LNocnigxeHHa yHKLUII
3a JOMNOMOIo AndepeHLianbHOro
YMCIEHHA.

3ajadi Ha eKCTpemMymMm.

[TlpakTnyHe 3aHATTA 18.
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[ TPOMI>)KKM MOHOTOHHOCTI (PYHKLII.
To4uKkM eKCcTpemymy.
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Axmo uIs JBOX JIOBUILHUX apryMeHTiB zp 1 x2 3 muoxumn X (X C D(f)) takux, mo
x] > T BUKOHYEThCs HepiBHicTh f(x1) > f(x2), To dyHKHio0 f(x) HasuBaioTh 3pOCmMaro4oro
HA MHOMCUHT X.

Ao s 1BOX JOBUILHUX apryMeHTiB xp 1 xy 3 muoxkunu X (X C D(f)) takux, mo
x| > Ty BUKOHYeThCs HepiBHICTL f(x1) < f(x3), To dyukniio f(x) nasupaiorh CnadHo0 Ha
MHOMHCUNHT X

3pocraody abdo crajHy (pyHKINIIO Ha3UBaAIOTL MOHOMOHHOM. Ilpomixkku, na akux ¢yH-
KIlig 3pocTae abo cliajae, Ha3uBalOTh NPOMIHCKAMU MOHOMOHHOCMI 1€l (DYHKIIII.

dxmo f(z) menepepsua ua [a; b], qudepenmiiioana na (a; b) i f'(z) > 0 upu = € (a; b),
Tto f(x) € 3pocraioucio ua (a; b).

dxmo f(x) wenepepsua na [a; b], nudepenmiiioBana na (a; b) i f'(z) < 0 nupu xz € (a; b),
To f(x) € cnagmoio na (a; b).

dxmmo noxigna f(z) mopisuioe mysiesi na (a; b), Tromi f(z) e cranoio Besmyunoo na [a; b.
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Touky zg (g € D(f)) nHasuBaiotb moukor maxcumymy uerepepsnol bynkuil f(z), a
sHavdeHus f(xg) — MaKCumymom 1iel pyHKIIl, IKIIo icHye JIedKuil OKLT TOYKH Zg, IO JIJIs
BCiX (& # x() 3 IHOro NPOMIKKY BHKOHYEThCs HepiBHICTL f(xzg) > f(z).

Touky zy (g € D(f)) nHasuBaioTh MOYKOW MIHYMYMY HeriepepBHol dyHKIl f(z), a
sHadeHns f(xg) — MIHIMYMOM Ti€l DYHKINI, IKINO ICHYE JIeIKHii OKIT TOYKHU T, MO0 /LI BCIX
x (x # xp) 3 ULOro NPOMIKKY BHKOHYETLCS HepiBHICTL f(zg) < f(z).

Toukn MakcUMyMy Ta MIiHIMYMY Ha3UBalOThL MOYKAMU €KCTMPEMYMY, a MAKCUMYM 1 Mi-
HIMYM (PYHKIIT — eKcmpemymam. Gynruii.

)

Heob6ximna ymMoBa icHyBaHHs eKeTpeMyMy (Hacaimok 3 Teopesu @epma).
Axmo dbynkmia f(x) menepepsua na (a; b) 1 mocarae B jeskiit Touni xg (g € (a; b))
ekcrpemyMy, Toai  f'(zg) =0 abo f'(xg) me icuye.

Touky xo (zo € D(f)), B axiit abo f'(xg) = 0, abo f'(zo) He icuye, HA3UBAIOTHL KPUMUYHOMO
MOYK0M0 1€l (DYHKITIT.




JloctaTna ymoBa icHYBaHHS €KCTPEMYMY.
1. Hexaii x¢ € kputuuanoio Toukoo dyukiil f(z) it icuye meske mogarne d, mo dyukmia f(z)
nudepentiiiiopana na MHOXKUHI (g —0; xo)U(xo; xo+0). LKIio npu nepexoi uepes xy moxina
f!(z) 3mimioe 3naK, TO/1i x( Oy/e TOUKOIO €KCTPEMYMY, SIKIIIO:
a) noxijma f’'(x) 3minioe 3nak 3 "+ na “-’, Tomi xy Gye TOYKOIO MAKCHMYMY;
6) moximmna f'(x) 3minioe 3uak 3 "' na “+”, Toxi xp Gy/ic TOUKOIO MiHIMyMY.

Ko 2K IIpu nepexojii yepe3 KPUTHYHY TOUKY IMOXIIHa He 3MIHIOE 3HAK, TOJ1 B Il TOYII
DYHKIIISA He Mae eKCTPEeMYMY.

f__l. Axmo f'(z¢) = 0, f’(zg) < 0, TO T € TOUKOIO ‘MaxcumyMy bynkmif f;
AKWO f "(x0) =0, f"(x0) > 0, T0 TH -~ TOYKa MimiMyMmy Pyuxi f.

Il Hexatt f'(zp) = f"(zo) = ... = f®(zgs) = 0, ame f(zp) # 0.
Hxuo 4ucio n - napre, To npn f(“) (zp) < 0 B TOUm Tp — MAKCHEMYM, ITPH

fn (zo) > 0 — MiniMym. HKmo X 9mCIO N — HenapHe, TO eKCTPeMYMY B TOYI]
Ty HEMAE.




1. 3ualiTu W@yﬂmﬁi f(z) = 2% =.

Pose’sayeanns. f'(z) = (2z — z%)e™* = z(2 — z)e~*. Ha npomixkax (—00;0)

YN

i (2;+00) noxinma f'(z) < 0, a sHauuTs, GyHKHIA CHasaE; BA TPOMIKKY 0;2) —
moximia f'(z) > 0 i dynkuia spocrae.

2. maiTy TO9KM excTpemyMy dymkuil f(z) = z(z + 1)%(z — 3)2.

Posze ’azysanns.

fiiz) = (z+1)3(z -3 +3z(z+1)*(z - 3)*+ 2z(z + 1)}(z - 3) =
= 3(x + 1)*(z — 3)(2z* — 3z — 1).

Posp’asasum pisaauna f'(z) = 0, maemo 71 = ~1, 23 = 3_“:\‘@, T3 = «L‘fﬁ,
T4 = 3. Bpaxosyroun 3nax moxizaol f'(r) Ha inTepBanax (AWMB. MAJTIOHOK),

™ m}h/ AN wmin
- ! +._.>

- 3 - Vi7 3 +17 3
4 4
OTPUMYEMO, MO B TOYII 7 = —1 EKCTPEMyMy HEMa€, B TOYII 7 — MIHIMYAM,

B TO'II T3 — MAKCHMVM, B TOTIWI T4 — MIHIMYyM.

fo %<>




IIpukmand. docaiymTn Ha eKCTpeMyM 1 TIPOMDKKH MOHOTOHHOCTI (pYHKITIIO
f(x) =223 — 622 — 18z + 10.
Pose’asysanna. 3muaiigemo noxiany f'(z) = 6x? — 12z — 18. Tloxiama ichnye y Beix Toukax.
[TpupiBHIOIOYH TOXIIHY 0 HYJS , OAEPKUMO KPUTHYIHI TOYKHU
622 — 122 —18=0 =22-2x—-3=0 = z;=-1, zy=3.

Meromom inTepBasiB BusHaumMmo 3Hak moxiamol f'(—2) = 30 > 0, f(0) = —18 < 0,
f'(4)=30>0

Y pa3si nepexojiy Hepe3 KPUTUUHY TOUYKY x = —1 moxXijiHa 3MiHIOE 3HaK 3 '+ Ha '—', TOMY
x = —1 6yze Toukoo makcumymy, a f(—1) = 20 — makcumymom GyHKITIL

tEIRE

[Tpu nepexosi vepe3 KPpUTHUIHY TOUKY & = 3 IOXi/Ha 3MIHIOE 3HAK 3 Ha “+”, ToMy =z = 3
Oy/ie Toukoro MminimyMmy, a f(3) = —44 — minimymoMm yHKII.

f'(x) > 0 ma mmoxkuni (—oo; —1) U (3; +oo), Tomy byHKIs Ha Iiif MHOXKHHI 3pocTae,
(—o0; —1) U (3; +00) — MpOMIKKH 3POCTAHHSI.

f'(z) < 0 na muoxkuni (—1; 3), Tomy dyukmia na it Mmuoxkumi crnajgae, (—1; 3) — mpoMmikku

cIia TaHHsl. /' ‘\A

SN
=%

ﬂ\
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IMpukmaan & locaiiurn Ha eKeTpeMyM 1 IPOMizKKH MOHOTOHHOCTI (byHKIIIO f(z) = gt —4z3.
Pose asysannsa. 3uaiinemo noximny f'(x) = 423 — 1222, Toxiana ichye y Bcix Toukax. Ilpupis-
HIOIOYUH MTOXIIHY 10 HYJIS , OJEPKUMO KPHTHUYHI TOUYKU

422 - 1222 =0 =2%(x—-3)=0 = 2x,=0, 25=3.

Meromom inTepBadiB Bu3HaumMo 3mak noxiamoi f'(—1) = —16 < 0, f'(1) = -8 < 0,
f'(4) =64 > 0.

Y Buna Ky nepexojly uepe3 KpuTudny Touky x = () nmoxigma He 3MiHioe 30aKk, Tomy © = 0 He
Oy/1e Toukoio ekcTpemyMy. [Ipu rmepexosi yepe3 KpUTHUUHY TOUKY & = 3 IOXI/IHA 3MIHIOE 3HAK 3
"7 ma "+, Tomy x = 3 Oy/e Touko MiHiMyMYy, a f(3) = —27 — minimyMoMm yHKITII.

f'(z) > 0 na muoxwuni (3; +00), ToMy QyHKIIISA Ha il MHOXKUHI 3pocTa€, (3; +00) — IPOMizKOK
spocranng. f'(z) < 0 ma muoxuni (—oo; 0) | J(0; 3), Tomy dynkiis na wiit Muoxumi crajae,

(—oo; 0) U (0; 3) — npoMizKKHK cIia/1anmsl.
N 2

;/\_-_/,>
O

3




ﬂl!.lﬂ!ﬂ!ﬁﬂ
B NEJBEREEEE




T
d _
=
el
\L\\l/ o
®in Mwﬁéi_
NiELe
o wﬁ .
R S
Bl
e
YV
o N
J ¢
A L)
%

>




{

wlalauxuwlu&ma&
BRI EE
wllnﬂa Ll




HanbinbLwe Ta HaMMeHLLEe
3Ha4YeHHA YyHKUIl Ha
3aMKHEHOMY MPOMIXKY.
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[1[o6 3naiitn Haltbiabwe ma HatUMeHUWE 3HAYEeHHA HetlepepBHOl GyuKil f(x) na Bij-
pizKy [a; b] Tpeba:

a) 3Haiitu yci Kpuruani Touku dyskiil f(z), gki nagexkars [a; b

;O3
6) obuuc/auTH 3HadeHHs (DYHKIN y [IX KPUTHYHUX TOYKaX 1 Ha KIHIHAX BiIpizKa

) cepel oJepzKanux 3Ha'uCIb BI/I6I/Ipa€1\"IO HallOLIbIIIe Ta HaliMeHIIe IO 1 € PO3B A3KOM 3a/ia'l

IMpuxkian53naiitn Haiiblabine Ta HaiiMene 3Ha4eHHsd QyHKIII
16
flx) =2+ —=—13 na [1; 4].

1)

Pose’azysarnsa. 3naiineMo KpUTUYHI TOUKH

U

Vo

NT ™~

7() 1

_2:1;——5_0 = 20°—16=0 = 2°=8 = z=2.
T

=-1;, f)=4 fA4)=7

OTke, HalibLIIbINIE 3HAYCHHS (DYHKITT JIOpiBHIOG 7, a maiimenre — (—1)

Y€ H z, % A ’ﬁ“o

Tenep o6uncimmo f(2)

mim $E)=F ()= -

. 6['/1 4]
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[TPOMIXKKM ONMYKNOCTI OYHKLUII.
To4ukm neperuviHy.
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OnykiiceTh Ta yBIrHyTicThb rpadika pyukiil. Toukn meperuny.

I'padik mucepemniiioBuol GyHKIT HA3UBAIOTL ONYKAUM HA NPOmIdHcKy (a; b), aKimo
BIJINIOBI/IHA YacTHHa KPUBOI po3MilleHa HUKYE BiJ JIOTHUYHOL, MPOBEACHOI B OV/Ib-SKii TOYII
1i€1 KPUBOI.

I'padix audepeniiioBuol GpyHKINT HA3UBAIOTH YBIL2HYMUM HA NPOMIHCKY (a; b), aKIIo
BIJINOBIHA YacTUHA KPUBOI pO3MIMIeHa BHUIINE BiJI JOTHUYHOI, ITPOBE/ICHOI B OY/Ib-sKiil TOYIN €l
KPHUBOI.

Touky xg (xg € D(f)) nasusaiot mowkor nepe2uny nerepepsiol dyukiii f(z), aKio
(o BIJIOKPEMJITIOE TTPOMIZKKH OIYKJIOCT] Ta YBITHYTOCTI i€l (DYHKITII.

Teopema. dAxmo dyukiia f(x) mae nerepepsuy apyry noxiany f”(z) ma npomixky (a; b),
TOJI1:

a) mpu f"(x) < 0 na (a; b) rpadik byukuil omykimii Ha (a; b);

6) mpu f”(z) > 0 na (a; b) rpadik dbyukuil ysirayruii na (a; b);

B) axmo f"(x) B Toumi xg (zo € (a; b)) mopiBHioe HyseBi abo He icHye 1 y BUHAJKY HEPEXOLY
qepes IMI0 TOYKY 3MIHIOE 3HaK, TO Zp € TOYKOIO neperuny rpadika (pyHKIIII.




.

Ipukaag 8. Bmaiitn  npomikkn  omykimocri  # ysirmyrocri  rpadika  yHKIi

f(z) =25 + 1022 — 2.
Pose’azysannsa. OduucanMo Apyry noxXyiny (pyHKIN1 /_\ \/
f'(x) =52 + 20z, f"(z)=20z>+ 20. T
Posp’szkeMo piBHSAHHSA — ' 7
f'(£) =0 = 202°+20=0 =>2°4+1=0= z=—1.

Merosiom inTepBasiB BusHaunMo 3HaK jpyroi noxignol f(—2) = —140 < 0, f”(0) =20 > 0.

Y pasi mepexojly depe3 TOUKy x = —1 japyra moxijmHa 3MiHIOe 3HaK 3 —' Ha '+, TOMYy
r = —1 6yne toukoio nepernny dyuxmii, f’(z) > 0 ma muoxuni (—1; 4o00), Tomy rpadik

dyukmil na miit Muoxkumni yeiraytuit, f”(x) < 0 na muoxuni (—oo; —1), Tomy rpadik GyHnxIii
Ha I1iif MHOYKUHI OITyKJIHIi.




7. 3HafiTH OPOMIXKKH OMyKJIOCTI # TOYKH neperdny rpadiky Gyakmii
y=2-|z° - 1}.

Pose’asyearra. 3ammmeno GyHEKOIO ¥ BANIADL

2—(z*-1), 21, J3-2° z>1,
24+(z°—-1), z<1. 1+2° z<1.

— 5t 1
Maemo y' = vk e

5zt a<lL
Y Tounmi z = 1 uoxinaa He icaye. Jami

/
_ ) -202%, 2> 1, 7N (AR C

, I
y'= 20z, z<1, —— D '4\/

3BLOKWM BUILTMBAE, mo B Toumi z = 0 apyra moximsa y” = 0.

Oraxe, nocmimkernio manaraoTs TpR iHTEpPBATE (—00;0), (0; 1) Ta (1; +00).
Ha nepmomy Ta TperhoMy inrepsanax y” < 0, a a apyromy — " > 0. Taxam
MEOM, Ha inTepsamax (—oo0;0) Ta (1;+00) rpacdik bysxuil omykmait BBEPX,

a Ha .(0;1) — omyksn#t prms. Touxu A(0;1) Ta B(1;2) € Toukamu nepermny
rPadixy bymxuir f. |




ACUMNTOTU CPYHKLII.
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[Ipamy y = kx + b Ha3UBAIOTL NOTUA0M0 acumnmomoro rpadika oynkmnii y = f(x) upn
r— +oo (x = —o0), sxmpo  f(r)—kr —b — 0nopu 2 — +oo (— —00).
Suavenusd cragux ki b odUUCIIOTDL 3a hopMyIaMu

k= lim @) (k: lim M), b= lim (f(zx)—kz) (b= lim (f(z)-— kz)).

xr —+00 = 53 r—r—00 €T T — +00 r—r —00

Y Bunaaky k = 0 acuMIToTy Ha3MBalOThL 20PU30OHMAABHON0.

[Ipamy & = a Ha3UBAIOTL 8EPMUKAABHOIO ACUMNMOMOI0, AKIO lim ; f(z) = oo abo
rT—a+
lim 7 =100,
z—a—0 f( )




2 —2x +6

T+ 95
Pose’asyeannsa. Ob6macTh BusHadenns mel dvukmi D(f) = (—oo: —5) U (—5: +o0).

IMpuknazad Buaiitn acuvnroru Kpusol f(z) =

Tpeba gociaiiuTu noBeiHKY (PYHKINT IpU & — —9D, OTPUMAEMO lim5 f(z) = oco. O6uncanMo
T——

OJ/THOCTOPOHHI I'paHuIll (PYHKINI B TOUIL —5

29 6 41
f5+0)= lim  Z2EH0_ (—) -
T — =5 T +9 +0

b

f(=5—=0)= lim x2—2w+6:(£):—oo.

r— =5 T +5 —0
T —9
OTxe, npgaMa r = —9 — BepTHKaJbHa aCUMIITOTa 3a/1aH0l (DYHKIII, 3ayBazKIUMO, 10 TOUYKKa —9
€ TOYKOIO PO3PUBY JIPYTOr0 POJLY.
3Haii1eMo ITOXWII aCUMIITOTH g -
=2 6 —2z+ 6
e T 28 ey T840 p EETE 4
To+0 T z—+o0 (x4 5) z—+oo 124 Sx
2_2x+6 —Tx 46
b= lim (f(x)—ka)= lim ["” i —x] — hm Z2F0_ g
T —+00 T—+00 r+5 z—+00 T+ H

[Ipu x — —o0 3HaveHHs rpaHullb He 3MIHIOETLC. OToxK, 1pu @ — +oo rpadik pyHKIT Mae
MOXUJIy aCUMIITOTY Y = & — T.




3agadi Ha eKCTpeMyM.
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1. Hadity OpAMOKYTHHK HaKOLN6wOT mouT, HepUMEeTp AXOI0 HOPIBHIOE P,

Pose’asyeanna. Hexait ¢ — onna 3i cropin npamoxyramka. Toxi ApyTra CTo-
POHa NOpiBHIOE § — Z i WIoma NpAMOKyTHEKA S(z) = 7 - (£ — z).. Brattnemo
ua.xcnma.m,ne sravenda Qynkuil S{z). Moximma S'(z) = (5 -2z)+z-(-1) =
= £ —2z. 3 pisnmaa S'(z) = 0 oTpaMyeno T = = £ Jlerko 6auurs, mo
S’( —-0) >0, 8(5+0) <0, a, orxe, z = £ — touka makcumymy. Ta-
KMM YHAHOM, npauoxy'mnx Ha#bLrbmol mromi mpu samamEoMy nepumerpi P

Ma€ po3mMipu 4 : 4 7

_\;M>

)




2. Yepes Touky M (zg,yo) eninca f—, + ’5— = 1 nposecru poruany, axa yrsopioe
3 OCAMM KOOPAWHAT TPMKYTHUK, IJIOWA AKOFO HANMEHIIA,

Posé’a3yeanns. BpaxoBylouM CHMETPHYHICTB eJiICa BimHOCHO NOYaTKy KO-
opmEuart, 6ymemo pBaxkaTm, mo IykaHa Touxka M (7o, %0) 1exmTH ¥ I uBepTI,
r06m0<zo<a,0<yo<b Ylmmxy—bm me 0 <z <a.
Ockinbkn y = 8. T’_ TO PiIBHAHHA JOTAYHOI B rotnn M(zy, y5) Mae pETnAN

b/ = _ﬁ(z - zp).

3uatineno TOYKY IIEPEeTUHY IieY JOTHYHO! 3 OCAMM koopogdar. [Ipu z = 0
Ma€eMO

b bzd ab
= —1/a2 — 22 . - ,
™ S Ao - o Al

anpny:OMpmyeuoz:“zT'ﬁi—zo: :—:

Orxe, mI0IIA yTBOPEHOro TPUKYTHAKA

S(a:)-—l ab .az__a"b. 1
LA 5 - oy il e e

3Hafmemo TOIKy MiHiMyMy dymknii S(zp).

Sy I +7&_ a? — 2z}

z2(a? — z2) - 2 " 22(a? — 2T

S'(z0) =

Jlerxo 6a<aTH, mo g = 7- Toyka MiniMymy dyskoif S(zg). Orxe, M ( az’ 755 )
IIyKaHa TOYKa, a PIBHAHHA JOTHYHOY HACTYIIHE

b b a b
wate 2l B0, = ~—=z + V2.
Ve a(’ ﬂ) S e




[lomalluHe 3aBOAHHSA:

i3 3apnay 3.288- 3.297 — 3pobutK 1 npuknag 3 TUX, WO My He pobunu
i3 3apay 3.298- 3.306 — 3pobutKn 1 npuknag
i3 3apay 3.307- 3.322 — 3pobutun 1 npuknag
i3 3apay 3.323- 3.327 — 3pobutun 1 npuknag
i3 3apay 3.328- 3.331 — 3pobutKn 1 npuknag
i3 3apay 3.332- 3.339 — 3pobutK 1 npuknag

i3 3agady 3.370- 3.386 — 3pobuTK 2 npuknagu

Bcboro — 8 3apau.




