëiíiÿìè, ôiêñîâàíèìè
âiäîáðàæåííÿì T , ¹ òi, íàõèë ÿêèõ òàêèé ñàìèé, ÿê íàõèë îäíîãî ç
¨õíiõ âåêòîðiâ íàïðÿìêó.

Äîâåäåííÿ. Äîâåäåííÿ òâåðäæåíü (1) i (2) çàëèøà¹ìî ñëóõà÷àì ÿê âïðàâè.
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íàõèëîì, ó âèïàäêó ïëîùèíè).

(3) �äèíi ëiíi¨, ÿêi ôiêñóþòüñÿ âiäîáðàæåííÿì T , � öå òi ç íàïðÿìíèì
âåêòîðîì −→v . Ó âèïàäêó ïëîùèíè ¹äèíèìè ëiíiÿìè, ôiêñîâàíèìè
âiäîáðàæåííÿì T , ¹ òi, íàõèë ÿêèõ òàêèé ñàìèé, ÿê íàõèë îäíîãî ç
¨õíiõ âåêòîðiâ íàïðÿìêó.
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Ïàðàëåëüíi ïåðåíåñåííÿ
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Ïàðàëåëüíi ïåðåíåñåííÿ ¹ ðóõàìè.

Îñü äåêiëüêà ïðîñòèõ öiêàâèõ âëàñòèâîñòåé ïàðàëåëüíèõ ïåðåíåñåíü.
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(3) �äèíi ëiíi¨, ÿêi ôiêñóþòüñÿ âiäîáðàæåííÿì T , � öå òi ç íàïðÿìíèì
âåêòîðîì −→v . Ó âèïàäêó ïëîùèíè ¹äèíèìè ëiíiÿìè, ôiêñîâàíèìè
âiäîáðàæåííÿì T , ¹ òi, íàõèë ÿêèõ òàêèé ñàìèé, ÿê íàõèë îäíîãî ç
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(1) Âiäîáðàæåííÿ T íå ìà¹ íåðóõîìèõ òî÷îê.

(2) T âiäîáðàæà¹ ïðÿìi â ïðÿìi ç îäíàêîâèì âåêòîðîì íàïðÿìêó (àáî
íàõèëîì, ó âèïàäêó ïëîùèíè).

(3) �äèíi ëiíi¨, ÿêi ôiêñóþòüñÿ âiäîáðàæåííÿì T , � öå òi ç íàïðÿìíèì
âåêòîðîì −→v . Ó âèïàäêó ïëîùèíè ¹äèíèìè ëiíiÿìè, ôiêñîâàíèìè
âiäîáðàæåííÿì T , ¹ òi, íàõèë ÿêèõ òàêèé ñàìèé, ÿê íàõèë îäíîãî ç
¨õíiõ âåêòîðiâ íàïðÿìêó.

Äîâåäåííÿ. Äîâåäåííÿ òâåðäæåíü (1) i (2) çàëèøà¹ìî ñëóõà÷àì ÿê âïðàâè.

Îëåã Ãóòiê Îá÷èñëþâàëüíà ãåîìåòðiÿ i àëãåáðà. Ëåêöiÿ 29



Ïàðàëåëüíi ïåðåíåñåííÿ

Íàñòóïíà òåîðåìà ¹ î÷åâèäíîþ, i ìè ïðîïîíó¹ìî ñëóõà÷àì äîâåñòè ¨¨
ñàìîñòiéíî.

Òåîðåìà 2.2.9

Ïàðàëåëüíi ïåðåíåñåííÿ ¹ ðóõàìè.

Îñü äåêiëüêà ïðîñòèõ öiêàâèõ âëàñòèâîñòåé ïàðàëåëüíèõ ïåðåíåñåíü.

Òåîðåìà 2.2.10

Ïàðàëåëüíå ïåðåíåñåííÿ T : Rn → Rn ç íåíóëüîâèì âåêòîðîì
ïàðàëåëüíîãî ïåðåíåñåííÿ −→v çàäîâîëüíÿ¹ òàêi âëàñòèâîñòi:

(1) Âiäîáðàæåííÿ T íå ìà¹ íåðóõîìèõ òî÷îê.

(2) T âiäîáðàæà¹ ïðÿìi â ïðÿìi ç îäíàêîâèì âåêòîðîì íàïðÿìêó (àáî
íàõèëîì, ó âèïàäêó ïëîùèíè).

(3) �äèíi ëiíi¨, ÿêi ôiêñóþòüñÿ âiäîáðàæåííÿì T , � öå òi ç íàïðÿìíèì
âåêòîðîì −→v . Ó âèïàäêó ïëîùèíè ¹äèíèìè ëiíiÿìè, ôiêñîâàíèìè
âiäîáðàæåííÿì T , ¹ òi, íàõèë ÿêèõ òàêèé ñàìèé, ÿê íàõèë îäíîãî ç
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Ïàðàëåëüíi ïåðåíåñåííÿ
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Íàñòóïíà òåîðåìà ¹ î÷åâèäíîþ, i ìè ïðîïîíó¹ìî ñëóõà÷àì äîâåñòè ¨¨
ñàìîñòiéíî.

Òåîðåìà 2.2.9

Ïàðàëåëüíi ïåðåíåñåííÿ ¹ ðóõàìè.

Îñü äåêiëüêà ïðîñòèõ öiêàâèõ âëàñòèâîñòåé ïàðàëåëüíèõ ïåðåíåñåíü.

Òåîðåìà 2.2.10

Ïàðàëåëüíå ïåðåíåñåííÿ T : Rn → Rn ç íåíóëüîâèì âåêòîðîì
ïàðàëåëüíîãî ïåðåíåñåííÿ −→v çàäîâîëüíÿ¹ òàêi âëàñòèâîñòi:

(1) Âiäîáðàæåííÿ T íå ìà¹ íåðóõîìèõ òî÷îê.

(2) T âiäîáðàæà¹ ïðÿìi â ïðÿìi ç îäíàêîâèì âåêòîðîì íàïðÿìêó (àáî
íàõèëîì, ó âèïàäêó ïëîùèíè).

(3) �äèíi ëiíi¨, ÿêi ôiêñóþòüñÿ âiäîáðàæåííÿì T , � öå òi ç íàïðÿìíèì
âåêòîðîì −→v . Ó âèïàäêó ïëîùèíè ¹äèíèìè ëiíiÿìè, ôiêñîâàíèìè
âiäîáðàæåííÿì T , ¹ òi, íàõèë ÿêèõ òàêèé ñàìèé, ÿê íàõèë îäíîãî ç
¨õíiõ âåêòîðiâ íàïðÿìêó.

Äîâåäåííÿ. Äîâåäåííÿ òâåðäæåíü (1) i (2) çàëèøà¹ìî ñëóõà÷àì ÿê âïðàâè.

Îëåã Ãóòiê Îá÷èñëþâàëüíà ãåîìåòðiÿ i àëãåáðà. Ëåêöiÿ 29



Ïàðàëåëüíi ïåðåíåñåííÿ

Íàñòóïíà òåîðåìà ¹ î÷åâèäíîþ, i ìè ïðîïîíó¹ìî ñëóõà÷àì äîâåñòè ¨¨
ñàìîñòiéíî.

Òåîðåìà 2.2.9

Ïàðàëåëüíi ïåðåíåñåííÿ ¹ ðóõàìè.

Îñü äåêiëüêà ïðîñòèõ öiêàâèõ âëàñòèâîñòåé ïàðàëåëüíèõ ïåðåíåñåíü.

Òåîðåìà 2.2.10

Ïàðàëåëüíå ïåðåíåñåííÿ T : Rn → Rn ç íåíóëüîâèì âåêòîðîì
ïàðàëåëüíîãî ïåðåíåñåííÿ −→v çàäîâîëüíÿ¹ òàêi âëàñòèâîñòi:

(1) Âiäîáðàæåííÿ T íå ìà¹ íåðóõîìèõ òî÷îê.

(2) T âiäîáðàæà¹ ïðÿìi â ïðÿìi ç îäíàêîâèì âåêòîðîì íàïðÿìêó (àáî
íàõèëîì, ó âèïàäêó ïëîùèíè).

(3) �äèíi ëiíi¨, ÿêi ôiêñóþòüñÿ âiäîáðàæåííÿì T , � öå òi ç íàïðÿìíèì
âåêòîðîì −→v . Ó âèïàäêó ïëîùèíè ¹äèíèìè ëiíiÿìè, ôiêñîâàíèìè
âiäîáðàæåííÿì T , ¹ òi, íàõèë ÿêèõ òàêèé ñàìèé, ÿê íàõèë îäíîãî ç
¨õíiõ âåêòîðiâ íàïðÿìêó.

Äîâåäåííÿ. Äîâåäåííÿ òâåðäæåíü (1) i (2) çàëèøà¹ìî ñëóõà÷àì ÿê âïðàâè.

Îëåã Ãóòiê Îá÷èñëþâàëüíà ãåîìåòðiÿ i àëãåáðà. Ëåêöiÿ 29



Ïàðàëåëüíi ïåðåíåñåííÿ
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Ïàðàëåëüíi ïåðåíåñåííÿ

Äëÿ äîâåäåííÿ òâåðäæåííÿ (3) ðîçãëÿíåìî ïðÿìó L, ÿêà ïðîõîäèòü ÷åðåç
òî÷êó p0 ç íàïðÿìíèì âåêòîðîì −→w . ßêùî ïðÿìà L ¹ iíâàðiàíòíîþ
(íåðóõîìîþ) ñòîñîâíî âiäîáðàæåííÿ T , òî T âiäîáðàæà¹ òî÷êó p0 + t−→w íà
ïðÿìié L â iíøó òî÷êó íà ïðÿìié L, ÿêà áóäå ìàòè âèãëÿä p0 + s−→w . Îòæå,
ìà¹ìî

p0 + s−→w = T (p0 + t−→w) =

= p0 + t−→w +−→v ,
à òîìó âåêòîð −→w êîëiíåàðíèé âåêòîðó −→v . Îáåðíåíå òâåðäæåííÿ
äîâîäèòüñÿ òàê ñàìî ëåãêî.
Ó âèïàäêó ïëîùèíè ïðèïóñòèìî, ùî ïðÿìà L, ÿêà iíâàðiàíòíà (íåðóõîìà)
ñòîñîâíî âiäîáðàæåííÿ T âèçíà÷à¹òüñÿ ðiâíÿííÿì

ax+ by = c. (3)

Ïðÿìà L ìà¹ êóòîâèé êîåôiöi¹íò −a

b
. 1 ßêùî −→v = (h, k), òî òàíãåíñ êóòà

âåêòîðà −→v äîðiâíþ¹
k

h
. Âèáåðåìî òî÷êó (x, y) íà ïðÿìié L. Îñêiëüêè çà

ïðèïóùåííÿì òî÷êà T (x, y) = (x+ h, y + k) ëåæèòü íà ïðÿìié L, òîáòî öÿ
òî÷êà òàêîæ çàäîâîëüíÿ¹ ðiâíÿííÿ (3), à îòæå âèêîíó¹òüñÿ ðiâíiñòü

a(x+ h) + b(y + k) = c.

1Âèïàäîê, êîëè ïðÿìà L âåðòèêàëüíà, òîáòî b = 0, ìè îïóñêà¹ìî, i éîãî äîâåäåííÿ

çàëèøà¹ìî ñëóõà÷àì ÿê âïðàâó.
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òî÷êó p0 ç íàïðÿìíèì âåêòîðîì −→w . ßêùî ïðÿìà L ¹ iíâàðiàíòíîþ
(íåðóõîìîþ) ñòîñîâíî âiäîáðàæåííÿ T , òî T âiäîáðàæà¹ òî÷êó p0 + t−→w íà
ïðÿìié L â iíøó òî÷êó íà ïðÿìié L, ÿêà áóäå ìàòè âèãëÿä p0 + s−→w . Îòæå,
ìà¹ìî

p0 + s−→w = T (p0 + t−→w) =

= p0 + t−→w +−→v ,
à òîìó âåêòîð −→w êîëiíåàðíèé âåêòîðó −→v . Îáåðíåíå òâåðäæåííÿ
äîâîäèòüñÿ òàê ñàìî ëåãêî.
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b
. 1 ßêùî −→v = (h, k), òî òàíãåíñ êóòà

âåêòîðà −→v äîðiâíþ¹
k

h
. Âèáåðåìî òî÷êó (x, y) íà ïðÿìié L. Îñêiëüêè çà

ïðèïóùåííÿì òî÷êà T (x, y) = (x+ h, y + k) ëåæèòü íà ïðÿìié L, òîáòî öÿ
òî÷êà òàêîæ çàäîâîëüíÿ¹ ðiâíÿííÿ (3), à îòæå âèêîíó¹òüñÿ ðiâíiñòü

a(x+ h) + b(y + k) = c.

1Âèïàäîê, êîëè ïðÿìà L âåðòèêàëüíà, òîáòî b = 0, ìè îïóñêà¹ìî, i éîãî äîâåäåííÿ
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Ïàðàëåëüíi ïåðåíåñåííÿ
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ïðÿìié L â iíøó òî÷êó íà ïðÿìié L, ÿêà áóäå ìàòè âèãëÿä p0 + s−→w . Îòæå,
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à òîìó âåêòîð −→w êîëiíåàðíèé âåêòîðó −→v . Îáåðíåíå òâåðäæåííÿ
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òî÷êà òàêîæ çàäîâîëüíÿ¹ ðiâíÿííÿ (3), à îòæå âèêîíó¹òüñÿ ðiâíiñòü

a(x+ h) + b(y + k) = c.
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Ïàðàëåëüíi ïåðåíåñåííÿ

Äëÿ äîâåäåííÿ òâåðäæåííÿ (3) ðîçãëÿíåìî ïðÿìó L, ÿêà ïðîõîäèòü ÷åðåç
òî÷êó p0 ç íàïðÿìíèì âåêòîðîì −→w . ßêùî ïðÿìà L ¹ iíâàðiàíòíîþ
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Ïàðàëåëüíi ïåðåíåñåííÿ

Äëÿ äîâåäåííÿ òâåðäæåííÿ (3) ðîçãëÿíåìî ïðÿìó L, ÿêà ïðîõîäèòü ÷åðåç
òî÷êó p0 ç íàïðÿìíèì âåêòîðîì −→w . ßêùî ïðÿìà L ¹ iíâàðiàíòíîþ
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ïðÿìié L â iíøó òî÷êó íà ïðÿìié L, ÿêà áóäå ìàòè âèãëÿä p0 + s−→w . Îòæå,
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(íåðóõîìîþ) ñòîñîâíî âiäîáðàæåííÿ T , òî T âiäîáðàæà¹ òî÷êó p0 + t−→w íà
ïðÿìié L â iíøó òî÷êó íà ïðÿìié L, ÿêà áóäå ìàòè âèãëÿä p0 + s−→w . Îòæå,
ìà¹ìî

p0 + s−→w = T (p0 + t−→w) =

= p0 + t−→w +−→v ,
à òîìó âåêòîð −→w êîëiíåàðíèé âåêòîðó −→v . Îáåðíåíå òâåðäæåííÿ
äîâîäèòüñÿ òàê ñàìî ëåãêî.
Ó âèïàäêó ïëîùèíè ïðèïóñòèìî, ùî ïðÿìà L, ÿêà iíâàðiàíòíà (íåðóõîìà)
ñòîñîâíî âiäîáðàæåííÿ T âèçíà÷à¹òüñÿ ðiâíÿííÿì
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b
. 1 ßêùî −→v = (h, k), òî òàíãåíñ êóòà

âåêòîðà −→v äîðiâíþ¹
k

h
. Âèáåðåìî òî÷êó (x, y) íà ïðÿìié L. Îñêiëüêè çà

ïðèïóùåííÿì òî÷êà T (x, y) = (x+ h, y + k) ëåæèòü íà ïðÿìié L, òîáòî öÿ
òî÷êà òàêîæ çàäîâîëüíÿ¹ ðiâíÿííÿ (3), à îòæå âèêîíó¹òüñÿ ðiâíiñòü

a(x+ h) + b(y + k) = c.

1Âèïàäîê, êîëè ïðÿìà L âåðòèêàëüíà, òîáòî b = 0, ìè îïóñêà¹ìî, i éîãî äîâåäåííÿ
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Ïàðàëåëüíi ïåðåíåñåííÿ
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(íåðóõîìîþ) ñòîñîâíî âiäîáðàæåííÿ T , òî T âiäîáðàæà¹ òî÷êó p0 + t−→w íà
ïðÿìié L â iíøó òî÷êó íà ïðÿìié L, ÿêà áóäå ìàòè âèãëÿä p0 + s−→w . Îòæå,
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= p0 + t−→w +−→v ,
à òîìó âåêòîð −→w êîëiíåàðíèé âåêòîðó −→v . Îáåðíåíå òâåðäæåííÿ
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ïðèïóùåííÿì òî÷êà T (x, y) = (x+ h, y + k) ëåæèòü íà ïðÿìié L, òîáòî öÿ
òî÷êà òàêîæ çàäîâîëüíÿ¹ ðiâíÿííÿ (3), à îòæå âèêîíó¹òüñÿ ðiâíiñòü

a(x+ h) + b(y + k) = c.

1Âèïàäîê, êîëè ïðÿìà L âåðòèêàëüíà, òîáòî b = 0, ìè îïóñêà¹ìî, i éîãî äîâåäåííÿ
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Ïàðàëåëüíi ïåðåíåñåííÿ
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Ïàðàëåëüíi ïåðåíåñåííÿ
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Ïàðàëåëüíi ïåðåíåñåííÿ
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ïðÿìié L â iíøó òî÷êó íà ïðÿìié L, ÿêà áóäå ìàòè âèãëÿä p0 + s−→w . Îòæå,
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ïðèïóùåííÿì òî÷êà T (x, y) = (x+ h, y + k) ëåæèòü íà ïðÿìié L, òîáòî öÿ
òî÷êà òàêîæ çàäîâîëüíÿ¹ ðiâíÿííÿ (3), à îòæå âèêîíó¹òüñÿ ðiâíiñòü

a(x+ h) + b(y + k) = c.
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îòðèìó¹ìî, ùî
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, ùî i çàâåðøó¹ äîâåäåííÿ. ■
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