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Äóàëüíèé ïðîñòið

Íåõàé V i W � âåêòîðíi ïðîñòîðè íàä ïîëåì k. Îçíà÷èìî
L(V ,W ) = {T : V → W | T − ëiíiéíå ïåðåòâîðåííÿ} .

ßêùî S, T ∈ L(V ,W ) i a ∈ k, òî âèçíà÷èìî âiäîáðàæåííÿ
S + T : V → W i aS : V → W

çà ôîðìóëàìè
(S + T )(−→v ) = S(−→v ) + T (−→v );

(aS)(−→v ) = a · (S(−→v )).

Áåçïîñåðåäíüî ïåðåâiðêîþ äîâîäèòüñÿ òàêà òåîðåìà:

Òåîðåìà 1.12.1

Âiäîáðàæåííÿ
S + T : V → W i aS : V → W

¹ ëiíiéíèìè ïåðåòâîðåííÿìè, i òàêi îïåðàöi¨ äîäàâàííÿ òà ìíîæåííÿ íà

ñêàëÿð ïåðåòâîðþþòü ìíîæèíó L(V ,W ) íà âåêòîðíèé ïðîñòið íàä ïîëåì

k.

Îçíà÷åííÿ 1.12.2

Íåõàé V � âåêòîðíèé ïðîñòið íàä ïîëåì k. Ëiíiéíå ïåðåòâîðåííÿ

T : V → k íàçèâà¹òüñÿ ëiíiéíèì ôóíêöiîíàëîì íà V . Âåêòîðíèé ïðîñòið

ëiíiéíèõ ôóíêöiîíàëiâ íà âåêòîðíîìó ïðîñòîði V íàçèâà¹òüñÿ äóàëüíèì

ïðîñòîðîì âåêòîðíîãî ïðîñòîðó V i ïîçíà÷à¹òüñÿ V ∗.
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Äóàëüíèé ïðîñòið

Íåõàé V i W � âåêòîðíi ïðîñòîðè íàä ïîëåì k. Îçíà÷èìî
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(S + T )(−→v ) = S(−→v ) + T (−→v );

(aS)(−→v ) = a · (S(−→v )).

Áåçïîñåðåäíüî ïåðåâiðêîþ äîâîäèòüñÿ òàêà òåîðåìà:

Òåîðåìà 1.12.1

Âiäîáðàæåííÿ
S + T : V → W i aS : V → W

¹ ëiíiéíèìè ïåðåòâîðåííÿìè, i òàêi îïåðàöi¨ äîäàâàííÿ òà ìíîæåííÿ íà

ñêàëÿð ïåðåòâîðþþòü ìíîæèíó L(V ,W ) íà âåêòîðíèé ïðîñòið íàä ïîëåì

k.

Îçíà÷åííÿ 1.12.2

Íåõàé V � âåêòîðíèé ïðîñòið íàä ïîëåì k. Ëiíiéíå ïåðåòâîðåííÿ

T : V → k íàçèâà¹òüñÿ ëiíiéíèì ôóíêöiîíàëîì íà V . Âåêòîðíèé ïðîñòið

ëiíiéíèõ ôóíêöiîíàëiâ íà âåêòîðíîìó ïðîñòîði V íàçèâà¹òüñÿ äóàëüíèì

ïðîñòîðîì âåêòîðíîãî ïðîñòîðó V i ïîçíà÷à¹òüñÿ V ∗.

Îëåã Ãóòiê Îá÷èñëþâàëüíà ãåîìåòðiÿ i àëãåáðà. Ëåêöiÿ 23



Äóàëüíèé ïðîñòið
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Äóàëüíèé ïðîñòið
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(S + T )(−→v ) = S(−→v ) + T (−→v );

(aS)(−→v ) = a · (S(−→v )).

Áåçïîñåðåäíüî ïåðåâiðêîþ äîâîäèòüñÿ òàêà òåîðåìà:

Òåîðåìà 1.12.1

Âiäîáðàæåííÿ
S + T : V → W i aS : V → W

¹ ëiíiéíèìè ïåðåòâîðåííÿìè, i òàêi îïåðàöi¨ äîäàâàííÿ òà ìíîæåííÿ íà

ñêàëÿð ïåðåòâîðþþòü ìíîæèíó L(V ,W ) íà âåêòîðíèé ïðîñòið íàä ïîëåì

k.

Îçíà÷åííÿ 1.12.2

Íåõàé V � âåêòîðíèé ïðîñòið íàä ïîëåì k. Ëiíiéíå ïåðåòâîðåííÿ

T : V → k íàçèâà¹òüñÿ ëiíiéíèì ôóíêöiîíàëîì íà V . Âåêòîðíèé ïðîñòið

ëiíiéíèõ ôóíêöiîíàëiâ íà âåêòîðíîìó ïðîñòîði V íàçèâà¹òüñÿ äóàëüíèì

ïðîñòîðîì âåêòîðíîãî ïðîñòîðó V i ïîçíà÷à¹òüñÿ V ∗.

Îëåã Ãóòiê Îá÷èñëþâàëüíà ãåîìåòðiÿ i àëãåáðà. Ëåêöiÿ 23
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Äóàëüíèé ïðîñòið
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L(V ,W ) = {T : V → W | T − ëiíiéíå ïåðåòâîðåííÿ} .
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Äóàëüíèé ïðîñòið
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Äóàëüíèé ïðîñòið
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Äóàëüíèé ïðîñòið
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Äóàëüíèé ïðîñòið

Íåõàé V � âåêòîðíèé ïðîñòið íàä ïîëåì k i −→v 1,
−→v 2, . . . ,

−→v n � áàçèñ ó V .

Îçíà÷èìî ëiíiéíi ôóíêöiîíàëè −→v ∗
i : V → k

çà ôîðìóëîþ −→v ∗
i (
−→v j) = δij =

{
1, ÿêùî i = j;
0, ÿêùî i ̸= j.

Äîâåäåííÿ òåîðåìè 1.12.3 î÷åâèäíå.

Òåîðåìà 1.12.3

Âiäîáðàæåííÿ ç V ó V ∗, ÿêå ñòàâèòü ó âiäïîâiäíiñòü áàçèñíîìó âåêòîðó
−→v i âåêòîð

−→v ∗
i , ¹ içîìîðôiçìîì ëiíiéíèõ ïðîñòîðiâ.
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ïåðåòâîðåííÿ. Âiäîáðàæåííÿ
T ∗ : W ∗ → V ∗,

âèçíà÷åíå çà ôîðìóëîþ
T ∗(α)(−→v ) = α(T (−→v )), äëÿ −→v ∈ V ,

¹ ëiíiéíèì ïåðåòâîðåííÿì.

Îçíà÷åííÿ 1.12.6

Âiäîáðàæåííÿ T ∗, îçíà÷åíå â òåîðåìi 1.12.5, íàçèâà¹òüñÿ äóàëüíèì

âiäîáðàæåííÿì ëiíiéíîãî ïåðåòâîðåííÿ T .

Äàëi, äëÿ äîâiëüíîãî âåêòîðà −→v ∈ V îçíà÷èìî âåêòîð −→v ∗∗ ∈ V ∗∗ = (V ∗)∗

òàê
−→v ∗∗(α) = α(−→v ), äëÿ α ∈ V ∗.

Íàñòóïíà òåîðåìà î÷åâèäíà.

Òåîðåìà 1.12.7

Âiäîáðàæåííÿ V → V ∗∗ : −→v 7→ −→v ∗∗ ¹ içîìîðôiçìîì âåêòîðíèõ ïðîñòîðiâ.

Îëåã Ãóòiê Îá÷èñëþâàëüíà ãåîìåòðiÿ i àëãåáðà. Ëåêöiÿ 23
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âèáîðó áàçèñó ëiíiéíîãî ïðîñòîðó V . Öå äîçâîëÿ¹ íàì îòîòîæíþâàòè

ëiíiéíi ïðîñòîðè V i V ∗∗ ïðèðîäíèì øëÿõîì, i äóæå ÷àñòî íà ïðàêòèöi

âîíè îòîòîæíþþòüñÿ.
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