LNocnigxeHHa yHKLUII
3a JOMNOMOIo AndepeHLianbHOro
YMCIEHHA.

3ajadi Ha eKCTpemMymMm.

[TlpakTnyHe 3aHATTA 18.
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[ TPOMI>)KKM MOHOTOHHOCTI (PYHKLII.
To4uKkM eKCcTpemymy.
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Axmo s ABOX JIOBIIBHUX apryMeHTiB xp 1 xp 3 muoxkumn X (X C D(f)) Taknx, mo
x] > Ty BUKOHYEThCs HepiBHicTh f(x1) > f(x2), To dynkmiio f(r) HazsusBaioTh 3POCmarovoro
HA MHOMCUHT X

Ao s ABOX JOBUILHUX apryMeHTiB zy 1 xp 3 muoxknnn X (X C D(f)) taknx, mo
x] > Ty BHKOHYeThCs HepiBHicTh f(21) < f(x3), To dyukniio f(z) Hasusaioth cnadHow Ha
MHOMHCUNHT X

3pocraiody abo crajny (pyHKIIIO Ha3HBaiOThL MOHOMOHHOM. Ilponixkkn, na gaknx yn-
KI[g 3pocTae abo cnajae, Ha3uBaloTh NPOMIHCKAMU MOHOMOHHOCME 1€l (DYHKITI,

Axmo f(x) menepepsna ua [a; b], nudepenniiioana na (a; b) i f'(xz) > 0 upn = € (a; b),
Tto f(x) € 3pocralouoio na (a; b).

dxmo f(x) wenepepsua na [a; b], audepenuitiosana ma (a; b) 1 f'(z) < 0 npu z € (a; b),
Tto f(x) € cnagmnoio na (a; b).

Axmro noxigna f(z) mopismioe mysesi na (a; b), Tomi f(x) e cranono Besmunmnoo na [a; b|.
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Touky xg (rp € D(f)) nazusBaioth mowkow maxcumymy nenepepsnol ¢yukmii f(z), a
sHadennd f(xg) — maxkcumymom tiel HyHKiii, gAKMo icHye AesdKuii OKLT TOYKH Tp, IO I
BCiX z (z # %)) 3 UbOrO NPOMIZKKY BHKOHYEThCs HepiBHicTh f(xg) > f(x).

Touky zg (r¢g € D(f)) HasnBaloThL MOYK0 MIHYMYMY uenepepsnol Gyukmil f(z), a
sHadenus f(xg) — MEHIMYMOM THi€ET DYHKIIT, SKIIO ICHYE JeSKHH OKLT TOUKH T, TIO /LTS BCIX
x (x # xp) 3 ILOro MPOMIKKY BUKOHYETRCS HepiBHICTL f(xg) < f(z).

Toukn MakcHMyMy Ta MIHIMYMY Ha3UBalOTh MOYKAMU EKCMPEMYMY, & MAKCHMYM 1 Mi-
HiMyM (HYHKIIT — eKcmpemymams GYHKULE.

—)

Heobxima ymMoBa icHyBaHHS eKeTpeMymy (Haciigok 3 Teopenu Pepaia).
Axmo dyuxma f(x) menepepsua ma (a; b) 1 mocarae B jesaxiit Touni gy (zg € (a; b))
ekcrpeMmyMmy, Toai  f'(xg) =0 abo f'(xg) me icuye.

Touky xo (xo € D(f)), B axiit abo f'(xo) = 0, abo f'(xo) He icuye, HasNBAIOTL KPUMUYWHOMNO
MowKo10 el pyHKIii.




JocTaTna yMOBa ICHYBaHHIsS €KCTPEMYMY.
1. Hexail x¢ € kpurnuanoio Toukoio dyuxuil f(z) it icaye gesike aogarne d, mo dyukmia f(x)
nucepentiiioBana na Muoxkumi (xg—0; xg)U(xg; xo+0). Ao npu nepexoi depes rp HoXijaHa
f!(z) 3minoe 3naK, Toji Ty 6y/1e TOUKOIO eKCTPEMYyMY, SKIIO:
a) moximma f’(x) 3minioe 3nak 3 "+ ma ‘-, Toii xy Oye TOUKOIO MAKCHMYMY;
6) moximma f'(x) 3minioe 3uak 3 " ma “+”, ol xg Hyae TOYKOIO MIHIMYMY.

Ko XK npu nepexoil Yepes KPUTHUHY TOYKY IMOXIIHAa He 3MIHIOE 3HaK, TOl B Il TOHI
(DYHKIIIS HEe Mae eKCTPeMYMY.

.

l__l. Axmo f'(zo) = 0, f’(z0) < 0, TO T € TOUKOIO ‘MaxcumyMmy bynkmil f;
AKWO f "(x0) =0, f"(xg) > 0, TO T) - TOUKA MimiMyMy dyuxi f.

m_ Hexatt f'(zp) = f'(zo) = ... = f‘“"l)(zc) = 0, ame f"(zg) # 0.
ko gucso n - napre, 1o mpa f(™(zy) < 0 B Toum zp — MaKCHMYM, MpA
; (")(.’ro) 20— 'xyxiniuyu. HAxmo x qucno n — Benapse, TO excfpeMyuy B TOYII
Ty HEMAE.

/’ i 3




1. 3uaiTu W@yﬂxﬁ! f(z) = 2%>.

Pose’asysanna. f'(z) = (22 —z%)e™® = 2(2 — z)e~*. Ha npomixxax (—o0; 0)

YN

i (2;4+00) noxinma f'(z) < 0, a sHaunTs, GyHKHIA CHaKAE; HA TPOMIKKY 0;2) —
moximra f'(z) > 0 i dyskuia spocrae.

2. ma#tTy TouKM excTpemyMy dyrkuil f(z) = z(z + 1)%(z — 3)2.

Posze ‘azysanns.
fi(iz) = (z+1)3z—3)2+3z(z+1)*(z - 32+ 2z(z + 1)}z - 3) =
= 3(z+ 1)*(z — 3)(2z* — 3z - 1).

Poap’szaBum pisasuua f'(z) = 0, maemo 71 = —1, 23 = 3_-.\@ gy = _£3+ 17
T4 = 3. Bpaxosyroun 3naxk moxigsoi f'(r) ma inTepsanax (aums. \Ja.monox)

\ MIh / il \—X \rﬂ”\

- +
=3 3-Vi7 3+ 17 3
4 4
OTPUMYEMO, MO B TOYIN T; = —1 eKCTpeMyMy HEMa€, B TOYINl £7 — MIHIMYAL,

B TO'II T3 — MAKCHAMVM, B TOTIII T4 — MIHIMYM.

fo %<>
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IIpukaand. docaiuTn Ha eKCTpeMyM 1 MPOMIKKH MOHOTOHHOCTI (pYHKILIIO
f(z) =22* — 622 — 182 + 10.
Pose azyeanns. Smnaiinemo noxiany f'(x) = 622 — 122 — 18. Tloxiama icnye y Beix Toukax.
[IpupiBHIOIOYN MOXIHY /10 HYJS , OACPZKUMO KPUTHYHI TOYKH
622 — 122 —18=0 =2?—-22—-3=0 = z;=-1, z,=3.

Merosom inTepBasis Bu3maummo 3nak moxizmol f'(—2) = 30 > 0, f(0) = —18 < 0,
f'(4)=30>0
Y pa3i nepexo/ly vepe3 KpUTHUHY TOUKY x = —1 IoxXijHa 3MIiHIOE€ 3HaK 3 '+ Ha '— , TOMY

x = —1 Byze Toukoro makcumyMy, a f(—1) = 20 — makcumyMoM yHKITII.
[Ipu nepexo/i vepe3 KPpUTHUHY TOUKY & = 3 IMOXI/IHA 3MIHIOE 3HAK 3
6y1e Touxoro mimimymy, a f(3) = —44 — mimimymoM yHKII.

f'(x) > 0 ma mmoxuni (—oo; —1) U (3; +oc), Tomy dyHKINsT Ha Iiif MHOMKHHI 3pocTae,
(—oo; —1)U (3; +00) — NpOMIKKH 3pOCTAHHS.

f'(x) < 0 na muoxumni (—1; 3), Tomy dynKiisa Ha wiii Muoxnmi cnajgae, (—1; 3) — npomizKkn

criaTanHs. /' ‘\A /’
R s s
R

Ha “+”, Tomy = = 3
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IIpukaazn 4 TocaianTn na eKCTpeMyM i TPOMIZKKH MOHOTOHHOCTI (hyHKIo f(7) = i —4a3.
Pose azyeanna. 3uaiinemo noxinny f'(x) = 4a® — 1222, Toxiana icnye y Beix Touxax. Ipupis-
HIOIOYHN TIOXITHY 10 HY/IS , OJCPAKIMO KPHTHYHI TOYKH

423 — 1222 =0 :>a:2(.7:—3):0 == =0, 25=3.

Meromom inTepBandiB Bu3Haunmo 3mak noxiamol f'(—1) = —16 < 0, f'(1) = —8 < 0,
f'(4) =64 > 0.

Y BUnNA/IKY nepexoy depe3 KpuTuiany Touky x = () rnmoxijmna mne 3MiHioe 31ak, Tomy & = 0 me
Hyne Toukor exkcrpemymy. Ilpn mepexo/ii 4epes KpUTHYHY TOYKY = = 3 MOXI/[HA 3MIHIOE 3HAK 3
"7 ma "+, Tomy x = 3 6yze Toukoo MiHiMyMy, a f(3) = —27 — minimymoMm yHKIIII.

f'(z) > 0 ma muoxkuni (3; 400), Tomy dyHKItis Ha 1iit MHOXKHUHI 3pocTae, (3; +00) — IPOMIZKOK
spocranng. f'(z) < 0 ma muoxnmi (—oo; 0) | J(0; 3), Tomy dynkuia na wiit Muoxkumni crajae,

(—oo; 0) U (0; 3) — npoMiKKH clia/lanHs.
+

_/O\;/>
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HanbinbLwe Ta HaMMeHLLEe
3Ha4YeHHA YyHKUIl Ha
3aMKHEHOMY MPOMIXKY.
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[T1o6 3naiitn Hatibiavwe ma HalimeHue 3HaveHHsa terepepsrol dbyukiil f(z) na Bij-
pisky [a; b] Tpeba:

) 3maiitn yci kpurwani Toukn Gyl f(x), sxi magexars [a; b;
6) obuncanTH 3HadeHHs (PYHKIN Y MIX KPATHYHIX TOYKaX 1 Ha KIiHIEX Biapizka
3 e .

) cepeji ojlepKaHuX 3HaYeHb BUODMpaeMo HalOLIbIne Ta HaliMeHIe, 1Mo 1 € po3B’a3KoM 3ajadi

IMpukiaaaS3naiitn naiibiibine Ta HaiiMenme 3na4ennd pyHKIT
f(x )—r2+§—13 ma [1; 4].

Pose’azysanna. 3naiigeMo KpUTHYHI TOYUKH

7(a) o

—2:1:——5—0 = 2 —16=0 = 23
T

==1; f)=4 f(4)=

OTxe, naiiblibme 3navenis (PyHKIT ;];opiBmoe 7, a maiimenmie — (—1)

ye H z, % A ’ﬁ“o

=8 = T=2.
Tenep obuncimmo f(2)

mim $E@)=F ()= -

0 6['/1 4]
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[TPOMIXKKM ONMYKNOCTI OYHKLUII.
To4ukm neperuviHy.
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Onykmicts Ta yBirnyTicts rpadika dynkiii. Toukn neperuny.

I'padix mudepeniiioBuol dynkiil Ha3zuBaiOTL ONYKAUM HA Npomidcky (a; b), KO
BI/INIOBI/THA WaCTHHA KPHBOI po3MiIleHa HHUZKYE Bl JIOTHYHOI, HPOBeACHOI B OyAL-AKIiH TOHII
1€l KPHBOI.

I'padix nudepenmiiioBnol GyHKIT HABHBAIOTL YBI2ZHYMUM HA NPOMINHCKY (a; b), aKmio
BIJINOBYIHA YacTHHA KPHUBOI pO3MINIeHa BHINE B/l JOTHUYHOI, ITPOBE/ICHOI B Oy/Ib-sKiil TOYIN el
KPHBOI.

Touky xg (zp € D(f)) nasusaiots mowkot nepe2uny nenepepsrol dyuxmiil f(x), gKmo
g BIJIOKPEM/TIOE IMPOMIZKKHI OIMYKJIOCT] Ta YBITHYTOCT] MET (hyHKITI.

Teopema. fkmo dyukiis f(x) mae nenepepsny apyry noxiany f”(z) na npomixkky (a; b),
TOJII:

a) mpu f"(x) < 0 na (a; b) rpadix dyuknil onykimii Ha (a; b);

6) npu f"(z) > 0 ma (a; b) rpadix dynkuii ysirmytuit na (a; b);

B) axmo f"(x) B Toumi xg (zp € (a; b)) gopiBHioe Hysesi abo He icHye 1 y BHHAJKY HEPEXOLY
qepes II0 TOUKY 3MIHIOE 3HaK, TO ) € TOUYKOIO nepernny rpadika yHKiiii.




.

Hpukaan 8. Bnaiitn mpomizkkn  omykimocri  # ysirmyrocti  rpadika  ymKii

flz) =25 + 1022 — 2.
Poze’asysarna. ObuncauMo Apyry noxiamy (hyHKIT /_\ \/
f'(x) =5z + 20z, f"(x) = 202> +20. T
Posp’szkemo piBHsinms — ' 7
f'(z) =0 = 202°4+20=0 =2°4+1=0= z=—1.

Meroom inTepBaltiB BusHadnMo 3Hak jgpyrol moxignoil f’(—2) = —140 < 0, f”(0) =20 > 0.

Y pasi nepexoay depes ToUKy & = —1 jgpyra moxijHa 3MiHIO€ 3HaK 3 ' Ha "+, TOMY
x = —1 6yzae toukowo neperuny ¢dyukmil, f’(z) > 0 na muoxkuni (—1; 4o00), Tomy rpadik

dbyuxmil ma miit Muoxknmi ysirnyTuii, f”(x) < 0 na muoxkuni (—oo; —1), Tomy rpadik ynxiii
Ha I MHOKHHI OITYyKJIHIi.




7. 3HafiTH OPOMIXKKH ONYKJIOCTI # TOYKH neperdny rpadiky dyakmii
y=2-|z° - 1}.

Pose’asyeanna. 3ammmeno GyHEKOIO ¥ BAMIADL

2~(z*—1), 221, }3-2° =z>1,
2+(z*~-1), z<1. 1+2° z<1.

—5z%, z>1,
Maemo ¢ = £y

508, =z<1.
Y roumi z = 1 uoxinEa He icaye. Ham

/
_J=202%, z>1, 7N\ I 2

' I
y'= 2023, z<1, — D '4\/

3BUKW BUITMBag, mO B Toum z = 0 apyra moximma y” = 0.

Orxe, mocnimkennro mipnsaraoTs Tpa inTepsam (—oo; 0), (0;1) Ta (1; +00).
Ha nepmowmy Ta tpersony inmepsanax y” < 0, a na gpyromy — y” > 0. Taxmu
MHOM, Ha inTepsamax (—oo;0) Ta (1;+00) rpacdik bynxuil omykmait BBEPX,

2 Ha .(0;1) — omyxmutt prms. Touxu A(0;1) Ta B(1;2) e rouxamu mepermmy
rpadixy bymxuiy f. |




ACUMNTOTU CPYHKLII.
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[Tpamy y = kx + b nasuBaloTh NOTUA0M0 acumnmomoro rpadika ynkuil y = f(x) npn
T — +o0o (z = —o0), sxmo f(z) —kz —b — 0 npmz — 400 (z — —00).
3Hadenns cTagnx & 1 b o09HCTIOTD 3a hopMyTaMi

k= lim 1) (k: lim M), b= lIm (f(zx)—kx) (b= lim (f(x)—kx)).

r— +00 r Tr— — T xr— 400 r— —0o0

Y Bunajiky k£ = 0 acuMnOTOTY Ha3MBalOThL 20PU30OHMAADBHON0.

[Ipsamy # = a HazsuBalOTL 6EPMUKAALHON ACUMNIMOMOI0, KO  lim ; f(z) = oo abo
r—a+
lim f(z)= ooc.
r—a—0




22 —2x+6

r—+95
Poaé’asueannsa. Ob6maactb Busnadenns mel dvakml D(f) = (—oo: —5) U (—5: +oo).

IIpukiaag 3uaiitn acuvurorn kpusoi f(z) =

Tpeba gocainTn noBeiHKy (pYHKINI OIpH £ — —95, OTPHUMAEMO lim5 f(x) = oco. Obuncimmo
T——
OHOCTOPOHH] TpanuIl (pYHKINI B TOUII —H

2_92+6 41
f(-5+0)= lim ZT—2F+0_ (—) .
Tz — —5 T+5 +0

r > —5

f(—5—0)= lm L22t6_ (4_1) ~ o

r— —5 T +5 —0
z<—9

OTzke, npaMa r = —5 — BepTHKaJbHa acHMIITOTa 3a/1aH0l (DYHKII, 3ayBayKHMO, M0 TOUKKa —H

€ TOYKOIO PO3PHBY JIPYTOr0 POJLY.

3HaiiIeMO TOXIT ACHMIITOTH
E— lim f(:v): lim rv2—2:1t—|—6: lim :1:2—2:1:—|—6:1’
T—o+00 T T— +00 a;'(:z, + 5) t—+0c 124 B
2 _ 20 +6 v —=AL 36
b= lim (f(x)—kz)= lim [l ' —x]z lim $—+:—7.
T —+00 T—+00 T+ 5 r—+00 T+

[Ipn x — —o0 3HaveHHsd rpaHuilb He 3MIHIOEThes. OTox, npu & — £00 rpadik YyHKIT Mae
MOXWJIY acCHMIOTOTY Yy = & — 7.




3agadi Ha eKCTpeMyM.
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1. nadTyi OPAMOKYTHHK HAUOLIbW0] VIO, nepAMeTp AXoro OOPIBHIOE P.

Pose’asyeanna. Hexait ¢ — onna 3i cropia npamoxyramka. Toxi IpyTra CTo-
POHa NOPIBHIOE % — T i ILUTOMA NPAMOKYTHHAKA S(z) =z - (£ — z).. Buatinemo
M&KCKM&JD:HE sHavenns Qynkuil 5(z). Noximma S'(z) = (£ - z)+2-(-1) =
= % —2z. 3 pisnmnaa S'(z) = 0 oTpaMyeno T = = £ Jlerko Sauurn, mo
S(£-0)>08 ($+0) <0, a, orke, z = £ — Touka makcmmymy. Ta-
Knu YMHOM, npﬂLIOK}'THnK Ha#bLTbIIOY MUTONN mpM 3ama’OMy nepumerpi P

Ma€ po3Mipu 4 : 4 1

_\;M>

)




i 2
2. Yepes Touky M (zg,yo) eninca f,’- + 47 = 1 nposecru poruuny, axa YTBOPIOE
3 OCAMM KOOPAOWHAT TPMKYTHMK, IUIONIA AKOTO HalMerma.

Pose’a3ysannn. BpaxoBy0uM CHMETPHYHICTS eJHIC BiMHOCHO No4aTKy Ko-
opmeuart, 6ymemo pBaxkaTd, mo IykaHa Touxka M (70, o) nexaTs y I uBepri,
r06m0<zo<a,0<yo<b YI'mep'ny—b\/m ne 0 <z <a.
Ocxinvkn ¢y = 77-— TO PIBHAMAA JOTAYHO! B roqm Mz, y5) Mae pETnAN

y- 2V -2} “z"%:‘ﬁ(z—zﬂ)-

3HalineMo TOYKy IlepeTHHy IieY JOTHIHO! 3 OCAMY xoopasudar. IIpu z = 0
MaeEMO

b br? ab

Be e B 29, :
(<o) 2\/a®—z§ To 2 z4\/a®-1z}

3matiaeno Touky MiHIMYMy dymkmii S(zp).

Y +Tl'- a? — 2z}

S'(zo) = z2(a? — z2) = 2 ,,.2(02_,‘.2)3/2

Jlerxo 6aaTH, mo g = 7- Touka MiniMymy dysknil S(zg). Orxe, M ( 02, 7b5

IIyKaHa TOYKa, a PIBHAHHA JOTHYHOY HaCTYIIHE

b b a b
—_—_——— —— — e |} o = —— bv/2.
- = (emgs)s =




[lomalluHe 3aBOAHHSA:

i3 3apnay 3.288- 3.297 — 3pobutK 1 npuknag 3 TUX, WO My He pobunu
i3 3apay 3.298- 3.306 — 3pobutun 1 npuknag
i3 3apay 3.307- 3.322 — 3pobutun 1 npuknag
i3 3apay 3.323- 3.327 — 3pobutun 1 npuknag
i3 3apay 3.328- 3.331 — 3pobutKn 1 npuknag
i3 3apay 3.332- 3.339 — 3pobutK 1 npuknag

i3 3agady 3.370- 3.386 — 3pobuTK 2 npuknagu

Bcboro — 8 3apau.




