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MeTpudvHi mpocTOopH

12.1 Hexaii (X, d) - merpuunnii npocrtip. loBectu, mo
1) |d(z, z) = d(y, z)| < d(z,y);
2) |d(z,z) —d(y,t)| < d(z,y) + d(z,t) (zepiBHICTH YOTUPUKYTHUKA)

1) 3a akcioMor0 TPUKYTHHKA
d(z,z) < d(z,y) + d(y, 2),

3BIIKH
d(z,z) —d(z,y) <d(z,y), (%)

Jie X,, 2 - JOBLIbHI €JIeMeHTH MHOXKUHU X .
ToMy aHaJI0TIYHO, 3aMIHUBIIN T HA Y 1 ¥ Ha T, OJIEPXKUMO

d(yv Z) - d(Z,ZL‘) S d(y,[E)

abo
—(d(z,2) = d(z,y)) < d(z,y).  (+¥)
I3 HepiBHOCTE# (%) 1 (*%) BHILIHBAE, 110
jd(x, 2) — d(y, 2)| < d(z,y).

2) Dmoctpaliist - HOSICHEHHST HA3BH TIi€1 BJIACTHBOCTI:

d(zt)

Hopenenns:

|d(z, 2) = d(y, )| = |d(z, 2) = d(z,t) + d(z,t) = d(y,1)] <

< |d(z, 2) — d(z, )| + |d(x, 1) — d(y, )| <d(z,1) +d(z,y)

3a JIOBeJEHUM y TYHKTI 1).



12.3. 3’acyBatu, uu € MyHKIIig d Biaaasaiio Ha MHOXKIHI X, AKIIO

X=R, dxy) =+]r—yl

Jlerko moBecTu, 110 Iie cupapii Biggasb. [loTpibHO mepeBipuTH BHKOHA-
HHs akcioMm Bimmami mia dyHKINl d. AKciomMu BiZALIBHOCTI i cuMeTpil TyT
odeBuAHI. [logcHIMO, TI0 aKcioMa TPUKYTHUKA TaKOK BUKOHYETHCS:

d(z,y) <d(z,z)+d(y, 2) =

& Vr—y<V]p—2+Vly—2 &

& lr—yl<lv—2l+ly—zl+2V]z -2 Jy -2l

OpepkaHa B pe3ysIbTaTi eKBIBAJIEGHTHHX MEPETBOPEHDb HEPIBHICTH, OYEBUIHO,
npaBuiabHa, ToMy 1o |z — y| < |z — z| + |y — 2|, a JomATKOBHIi TOAAHOK
IPAaBOPYY MOKe TLIHKHU 30LIBIIUTH IIPABY YaCTUHY HEPIBHOCTI.

12.4. X =R, d(x,y) = |z —y|.

g dyukiidg d He € Bijamwio, 60 He BUKOHYETHCS HEPIBHICTb TPUKY THHUKA.
as moBeneHHsT pO3LJIAIHEMO MEeBHI OificHI YucIa;

st mux ejieMeHTIiB MHOXKUHE R MaeMo

dz,y) = (0—-1?=1£d(z,2) +d(y,2) = (%)QJF (%)2:}&: %



12.9. Hexait X - moBiibHa MHOXKHHA i

L, x#y,

Vee X, WwyelX d(x,y):{
0, z=uy.

Hosectu, o (X, d) € merpuaauM npocropom. Bin HazuBaeTscst mpo-
CTOPOM i30/IbOBAHUX TOYOK.

Posriisinemo Bci MOXK/IUBI BapianT JIjis TPHOX JAOBIIBHUX €JIeMEHTIB MHO-
KuHn X

1) Hexait ¢ # y, y # z, * # z. Toai uepiBuicTb TpukyTHUKA d(T,y) <
d(z,z) + d(y, z) Burasaae rak: 1 < 14 1, mo, 09e€BUIHO, TPABUIHHO.

2) Hexait ©* # y, y = z, © # z. Toni HepiBuicTh TpukyTHUKA d(T,Yy) <
d(z,z) + d(y, z) Burasgae rak: 1 < 14 0, 1m0, 09€BUIHO, TPABUIHHO.

3) Hexait © # y, y # 2z, v = z. Toni HepiBuicTh TpukyTHUKA d(T,Yy) <
d(z,z) + d(y, z) Burasgae rak: 1 < 0+ 1, mo, 09e€BUIHO, TPABUIHHO.

4) Hexait x = y, y # 2, © # z. Tozi nmepiBHicTh TpukyTHHKA d(x,y) <
d(z,z) + d(y, z) Burasgae rak: 0 < 1+ 1, 1m0, 09e€BUIHO, TPABUIHHO.

5) Hexait © = y = 2. Toai 0 < 0 + 0 - npaBuIbHO.



12.11. Hdosectn, mio B KOXKHOMY 3 mpocrtopis RY’, R7', RT

301>KHICTD (bysmamenTanbHICTD) MMOCJIi TOBHOCTI
1 . . .
()22, me x, = (:Egl),..,x%m)), piBHOCUIBbHA 36ixkHOCTI (byHIa-
. . . . 1
MEHTAJBHOCTI) KOXXHOI 3 IOCJiZoBHOCTEMH (:1:7(I )), e (azq(lm)),

30KpeMa, KOXKHUI 3 IUX IPOCTOPIiB € HOBHUM.

- . . 1 m
Hosenenns aas RY'. Hexaii mocaigoBricts (2,)00, = (xg),...,x% ))
36iraeTbed 1o enementa x = (z!, ..., 2™) B R Ile o3navae, 1mo

m

di(zp,z) = Z 2% — 2®| 50 mpu n — oo.
k=1

AKimo cyma MojyJiiB 36iraeTbes 10 HYJsd, TO 3pO3yMLIO, IO J/Id KOXKHOTrO K

(Bim 1 mo m) Takox \xﬁlk) —2®| — 0. A e o3Hauae, WO a9 KOXKHOrO k

MOCJIIOBHICTD (xﬁf)) s6iraerbes g0 o).

OueBuaHO, IO IpABUIbHE 1 0O€pHEHE TBEPIKEeHHs, 00 SIKIITO BCl T0JAHKA
cymu 30iralorbcsd JI0 HyJIsI, TO TaK €aMO HOBOJHUTH cede i CKiHYeHHA CyMa
HeCKiH"IeHHO MaJIUX BEJIUYUH.

Tak caMo IPOBOIUTBHCA JIOBEICHHS 1IPO (DYHIAMEHTAJIbHICTD.

Tenep mosegemo mosmory mpoctopy (RT). Hexaii mocrimoBricTh

()22, = (%(11)7 . ,x%m)) dbyunaventanpaa B R, Ile o3navae, mo

dl(xpqu> — 0 mpum p,q — oo,

TOOTO ”
Z |x§)k) — xék)| — 0.
k=1

3Biacu BUILIUBAE, 10

|x§,k) - xé’“)] —0

1 noBiabHOrO (ikcoBanoro k. Ile o3Havae, MO MOCAIIOBHICT (:U(k))Oo €
AJTd . , 1T a P Jp=1
dynramentaasroo B (R, d), ae d - 3Buuaitna Bigmaas na R. 3a kpurepiem

Komi 3 Kypcy MaTeMaTHYHOTO aHAJII3Y ITOCJL/IOBHICTD (x,(l )) 306ikHa, TOOTO

2P = z® e R (m1s kozknoro dikcosanoro k). Tomi z, = (xg), . ,xﬁlm)) —
v = (W, ... () tomy mo dy(z,,7) = > |x$1k) —2®] -0 wpm n —
k=1

00. Orke, 3 byHIAMEHTATBHOCTI HOCHIOBHOCTI (Z,,) BUMLIUBAE 11 301KHICTH.
Tomy npocrip noBHMUII.



12.17. JoBectu, mo d € merpukow Ha R i gocaignTn meTpudHmii
npocrip (R, d) Ha moBHOTY:

d(z,y) = |arctg x — arctgy|.

adgy ' — — —— — = ! v=arctg u

arctgx |— {

OdeBuIHO, IO AKCIOMU METPHUKHU i d BUKOHYIOTbCd. BimiinbHicTs Bu-
IJINBAE 3 MOHOTOHHOCTI (pYHKIIIT v = arctg u; cuMeTpisd BUKOHYEThCs, OO 3Ha-
YeHHS BUpa3y s d(x,y) He 3SMIHUTBCS TIPU 3aMiHi - Ha Y 1 Y HA T; aKcioma
TPUKYTHUKA BHILJINBAE 3 BJAACTUBOCTEH abCOJIFOTHOI BEJIMYHHU.

Jocaiaumo mpocTip Ha moBHOTY. JIerko HaBecTH MpUKJIaL Oy HIAMEHTAIb-
HOI HIOCJTIIOBHOCTI B IIbOMY METPUYHOMY IIPOCTOPI, SKa He 30iraerbhed. Hexaii
Tp=n,n=123.... Tom

n—(n+p)
d(z,, x, = |arctgn — arctg (n + = |arctg —————| =
—D p
ang1+n2+np angn2+np+1

P 1 1
<arctg— =arctg— < — <e¢
np n o n
HIPU JOCTATHBO BEJTUKHUX 1. TOMY MOCTIIOBHICTD T,, = N € (pyHIaMEHTAIbHOIO.
Bona e € 3012KHOI0 710 »KOJIHOrO (biKCOBAHOrO ejleMeHTa MHOXKHUHA R.
Bignosiiab: 3ajlannii MeTpUYHUN TPOCTIP HE € MOBHMUII.



12.22. OxapakTepu3yBarn Bci 36ixkHi (dyHmamenTaabHi) moci-
JOBHOCTI B IPOCTOPi i30JIbOBAHUX TOYOK i JOBECTH, IIIO IIeii mpocTip
€ TOBHUM.

Jlerko 3po3ymitu, mo 36i:KkKHUME (DYHIAMEHTATBHUME) B IIbOMY MeTDH-
YHOMY MPOCTOPI € TLIBbKH cTamnioHapHi (MOYMHAIOYM 3 JIEeSKOro HOMEpa)
nocJiiioHocTi. Jlocrarnbo B3sTH Oy Ab-siKe 9ucjo € < 1y BiJIIOBIIHUX O3HA-
YeHHSX. A SKIO MOCJIJOBHICTL MA€ BULJISA,

L1, L2y ooy Ty Ly Ly Ty e e vy

TO 114 TOCJIIOBHICTD 30Ira€ThCd 0 eJIeMEeHTa X.

12.23. docaiauT HA TOBHOTY METPUYHUNA MPOCTIP

X=C0:1], VeyeC0:1] day) = / (t) — y(b)| dt.

[eit npocTip HEMOBHUIL, TOMY IO B HHOMY iCHY€E (DyHIAMEHTAIbHA MOCTi-
JIOBHICTh, sKa He € 36iKH0I0 (B HROMY!). Crpasi, pO3rIgHEMO Taky MoCi-
JIOBHICTD HelepepBHUX (DYHKIIIil:

y

=1 L <t<1,
Ty =
L l—nt, 0<t<2
X(t)
n=1,23,...




OminuMo

i .
d(xp, Tpyp) = [1—nt—(1—(n+p)t)]dt+/[1—nt]dt:
0 1
n+p
1
2 |n+e 2 |» P 1 1 1 n
=p—| +(t-n=)| = L _
p20 ( 2>nip 2n+p)2 n 2n n+p 2(n+p)?
1 1 -
=— - — <c
2n  2(n+p) 2n
Ane
0 0<t<1
lim z,(t) =< — 7 =yt) € Clo;1].
T 1 {17 - 1) ¢ D01

Hama dbynjamenraabia MOC/TII0BHICTD 301ra€ThCst OTOYKOBO JI0 PO3PUB-
Hol dyukiii. /losesemo, mo mocaigoBricTh bGYHKIH (2,,) He MoKe 30iraTucs
JIO YKOJHOI HerepepBHOT (DYHKITIT.

Hexaii
(1) = 0, 0<t<1,
YW= i=o,

a x(t) - nosinbaa dyukiis 3 upocropy C|0;1]. Toai

0< /\( oyt |dt</|x ot |dt+/|xn ()| dt.

1

OckijibKu f |2, (t) — y(t)| dt = 5= — 0 upu n — 00, TO NOCJIIIOBHICTH UnCe
f |z(t) — z,(t)| dt = d(x,,x) HE MOXKe 36iraTHCS 10 HYJsT TPH N — OO JJIs
}KO,ZLHOI dbyuknii x € C[0;1], 60 y npoTuae:kHOMY BHIAIKY Ofep:Kaau 6, Mo
f |z(t) —y(t)|dt = 0, 3Bigku x(t) = y(t), mo HemoxkanBO, 60 Y(t) - po3puBHA

(byHKLuH a m(t) HElepepBHA.



[Ipo BupaBu 3 JIEKIIii.
1. ITpukaazn 3 npo npoctip fo. HomosHentns. Y npukaam 1 ekl Bxe 10-
BEJIEHO, IO JIJIST KOKHOTO (PIKCOBAHOT'O HATYPAJIBHOIO YNCJIA 1 BUKOHYETHCS

HePiBHICTh
Z(Zk —ap)* < Z(yk — )’ + Z(Zk — Yr)*. (%)
k=1 k=1 k=1

Y TOsACHEHHAX NPUKJIAIAY 3 BKe BCTAHOBJIEHO, IO HECKIHIeHHUH P

[e.e] oo o0
S (yr — wx)? 36iraeTbes, AKIO 36iraloTHCH PAA Y Th 1 Y. Y.
k=1 k=1 k=1
Tomy i3 HepiBHOCTI (%) BHILIUBAE, 110
n oo oo
Z(Zk —zp)? < Z(yk —xp)* + Z(Zk — Yk)* (%)
k=1 k=1 k=1

A renep mepeiiieMo 70 TpaHUI y JIiBii YacTUHI HEPIBHOCTI (%) mpu n —
oo. Toxai 3po3ymisio, MO BUKOHYETHCS TaKa HEPIBHICTH:

Z(Zk —z)? < Z(yk —xg)? + Z(zk — Yr)?
k=1 k=1 k=1

A us HepiBHiCTH O3HAYAE, 10 Jyist 33aH0T (PYHKLIT p(x,y) BUKOHYETHCS
HEPIBHICTH TPUKYTHUKA.

2. JloBesieMo, 110 Oy/ib-sgKa 30i2KHa MOCIIOBHICTD ¥ METPUYIHOMY IIPOCTO-

pi € hyHIaMEHTATIBHOIO.

Cupasai, Hexait lim x,, = a. Toxi 3riano 3 akcioM0I0 TPUKYTHHUKA i O3HA-
n—roo

YeHHIM 3013KHOCTI TOCiTOBHOCTI
p('Tn/a xn”) S p(xn’a a) + ,O(CZ, $n//) <ete=2e.

A e it o3HaYaE, MO MOCTiTOBHICTD (PyHIAMEHTATLHA.



TormoJIoriyHi MOHATTA

13.1. Hexait X = R i Vz,y € R d(z,y) = |z — y|. ¥ npocro-
pi (X,d) 3Haiitn 3amukanHga A Ta BHyTpimHicTs Int A MHOXUHK

A=[0;1)U {2}

A=[0;1) L {Z

]
0 1

ro*

A =1[0;1] U {2}, Int A= (0;1),

2 - 130JIbOBaHA, TOYKA;

BCi Toukm x Bigpiska [0; 1] - rpaHuyHi, TOMY IO iCHYIOTH TTOCJITOBHOCTI
(r,) C A, 36ixkHi 10 =, upudomy 1 € A; 3aMUKaHHS MHOXKHHU yTBOPIOETHCS
HNPUEAHAHHAM JI0 MHOZKHHHU BCIX 11 TPAHUYHUX TOYOK;

BCi TouknM BigkpuToro iHreppasy (0;1) - BHYTpIiNTHi, TOMY IO MiCTATHCS
B MHOXKHHI A pa3oMm i3 AedKHM CBOIM OKOJIOM. BHYTPIIIHICTh MHOXKUHH - IIe
CYKYITHICTH BCIX BHYTPINTHIX TOYOK.

13.2. A=Q.

Q =R, IntQ =ga.

[lepmra piBHICTH BHUILIMBAE 3 TOIO, IO I OYIb-AKOTO JIHCHOTO YHCJIA
icnye 30izKHa J10 HHOI'O MOCJI/IOBHICTH pallioHaJIbHUX YUCEJ, & JIPyTa - 3 TOIO,
o Oyab-gkuil Biakputnii inrepsasn («; ) micTuTh ippanioHaabHi wmcaa i
Tomy He MicTuThes B Q.

13.3. A= {7 + 3 : m,n € N}.



13.4. Y meTpu4HOMY HPOCTOPI (R?,d) 306paszutn xyai B((0;0),1)
ta B((0;0),1), akiro

d((z1,22), (Y1, Y2)) = |21 — 11| + 2|x2 — Yol

3a o3HAYEHHAM BiAKPUTOI KyJ/i B METPUIHOMY TPOCTOPI

B((0;0),1) = {(x1,22) : d((x1,22),(0,0)) <1} = {(z1,22) : |21]+2]|z2| < 1}.

X2

X (pom6 6e3 rpanmui)

B((0;0),1) - Toit camuit poM6 i3 rpaHuIeo.

13.5.

d((x1,22), (y1,32)) = V(21 — y1)? + (2 — 12)2.

B((0;0),1) = {(z1,22) : d((x1,22),(0,0)) < 1} = {(x1,22) : /2% + 423 < 1},

2
3po3yMiIO, IO e BHYTPINIHICTD einca x2 + 22 < 1 3 miBocsmu 1 Ta L.
) 1 3 2
SaMKHEHa KYJ/IsI - TOW caMuil eJIine i3 rpaHuIgMH.



13.6.
d((xlwqu); (yla 3/2)) = max{|a:1 - y1’7 2’$2 - ?/2‘}

B((0;0),1) = {(x1,22) : d((x1,22),(0,0)) < 1} = {(z1,22) : max{|xy|, 2|z2|} < 1}.

3po3yMiIo, 10 e BHYTPINTHICTH NPIMOKYTHUKA 3 BEPITHHAMA B TOTKAX
(17 %)7 (17 _%)7 (_17 %)7 (_17 _%)

3aMKHeHa KyJs - TO#H caMuil IPIMOKYTHUK 13 TPAHUISIMH.

13.7. oBecTu, 110 06’e gHaHHS OY/Ib-9KO1 KiJIBKOCTI, 2 TAKOXK Ie-
PEeTuH CKiHYeHHOI KiJIbKOCTI BiIKPUTUX MHOXKWH € BiJKPUTOI MHO-
2KWHOIO.

Hexaii A; - Bigkputi MHOXKUHH, | € [, | - noBiabHa (cKiHueHHA abo He-
CKIHYeHHA) MHOXKUHA.
Muoxuna | A; Binkpura, 60 Vo € |J A; 3i: x € A;, 3Biaknu (ockinbku A;

il iel

Binkpura) Je > 0: B(x,e) C A; C |J A;. e o3nagae, 10 TOYKA T HATEKATH
i€l
10 |J A; pasom i3 1esaKkuM -0KOIOM.

el

MHuoKHHA ﬂ A; Binkpura, 60 Vo € ﬂ A; maemo, mo Vi = 1,n x € A,
=1

3BiaKn Je; > 0: B(x gi) C A;. BISI)MGMO c= min{ey,...,e,}. Tomi B(x,e) C

A; nst koxuoro i. 3sigcu B(x,e) C ﬂ A;.
i=1



13.8. HdoBecTu, mio mnepeTumH Oyab-gKOl KiJIBKOCTi, a TaKOXK 00’-
€IHAHHA CKIHYE€HHO] KiJIbKOCTI 3aMKHEHHX MHOXKIH € 3aMKHEHOIO
MHOXKHUHOIO.

Hexait B; - noBiibHa KiTbKiCTh 3aMKHEHNX MHOXKUH 1 B = () B;. Po3risa-
iel
HEMO JIOBLJIbHY I'DAHUYHY TOYKY T MHOXKMHU B i j10BegemMo, Hfo BOHA, HaJle-
KuThb 10 B. Byas-saxkuit okin B(x,€) micturs Heckindenno 6araro To40K i3 B.
Auste Toai Tum Ginbute B(x,€) MICTUTH HECKIHYEHHO 6AraTo TOYOK i3 KOZKHOI
MHOXKHHU B;. OCKUIBKH BCi MHOXKMHHU [3; 3aMKHEHI, TO TOYKa I HAJIEKUThb
1o koxkuoi B;. Tomy x € B = ) B;.
i€l

n

Hexait C' = |J B; - ckinuenne 06’¢THAHHS 3aMKHEHUX MHOYKHH 1 Hexail
i=1

touka ¢ ¢ C. JloBengemo, mo x He MOXKe OYyTH TPAHWYHOK TOYKOK MHO-

xkuan C. ChopaBii, © He HAJEXKHUTb JIO YKOIHOI 3 3aMKHEHHX MHOXKHH B; i
TOMY He € I'PAHHYHOIO TOYKOIO JIJI »KOJHOI 3 HUX. ToMy /s KOKHOTO iH-
nekca i (Bim 1 710 n) moxkua 3HaiiTH Takwuii okin B(z,e;), KUl MICTUTD He
OinbIre HiXK CKiHYEHHE YHCI0 TOYOK 13 B;. Bi3bMmeMo HaliMeHINHE 3 OKOJIB
B(z,e1),...,B(x,e,). Qng anciaa € = min{ey, ..., &,} okin B(z,e) micTurn
He Oijbllle HiXK CKiHYeHHEe YHCJI0 TOYOK i3 B, mio # 1.0./1.

13.9. IlinMHO>KMHA METPUIHOTO IPOCTOPY BIAKPUTA TOAi i TiIb-
KHI TO/l, KOJIX 11 JOIIOBHEHHS € 3aMKHEHIIM.

Hexait M - Binkputra muoxknaa B X. Toml koxkHa Touka i3 M Mae OKiJ,
KW MOBHICTIO HaJIeZKUTh Jio M, TOOTO HEe Ma€ Hi OJIHOI CHIJIbHOI TOYKHU 3
nonoprentaM X \ M. Tomy Hi ofHa 3 TOUOK, 10 He HajgexkaTh 10 X \ M, He
MOzKe OyTH TOYKOW MOTHKY s MHOKuHA X \ M, 10610 MHOKHHA X \ M
3aMKHeHa.

Hasnakwu, skimo X \ M 3aMkHeHa, TO Oy/Ib-sKa TOYKa 13 MHOKUHA M Mae
OKLJI, sikuii MOoBHICTIO JieskuTh B M, To6T0 M Binkpura (60 ko x € M, 10
x & X\ M, robro e > 0 B(x,e) N (X \ M) = &, ro6ro B(z,e) C M).

4



13.12. Yu moxke KyJjaa pazaiyca 4 6yTu BJIACHOIO IIiIMHO>KHHOIO
KyJi pagiyca 37

Mozke. st goBeienns po3riasgHeMo npukiaaj. Hexaii (X, d) - meTpudnnii
npocTip Beix Togok Kpyra 22 + 32 < 9 31 3BMYAiHOI0 €BKJIII0BOI0 METPUKOIO.
Hexait By = X - kyna pagiyca 3, a By = {(z,y) : (z—2)*+y? < 16} - xyna
pazaiyca 4. Toxi By C By i 4 > 3.

y
3. -
///’ T
e ~
% i/ *
[ Bz, By \
[ i i
3, 2 d I3 x
Wk /
X W\ //
\‘-\_H //
-3




13.13. doBecTu, 10 IKIMO KyJid pajdiyca 7 MicTUTbBCA B KYJIi pa-
aiyca 3, To mi KyJui 36irarorbes (TobTo piBHIi).

YMOBHA LTIOCTpAIllisd JI0 OO NPHUKJIAJILY, 00, 9K MHA OAUUIH, KYJIi MOXKYTh
BUIJISLIATH 1HAKIIE:

Hexait d(z,y) < 31 icHye 2
TaKe, 1o

d(z,z) < 3,d(z,y) >T.

Toi

- cynepedHicTh. Tomy He Moxe icuyBaTu Takuii ejiement 2. [le it o3navae, mo
KyJIi 36irafoTbes.



13.14. 3aMKHeHU OiAOPOCTIp IMOBHOTO METPUYHOTO IIPOCTOPY €
MMOBHUM.

Hexait (X, d) - nosuuii merpuanuii npoctip, Y C X - 3aMKHeHWH 11 11po-
crip. Posrignemo noBiibHy dyHIaMEHTAJbHY MMOCTiIOBHICTL B Y. Tomi ms
cama dyHIaMEeHTAJIbHA MOCTIIOBHICTD € HMiIMHOXKHUHOIO TpocTOpY X, AKuii
nopuuit. Tomy 1OC/IiIOBHICTH 30ira€ThCs 0 JAESIKOIO €JIEMEHTa T: Ty, — T Y
verpuaromy mpoctopi X i x € X. Ane z, € Y i muoxkuna Y 3aMKHEHA,
T06TO MicTuTh BCi cBOi Tpanum4Hi Touku. Tomy x € Y. Omke, Y - noBHwmii
IIPOCTIP.

IIpocropu nepmioi Ta Apyroi Kareropii.

14.1. /ToBecTu €KBiBAJIEHTHICTh TAKUX TBEPA>KE€Hb:

a) IntM = @,

6) M He MiCTUTH BiAKPUTHX KYJIb (To6TO HE € MLIBLHOIO B KO IHI
BiakpuTiii Kyai),

B) M He MiCTUTL 3aMKHEHUX KY.Ib,

r) M He MiCTUThL BiAKpUTUX MHOYKUH .

JloBeieHHsT BiJT TPOTHIEZKHOTO:

a) = 6) 9Ik6u MuoxmHa M MicTmIa BiiKpuTy Kymo, To Tomi IntM # &

6) = B) sIk6u M MmicTHIa 3aMKHeHY Kymo, To Tomi M wicTuia 6m i 1o
camy BIJIKPUTY KYJIIO

6) = r) SIk6u M micTmIa BiKPATY MHOKIHY, TO TOJi PO3LIAIAEMO Oy, Th-
JKY TOYKY T€l BIIKPUTOI MHOKHHHU PA30M 13 JIETKUM 11 OKOJIOM - BIIKPUTOIO
KYJIEIO, 10 CyHepednTh YMOBL

B) = 6) Muoxkuna M 3avKkHeHa. SIKGH BOHA MiCTHIA BiIKPUTY KYJTIO, TO
MicTUaa OH i 10 caMy 3aMKHEHY

r) = a) 9dk6u IntM # @, To M MicTATH JedaKy TOYKY DPa3oM i3 OKO-
JI0M - BigKpuToo Kynemo. Ile o3uauae, mo M MIiCTHTH BiKPHTY MHOMKHHY -
CYTEePEeTHICTD.

3aBepumTy 0B IeHHA!



14.2. Yn 3aBKau OAHOTOYKOBA MHOXKHHA € HiJe He IMiJILHOIO B
METPUYHOMY IIpOCTOpi?

Hi. Y mpocropi izomsosannx touok Int{z} = {2} = B.(z) # @.

14.3. HaBecTu npukJjama ABOX CKPi3b HIIJIBHUX MHOXKWH, IIEPETHH
AKUX HE € CKPi3b IIIJIbHUM.

Y merpuanomy npoctopi (R, d) 3i 3BnuaiiHo Bigaiwo

Q=R, R\Q=R, are QN(R\Q) =2.

14.4. /ToBecTu, II0 AJOIOBHEHHS OO0 BIAKPUTOI CKPi3h MHILJIBLHOT
MHOXKHNHU € Hine He IIJIbHUM.

Hexait A Binkpura i ckpisp minpma, To6to A = X. Tomi 3a N13.9 mo-
nosHenHs 10 A, Tobro muoxkuna X \ A =: C'A, 3amkuene. [Ipumycrumo, o
CA we € mifge He minbHOW MHOKHHOWL, To6To IntC'A # @. Tomi (3a Nel4.1)
CA micrurs gesky kymo. Ate CA = CA. Tomy C A MicTUTD JesKy KyJIio.
3Bigcu A me micTuth 1i€l Ky, To6To dr 3¢ > 0 Va € A d(x,a) > ¢, To6TO T
He € TouKolo n0oTuKy Muoxuan A i A F {x} - cymepeunicTs.



o

14.5. Sdkmo X - noBHuUit Mmerpuuuuii npocrip, X = |J F} i koxkua
k=1

3 MHOXKUH F) (k= 1,2,...) € 3aMKHEHOIO, TO X04a 61 OJHA 3 MHOXKUH

Fy MmicTuTh BIAKPUTY KYJIIO.

[Ipunyctumo, 1o KOAHA 3 MHOXKWH F) He MICTHTH HI OJHOI BIIKPHUTOL
kymi. Ockimbku Fj, 3amxnena (F, = F},), e o3Ha9ae, MO KOKHA MHOKIHA
F}, wige we minesaa. I[Ipoctip X € 3mivennuM o0’€ fHAHHSAM Hijle He ILILHAX
MHOZKUH F}, ToOTO BiH meprnoi kareropii. 3a yMOBOIO BiH IIOBHUIA, a 1€ CyIie-
peuuThb TeopeMi bepa npo kareropii.

14.8. IloBunii meTpudHunii npocrip 6€3 i30/1bOBAHUX TOYOK € He-
3JIIYEeHHIM.

Hexait X - nosuuii Merpuunuit npocrip 6e3 i30J1b0BAHUX TOYOK, TOOTO

KOKHa TOYKa = € TpanndHoto: Ve > 0 B(z,e) N X - HecKiHYeHHA MHOKHUHA.
oo

[punycrumo, mo X = |J{x;} - 3niuenne 06’eiHaHHST OJHOTOYKOBUX MHO-

=1
)uH. Tosi 3a Teopemoro Bepa xoua 61 0jiHa 3 MHOXKHH {; } He € Hije He TIiTb-

1010, Tooto Int{z;} # @. Tomy (3a Nel4.1) Je B(x,e) C {x;}. Le o3nauae,
o &; - 130/Ib0BaHa TOYKA MHOXKHHU X - CYIIEPEYHICTD.

14.9. Merpuunuii mpocTip, 10 CKJAJAE€THCHI 3 OJIHIE€]T TOYKH, €
noBHuUM. Homy 1ie He cynmepe4duth Teopemi Bepa?

Cymepednocti HeMag, 60 OJHOTOUKOBA MHOXKHHA {} He € Hije He MIiTh-
Hoto B MerpuaHomy npocropi X = {x}. Ils muO)kMHA € CKpi3b niiibHa B X:

{z} = X.



IIpuHIun cTuckamoYmx BiJoOpa>kKeHb

16.1. Hexaii Vz € R f(z) «f 5 +x — arctg x. /loBectn, 1o

VeeRVyeR I e (0;1): |f(z) — fy)] < alz —y],

npore f He Ma€ HEPYXOMUX TOYOK.

m 7r
@) = fw)l = |5 + o —aretga — T — y —arctg y| =
= |x —y — (arctg = — arctg y)|.

Aste 3a Teopemoto Jlarpam:ka mpo KiHIEBI TpupocTH

larctg x — arctg y| = ‘(arctg t)’|te[l,;y] Az — y)‘ =

!
o142

Hacnpasai TyT cTporuii 3Hax HepiBHOCTI, 60 piBHICTH

=yl <z -yl

arctg * —arctg y=x —y
Hemoxk,iuBa. Crpasi, skOM BOHA BUKOHYBAJIACS, TO TOJI
r —arctg r =y — arctg vy,

10 HEMOKJIUBO, 60 DyHKIIA v = u — arctg u € CTPOro MOHOTOHHO 3POCTAIO-

1010: (u — arctg u)’:1—$:%>0gﬂﬂmixx7ﬁ0.

I3 moBeeHOTO BHILIMBAE, IO

[f(@) = fy)l < |z =y,

110 MOKHA 3alHUCaTH 1 TaK:

[f(x) = f(y)] < alz =y,

10



ne xouctanTa « € (0, 1) Moxke 3amexaTu Bin 1 y.
Pipusinns f(z) = x He Mae po3B’sa3KiB, 60 SKIIO

s
—+x —arctg r=ux,

2

TO
tg x T
arc = —,
& 2

0 HEMOZKJINBO.

16.2. ToBectn, 1110 Oyab-sike HEemepepBHE BimoOparkeHHd Biapi3zka
B cebe Ma€e HEPYXOMY TOUYKY.

dxmo f(a) = a abo f(b) = b,

TO f Mae HEPYXOMY TOUKY.

Tenep nphmycrumo, mo f(a) > a i f(b) < b.
Posrnsgnemo dyHKIIio

g(z) = f(z) — .
3a mpunyniernsim g(a) > 01 g(b) < 0. 3a TeopeMoro PO NPOMiKHE 3HAUCHHST
HenepepBHOl (BYHKIN icHye Taka Touka o € (a,b), mo g(zg) = 0. A me
o3HadaE, 1o
f (330) —20=0,
TOOTO
f(xo) = o,

To - HEPYXOMa TOYKa.

11



16.4. /Tosectn, mo gxkmo 0 < a <1, xg =01

def 1 .
Vn € N Tpy1 = Tp — =(22 —a), 1o lim z, = Va.
2 n—o0

3HaiieMo JeKiIbKa IOCII0BHIUX 3HAUYEHDb YIEHIB IOCJIII0BHOCTI Xp,:
T =
1, _1/1 _ _ o, 1.2
Ty = 5a 2(@ a)—a a’,
—g_142_1 _1.2\2 _
z3=a—3a’—3((a—3a*)?—a) =...

i T.a. TlorpibHo oBECTH, MO TOCTIIOBHICTEL I, 30iraeThest 10 Uncaa \/a.
Taxuii MeTos MOOYIOBH BCE TOYHIMHUX HAOMMKEHBL \/a OyB Bigomuil me B

CepeqHbOBI YU,

Posrisnemo dynknio f(z) = z — 3(2? — a) na [0;1] 3a ymosn a € [0; 1].
i rpadikom e mapaboma, mpuaomy f(0) = 1a, f(1) = 3 + iq
fl(xr) = 1 —a > 0, Bepmmna mapabonu y touni x = 1. Hapucysaru
rpapixk!

3posymino, mo f(x) - HemepepBHe Bimobpaxkenusi [0;1] B cebe. Tomy
3riJIHO 3 pe3yabTaToM 3aja4di 16.2 icHye HepyxoMa TOYKa T BiJ0OparKeHHs
f, Tobro Taka, mo x = f(z). I3 pisuanus z = x — (2 — a) BuIEBaE, 1O
r = \/a.

SaJIIIAeThCs MOSICHATH, IO BKA3aHA BUIIE MMOCJILI0BHICTD 30ira€ThCs 10
Vva. Y Bunaaky a = 0 maemo: Vn € N z,, = 0.

Y Bunagky 0 < a < 1 posrisgaeMo BKazaHy Buille (DyHKIIO Ha BiIpI3Ky
[$;1]. Jlerko mosecTn, Mo B MHOMY BHTAJIKY [ € CTHCKOM:

f(2) = f(y)| = |z — 3(2% —a) —y + 3(4* —a)| =
=l —y—32° + 3’| =lr—y— 5@ —y)z+y)| =
=lr—y|- 1 - <a- |z -yl
ae o =1—3 <1, romy mo z,y > 3.

Tomy 3rijiHo 3 TeopeMoio PO CTUCKYIOUl BiI0OpaKeHHs BKa3aHa IOCTi-
JOBHICTD {2, } 36iraeThcs 10 HEPYXOMOI TOUKH BioOpaskeHHs f.

12



16.5. Jlosectu, mo Jiniitanit onepatop A : R? — R3, akwuit y kanoHiumii
6asi BOro MPOCTOPY BU3HAUAETHCA MATPHUIICIO

o O O
o O =

1
Ly,
0

€ y3araJbHEeHUM CTHCKOM (HE3aJ1eKHO Biji BUOODY ofHi€l 3 MeTpuk di, do,
doo)-

Te, mo A € y3arajgbHeHUM CTHCKOM, O3HAYAE, MO IS JIEAKOTO ducjia k
Bino6pazxenns A* e cruckom. 11106 3maiiTn pesyabrar il omeparopa A Ha
BEKTOD (X1, T2, T3), TOTPIGHO TMOMHOKHUTH JIAHY MATPHINO HA JaHUN BEKTOP.

BHaiiieMo MaTpuiio oneparopa (Binobpazkenna) A%

011 011 0 01

0O 01}]-10 0 1] =1]0200

0 0O 0 00 0 0O
Tenep 3uaitzemo marpumio A

0 01 01 1 0 0O

0 00 0 01}=1000

0 00 0 00 0 00

Tomy A? - ne mymbose Bimobpaxkenns (A3 : R3 — {0}), To6T0 cTuCcK.

13



16.7. Ilpu akux A\ € R 3acTOCOBHHUII NPUHITAII CTUCKAIYUX Bia-
obpaxkens y mpoctopi C[0;1] 3 merpukow d(z,y) = max lz(t) — y(t)]

[0 IHTerpajJbHOTO PiBHAHHS

1

x(t):/\/t2-s-x(s)ds+t 7

0

Ilpu \ = % 3HAUTHU PO3B’A30K METOAOM IMOCJiJOBHUX HAOJIM>KEHD.

Posrasinemo Binoopazkenust A : C[0; 1] — C]0; 1], sike i€ 3a dbopmynorno

(Az)( :/\/t2 s)ds +t.
0

Ounirnmo

(Az)(t) — (Ag)()] = A / () ds| <

0

1

< Al - max t* - max |z(s) — y(s sds =

0<t<1l  0<s<l
0

= N1 dGey) ';'d«c,y).

l\DlH

Tomy A - cruck npu |A| < 2.

14



Hexait Tenep A\ = % Maewmo iHTerpaJsibue piBHIHHS

HHZ:

t2 ; 83 83 2 t2 tQ tQ t2
$5(t)=—/<—+—+—+s>ds—|—t: +— 4+ — + =+t

2 384 48 6 3056 384 48 6
. 4 1
i r.a. Jlerko mosectw, mo x,(t) — 5it° +t mpm n — oo (fr = ).
8
Oyukmia z(t) = %F +t € TOYHHM PO3B’SI3KOM JaHOI'0 iIHTerpabHOIO PIBHI-

HHSI IPH \ = %

15



" 1/2
16.13. Busnaunmo B R™ merpuky Tak: do(z,y) = (Z(aﬁk —yp)?
k=1

Hosectn, mo mimiitnuit oneparop A : R" — R" 3 marpuneo {a;;}"

ij=1 €

n
2
CTUCKYIOUHM, AKIIO - af; < 1.
1,5=1
BHaiiemMo i omiHIMO KBaApaT BijicTaHi MizK 00pa3amMu TOBIIBHIX BEKTOPIB
z,y € R™

B(Az, Ay) = Y- (Az)y — (Ap))* = (i QL — ilakjyj> =

(tyT BuKOpuCcTaan HepiBHicTh Kormi-ByHskoBehKor0).

16



17. KoMIIaKTHICTh y METPUYHUX IIPOCTOPAX

CmouaTky HarajgaeMo TBePKeHHs 3 Kypcy MaTeMaTHIHOro aHawisy. Bi-
noma jiema Leiine-Bopens (nekosu Ha3uBaoTh 1eMoio Bopens-JleGera) creep-

JIZKYE:

I3 6ynb-gKoi cucremu iHTEpBAaJiB, 110 MOKPUBAIOTh CKiHYEHHU
BiApPi30K, MO>kKHa BUOpATH CKIHYEHHY HiJICUCTEMY, IIIO TAKOXK IIO-
KpUBAaE 1ieil BiIpi3oK.

(Camocriitno moBectu abo 3HANTH TOBEICHHS. )

g gema dpyHIaMeHTaJ bHA g aHadi3y i Tomosorii. Ha ocuoBi 1mporo
TBEP/ZKEHHS 3alPOBA/I?KEHO PI3HI HOHATTS KOMIIAKTHOCTI.

Metpuammit mpoctip (X, d) HA3UBAIOTH KOMIIAKTHAM, SIKIIO 3 OY/Ib-sIKOTO
HOro MOKPUTTS BiJIKPUTUMU MHOKMHAMU MOYKHA BU/LJIMTU CKIHYEHHE I11/110-
KPUTTsI, TOOTO SIKITO AJist Oy b-s1Kol cucremu {G,, } BIAKPUTHX MHOKHH TaKOI,

mo X = UG, icayiors taki Ga,, Gay,y - -+, Ga, € {Go}, mo X = '61 Ga, -
« 1=

Muoxuny K C X Ha3uBalOTh KOMIIAKTHOIO, SIKIIO K, 110 PO3IJISIAETHCS
SIK METPUYHHIT TTPOCTIP 3 iHYKOBAHOK METPUKOIO, € KOMIAKTHUM.

Hecknaano jposecru, mo MHOXKHHA K € KOMIAKTHOIO TO/I 1 TIJAbKU TO/II,
KOJIH 3 Oy/Ib-s1IKOT HECKIHYeHHOI TOC/1iIOBHOCTI T1 eJIeMeHTIB MOXKHA BHOpaTH
36i>kHy B K mignocinoBricTs. (Came 1ie B3sITO 3a O3HAYEHHS Y JIEKIIisIX. )

17.1. inst muoxunu (0, 1), Ky pO3MIsIAAEMO K T IPOCTIP METPHIHOTO
npocropy (R, d), ne d(z,y) = |z—y|, HaBecTn npukIa1 BIAKPHUTOrO MOKPUTTS,
IO He MICTUTb CKIHYEHHOTO IIAIMOKPUTTS.

PosriisineMo Taky HECKIHYEHHY CHCTEMY BIJKPDUTUX IHTEpPBAJIIB:



[ / //_ / Gt —
v\ N { 7
A 8 1/4 1/2 1

3po3ymino, mo koxkue ificke uwncao x € (0,1) Hamex)uTH 10
inrepBaJsiB 1i€l cucremu, 60 r > 2%, JIIS BCIX HOMEepIB N, TOYNHAIOYHN
3 JIeIKOTO 1.

on>

Tomy (0,1) = Ole( L 1). I3 nporo HeCKiHYeHHOTO MOKPUTTS iHTepBATY

(0,1) memoxkaMBO BUOPATH CKiHUEHHE MAMOKPUTTS, 60 ¥ OYIb-SKOTO CKiH-
YEHHOI'0 HAOOPY TaKUX IHTepBaJIiB 3HAlIeThCs HaltbLibiuit Homep N 1 Bijio-
BIIHMIT HaliMenmii JiBuil Kinemn QLN i roi Bci uncna z € (0, QLN] 3AJIAIIATHCS

HEIMMOKPUTUMU.

17.2. Ins muoxkuun ([0, 1] x [0,1])\ {0, 0} HaBecTn npukian BiagKpuTOoro
HOKPUTTH, 110 He MICTHTh CKiHYEHHOI'O IiIIOKPHTTSI.

BajaHa MHOXKHHA fABJSE€ CODOI KBaJIpaT 31 CTOPOHOIO 1 3 BHKOJIOTOIO
JIIBOIO HUXKHBOIO BEPIINHOIO Ha ILIOMKHI. Po3rigHeMo, HalpHKJIal, TakKe

oo
MOKPUTTS 1€l MHOXKWHHU BIUJIKPUTUMU KIJIbISMU: Ul{(:l:,y) € R?
n=

2 o :
(%) < 2% + y* < 22}, (3osHimmil pajiyc MOXKHA 3MEHINUTH 9K 3aBIO-

JIHO GJIM3bKO 110 9uciaa /2 1 KoxKHumit HACTYMHUN 30BHIMIHIN paJIiyc TaKOXK
MOZKHA 3MEHIIUTH. )



1/2 4

1/4 4
16 4

=

0 116 174 112 b

O4geBHIHO, IO HifKa CKIHYEHHA MiJICHCTEMA IIEl CHCTEMHU Kilellb He II0-
KpWe€ JTBUI HUXKHINA KYT IIHOTO KBaJpaTa.

17.4. JloBecTH, 10 KOMIIAKTHA MHOYKUHA € 3aMKHEHOIO.

Hexaii muozkuHa K C X € KOMIAKTHOI MHOMKHMHOK Y METPUIHOMY IIPO-
cropi (X, d). loBeemo, 10 JOMOBHEHHS 10 MHOXKUHU K € BIIKPUTOK MHO-
xkunoio. [loTpibro mokasarw, mo goBinbHa Touka o € X \ K € BHyTpI-
IMHBOIO TOYKOIO IIbOI'0 AOIIOBHCHHI, TO6TO HaJlezZKUTh A0 AOIIOBHEHHMA Da-
30M i3 JIEAKHM CBOIM OKOJIOM. /[jis KOXKHOro ejementa r € K mo3zHadmmo
r(z) = %d(x, xg). Toxi 3po3ymino, 1o Biakpura Kyas B(z,r(z)) 3 neHTpom y
Touni = i pajiycom r(x) He TEPETHHAETHCS 3 BIAKPUTOWO KyJ1ew B(xg, r(z)).
OueBuIHO, O CYKYIMHICTH Beix Kyiab {B(z,r(z)) : x € K} € Biakpurum
IIOKPpUTTAM MHO2KHHU K Ba YMOBOIO MHO2KHHA K KOMIIaKTHa, TOMY 3 IbOI'O

MOKPUTTS MOYKHA BUOpaTH CKiHYEHHE i AMOK PUTTS
{B(z1,7(x1)), B(xa,r(x2)),..., B(xy,r(x,))}, Je n - meske CKiHYeHHE
uncio. llosnaanmo € := min(r(xy),r(z2),...,r(z,)). daga xoxuHoro nome-

pa i (Big 1 g0 n) B(x;,e) N B(xg,e) = &. Kpim uporo, K C |J By, ¢).
i=1
Tomy K N B(xg,e) = @. A ue o3nauae, 1o B(xg,e) C X \ K, mo i 1.6.4.



17.6. doBectn, 1o 00’e¢qHAHHS CKIHYEHHOI KLIbKOCTI KOMIIAKTHUX MHO-
ZKNH € KOMIIaKTHOIO MHOZKHHOIO.

Hexait muoxkuna A y JOBIIBHOMY METPUYHOMY HPOCTOpi € 00 emHaH-
HSIM CKIHYEHHOI KLIBKOCTI KOMMAKTHUX MHOXKWH: A = k[LJl Ag. Mipkyemo
3rigHO 3 O3HaUYeHHAM KommakTHocTi. Hexait G = UG, - ELOBiJIbHe HOKPH-
tra muoxkuau A. Toxi 3posymino, mo G € i HOKpH;THM KOYKHOI 3 MHOXKHWH
Ay, Ag, ..., A,. Ockinbkun MHOXKIHA A7 KOMIIAKTHA, TO iCHYE CKiHYeHHE ITijI-

n1 . . .
nokpurta U G,, D Aj, a ocKibki MHOXKHHA Ay KOMIAKTHA, TO iCHYE CKiH-
i=1

YeHHe MiIIMOKPUTTSI 1@21 Ga;, D Ag, 1 T.0. 10 HOMepa n BKIIOYHO. O0’€1HAEMO
Bci estementu G, HI/IXiCKiH‘IeHHI/IX HiTHOKPUTTE. OIepKUMO CKiHUYeHHUH Ha-
6ip. Tomi odeBHIHO, IO kLiJ1 gjl Go, DO A. A me o3navae, mo MHOXKHHA A
KOMITAKTHA.

AHa0ri9HO MOXKHA, JOBECTH, IO IEPETHH OyIb-IKOl (CKineHHOI 9y He-
CKineHHO'l') KIJIBKOCTI KOMIAKTHUX MHOYKHUH € KOMIAKTHOIO MHOYKHHOIO.

17.14. Hexaii A - KOMIakTHa MHOKMHA B MeTpuuHOMY mpoctopi (X, d).
Hopectu, mo

(Ve € X)(Ey € A) d(z.y) = int d(z,)  dist(z, A),
ac

ne dist(z, A) HasuBaroTh Biaio Big enementa x o muokuuu A. (Iamm-
MH CJI0BaMM, TOTPiOHO JTOBECTH, IO BiIAATIb BiI JTOBLILHOTO eJeMeHTa T 10
KOMIIAKTHOT MHOKUHH A 3aBXK/IM T0CATAETHCS HA IEBHOMY KOHKPETHOMY eJie-
MeHTI ¥.)

Hexait a,, - mocaigoBHicTh y MHOXKIHI A, gKa peasi3ye 10 TOYHY HHUKHIO
rpasb (iHdiMyMm), TO6TO (3riIHO 3 O3HAYEHHSIM TOYHOI HUKHBOI TPaHi TUCII0-

ol mumoxunu) Vn € Nda, € A d(z,a,) < ingd(x,a) + i
ae

Ockinmbkun A - KOMIAKTHa MHOKHHA, TO MOXKHa BuOparn 30ikHY B A

i nocaiiosuicTs (ay,, ). Hexait a,, — y € A npu k — oo. Tenep Bukopucra-
€MO HemepepBHicTh DYHKINT Bignan d (HenepepBHicTh (bYHKII d BULIABAE
3 Bupasu 12.1, sky posrasgann B remi "Merpuuni npocropu"). I3 3ammca-
HOT BHUINe HEPIBHOCTI BUILIHBAE, IO klggo d(z,a,,) = d(z,y) < irelgd(x,a).

Ockinbku y € A, T0 3Bigcu 3po3ymiio, mo d(z,y) = in£ d(z,a).
ac
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Axciomu HOpMH. HopMa Ta MeTpHKa.
ExB1BaJIcHTH1 HOPMH.

banaxoB1 mpocTopu.



18.2i). Hexait || - || i || - ||2 - 2Bl HopMmu Ha minifinomy npoctopi X. Un
MOKHA MPHAHSATH 3a HOpMY ejemenTa ¥ € X Taky Besmmuunuy: ||z|; + ||z||2?

[TepeBipuMo akcioMu HOPMH:

de f .
1) llz]l = |lzlh + [zl =0 = |lz[h =0zl =0 = z=0.
def
2) llaall < flazlls + lazllz = lal - 2lls +lal - zll> = [a] - 2]
de f . .

3) lz+yll = llz+yli+llz+ylz < lzl+llyll+lzllz+lyll2 = lzll+lyl-
Tomy e HopMma.

AHaJorivHo MogcHIIOTLCA TYHKTH ii), iii), v) - 1Ic HOPMH.
Y myHkTax iv), vi) He HOpMH, 00 He BHKOHYIOThCS akciomu (fki came?).




18.2. ii) max(]||z||y, ||x]|2)-

Hosenemo, o ||z|| := max(||x||1, ||x||2) - cnpaBai HOpMA.
1) O4esuno, ||z|| > 0, 60 MakcUMyM 3 JIBOX HEBLT €MHHX HHCET 3aBXK/H
Hepin' emuanit. fAxmo ||z|| = 0, To #t MmakcuMmym piBHmit 0, a Toai 3rijHO 3 TEp-

100 aKCIOM O JIJIS MepIiol 1 Apyroi HopM MaeMo, M0 eJIeMeHT I € HYJIbOBUM
eI1eMeHTOM IIPOCTOPY.

[Az]] = max([| Az |y, [|Az]l2) = max(]A] - [lz]|1, |A] - [|l2]l2) =

= |Al - max([|z]]y, [lz]l2) = [A]- [|]].



3) Yu 060B’sI3KOBO BUKOHYETHCA HEPIBHICTH

lz+yll = max(llz+y|l, l[z+yll2) < max({lzf|y, [|=]l2)+max(llyll1, |yll2) = =]+l

SAKIIO BLIOMO, 110

Iz 4yl < llzlls +llyll  Gex)

?

|z +yllz < [lzllz +llyllz (% %)

O4eBUIHO, MO HepiBHICTH (*) 3aBXK U MpaBUIbHA, TOMY IO ITpaBa YacTHHA
HepiBHOCTI (*) MoKe 6YTH TiTbKH GLTBIIOK BiT GLILIION 3 MpaBUX YacTHH HEPiB-
Hocteit (*¥) i (***). Ane onHa 3 TMX npaBux dactuH (**) i (***) mke Gyna He
MEHIIO0, HIZK MaKCcUMaJibHa JIiBa YacTHHa HepiBHocTelt (**) i (**%),

(%)



18.2. iii) a(||z||, a > 0.
OueBuIHO, IO AKCIOMH HOPMH JIId Takoi (pVHKIII BUHKOHYOThCA.

18.2. iv) ||= %

1 = [l

Axmo s eakoro eemedTa ¥ € X BUKOHYETbed HepiBHICTDH ||z]1 < [|=||2,
TO 3PO3YMLTO, IO HE BUKOHYETHCS aKCioMa HeBil'€MHOCTI HOpMU.

Ane axmo Vr € X Bukonyerbcs ||z||y > ||x||2, To e moxke 6yTu nHopma. Ha-
MPUKIAJ, SIKIIIO HOPM U MPOMOPIIiiHL, 9K v Bunajky iii). CamocTiiino nogymaiite
PO BHIIA/I0K HEINPOIOPIIHHUX HOPM.

[TyukT V) i3 min aHagorigHumii 1o ii).
[TyukT vi) —||=|| - oueBuHO, HE HOpMA.



18.3. Hexaii (X,| -||) - mopmoBanmii npocrip. Iosecru, nio muag
Oyab-akux r,y € X BUKOHYEThCH TaKa HEPiBHICTh:

lz]] < max{||lz +yl|, |z —yl|}-

Axbu ang gedakux r,y € X BHUKOHYBaJacd HePIBHICTD
|lz]| > max{||lz + yl[, [z — yll},
TO TO/A1 3TIAHO 3 AKCIOMOIO TPUKYTHHKA MAaEMO TakKe:
12z = lz +y+z -yl < [z +y| + [l= —yl < 2|z

Ile cynmepeduTh akcioMl OTHOPITHOCTI HOPMHU.




18.8. Hexait X - mimiitnuit mpoctip, a d - Biaas na X. Josecrn, 1mo d
MOPOIKYVETHCS JeAKOI0 HOPMOIO TOMI 1 TITLKH TOJ, KOJIH:

1) Vo € @ Vo € X d(0,ax) = |a| - d(0,2) (Tyr @ - nose ckaasapis, To6To
MHOZKHHA JTiicHIX ab60 KOMIUTCKCHUX YHCET),

2) Vz,y,z€e X d(z+ 2,y + z) = d(z,y).

HeobxiguicTs. [Ipunycrumo, mo Biath d nopoaKyeThesa Hopyoo. 1e
oznavae, 1o d(zr,y) = |z — y||- ITorpibro moBecTH, MO BUKOHYIOTHCA YMOBH
1) i2).

Maewmo

d(0,az) € ||0 — az| = |af - ||z|| = |a| - d(0, ),

def
dz+z,y+z2)=[z+z—y—2z[ =z -yl =dazy).




HocrarricTs. [Ipunycrumo, mo sukonyorbes ymosu 1) i 2). [Morpi6no

noBecTH, 1Mo Ha MerpudnoMmy npoctopi (X, d) MokHa 3apoBajUTH HOPMY,

def :
10 MOPOIKYE 110 MeTpuky. Busnauumo ||z|| = d(0, x). Jlerko mepesipuru,

o JLJId Tak BHU3HaYeHOIL HOPDMH BHKOHVIOTLCH BCl aKCloMH HOPMH:

|z|| > 0, 6o d > 0;
lax]| = d(0, ax) = |af - d(0,z) = |af - ||lz||;
|z +yll = d(0,2 +y) = d(—=,y) < d(—=z,0) +d(0,y) = ||z[ + [[y]]-

Kpim mporo, ||z —y|| =d(0,2 —y) =d(0+y,z —y +y) =d(y,z) = d(z,y).




18.9. Jlosectu, mro susHadera Ha R Bianab He MOPOMKVETHCA HIAKOIO
HOPMOIO:

|z —y|
d(x,y) = ——
Wl 1+ |z —y|

[Tepesipumo ymoBy 1) npuxiagy 18.8:

|z

| —ax| a| - |z]
1+ |z]

d(0, ax) = —
(0;az) 14+ |—azx| 14+ |o-|z|

# o] = |a] - d(0, ),

TOMY 110 PiBHICTH TYT mpaBH/IbHA TIIBKH 3a yMOBH |a| = 1.
Toamy d He MOPOIKYETHLCA HOPMOIO.



19.1.  Jlosectn, 1110 BUIHOMICHHA €KBIBATCHTHOCTI HOPM € pedhIeKCHBHIIM,

CHMCTPpHYHHM 1 TPpaH3HTHBEHHM.

PediiekcuBHICTL 1 CHMETPHYHICTE OdeBH/THL. JloBe1eMO TPaH3UTHBHICTD.
Hexait ||« ||y ~ || |l2i] -l ~ |- ||3- Brizzo 3 o3nauennsam exsiBasen-

THOCT1 HOPM IIe¢ O3Hadae€e, IO 114 KOZKHOI'O ejieMeHTa I BHKOHVIOTLCH TaKl

HCPIBHOCTI:

lzlly < Chllz]l2 i [|lzll2 < Coflz]ly i flzll2 < Cslzfls i [|z]ls < Callz

l2-

Toal maemo
[z[ly < Cillzl2 < CLC5||z|[3 = Cs|lz||s
i ||z]]3 < CaCyllz|ly = Col|z]]:-

A e it oznauae, mo || - [[1 ~ || - ||3-



19.2. ITocaigoBHICTh ¥V HOPMOBaAHOMY HIpOCTOP] 301KHa BIIHOCHO OJTHIEL 3
eKBIBAJICHTHUX HOPM TOJI 1 TWILKH TOMI, KOJW BOoHa 301KHA BIIHOCHO JIPYTOL.
[Ipunyctumo, 1Mo A0BLIbHA HOCILIOBHICTD I, 30iraeThcsd /10 AeIKOTo ee-

MeHTa = HopMoBaHoro mnpocropy X 3a nopmoio || - [[1. Ile osznauae, mo
T, — z|l1 = 0 mpu n — o0.
Hexait ||-||2 - ropma B X, ska exsiBasenTHa 710 ||+||;. SrigHo 3 o3HaveHHAM

icnye Take uncao C' > (0, mo maa Beix £ € X BHKOHYETLCA HepIBHICTD
[zllz < Cllz|]x.

Terep moBesieMo, MO0 TOCTTOBHICTL X, 30ITa€Thcd 10 TOTO CcaMOTO eJle-
MeHTa T HOpMoBanoro npocropy X 3a mopmoio || - ||o. Cupasai, maemo

T — x|z < C

Tp— x|t — 0 npu N — 00,

tomy 1o C' - KoHcTaHTa, a ||z, — z||; — 0 npu n — oc.
Tak caMo JoBoAUMO, O 31 30iKHOCTI 3a HOPMOIO |- ||, BuILTHBAE 361 KHiCTH
3a HOpMOIO || - ||1.




19.3. d koo niHIIHUNE OpPOCTip € MOBHUM BiIHOCHO OAHI€El 3 ABOX
eKBiBaJJEHTHUX HOPM, TO BiH € MIOBHHUM 1 BiITHOCHO JpYyTrol.

Posriganemo joButbHy (dyHmaMeHTaAIBHY BigHOCHO || - ||3 mocnigoBHicTs.
Axmo x nocaigoBicTs (1,) € GyHIaMeHTATBHOIO BiIHOCHO || - ||2, TOo Bona €
dbyumaMentanbuow 1 BiguocHo || - ||, 60 || - |1 ~ || - [|2:

|lzp — zglly < Cillzp — 24ll2 = 0 mpu p, g — oo.




Axmro ainiiianii mpoctip X noBuuii BignocHo || - ||, To Koxua QyHIaMEH-

TajibHa BigHOCHO || - |[; mocaigoBricTs (x,) 36iraeTbea B X 10 jgeskoro x (3a
HOPMOIO || - ||1)-
Tenep moBeeMo, MO T, — T 3a HOPMOIO || - ||2:

|z — x|l2 £ Col|zs — 2]y = 0 mpr N — oo.

Tomy X nosuwuit BigHOCHO || - ||2.




19.4. fkmo nigMHOXKIHA € BIIKPUTOIO (3aMKHEHOIO) BiIHOCHO OHIET 3
¢KBIBAJICHTHUX HODM, TO BOHA BiJIKpHTa (3aMKHeHa) # BigHocHO ApyTOL.
[HumME ci1oBaMH, eKBIBaJICHTHI HOPMH MOPO/IZKYIOTH TY caMy TOMOJIOIIO (Cy-
KYHIHICTH BIIKDUTHX MHOKHH).

Hexait M C X siakputa Bignocuo wopmu || - ||1, To6TO KO:KHA TOUKA
x € M mictuthes B M pasom 3 geakum B(x, €)-0KomoM.

Hexait || - [[; ~ || - ||o- e osnauae, 3okpema, mo IC' > 0 Taxe, mio

< Cllz|l2.

P-::Gszmcwm Terep B(x, 5)-oxin Toukn x Bi,ﬂ;HDCHD || -

Maexio Vy € Bz, £) |ly = 2l < Clly —alls < C- & ==

Tomy y € M i B(z,5) C M. lle osnadae, 1mpo TDT-IKa x micturbea B M
pasoM i3 S-okomom BignocHo nopmu || - [[o. Tomy M C X siakpura Bigmocno
HOpMH || -

Jlng moBe 1eHHSA NHOTO TBePJIZKeHHS ITPO 3aMKHEHI MHOYKHUHU CKOPUCTATH-
cs pesyJbTaToM npukjaany 13.9.




19.7. Yu ekBiBaJIeHTHI Ha NpPoCTOPpi HenmepepBHUX (pyHKIII, BHU-
3HaYeHuX Ha |a, b|, Taki HOpMMU:

b
) maxle@l, i) [ le]d
b
[Toznauumo ||z|| = EE%:'T(M’ |z|li = [ |z(t)| dt.

Ouinnmo wHopmy ||z]|;:

T a<i<b

b
Il = f 500 ¢ < x5 ()] - (b— &) = (b—a)lla],




T100TO ||Z|| cunbHinra Big HOpMU ||Z||;.

Hosegemo, mo ||z||; #He € cunbHima Big Hopmu [|z||. ding uboro, He obme-
AKYIOUH 3aranbHOCTI, mpunyctumo, mo a = 0, b = 7. ¥V npocrtopi C[0; 7]
PO3TISAHEMO TaKy MOCT1TOBHICTL (DVHKIIIH:

sin nt,

0
() =
Tn(t) 0, =<

< T
t<m
O OuncaInMo

e
n

|Zs|| = max |sinnt| =1, ||z.|ls = / |4 (£)] di = / | sin nt| dt = —
0

O<t<m
0

He icaye takoi koncrantu C', mo ais Koxkuaoro duncian 1 < C'- %
Towmy 111 HOpMH He eKBiBaJICHTHI.




20.1. IlepexonaTucd, MO BUKOHYIOTHCA aKCIOMH HOPMH 1 BU3HAYUTH, YH
NpOCTIp € DaHaXOBUM:

bR

T

2llp = 21, 22, s 2m)llp = (3

=1

R™ (ab6o C™) 3 HOpMOIO

] (p21).

AKkcioMa mpo HeBiJI eMHICTH HOPMH, PIBHICTDL JI0 HYJId TOJI 1 TIILKH TO-
JIl, KOJIH eJIeMEeHT HYJILOBHIl, Ta akcioMa HAIBOJIHOPIIHOCTI TYT OYEBHTHO
BHKOHYIOTHCS.

g mepeBIpKH aKcioMH ONYKJIOCTI TOTPIOHO 3acTOoCyBaTH HepiBHICTL Min-
KOBCHKOTO!

1

1 1 1
p B

T m T
Z ze +yel” ] < Z lzef? | + Z | Y|P
k=1 k=1 k=1




Tenep noBeneMo NOBHOTY IILOTO ITpocTopy. Hexail (;t:(”j) - noBilaIbHA (DYH-
JaMeHTAIbHA Toc/i1oBHICTE B R™, T0ob6TO

p
Z |.L[ L. Ik}|p — 0 npu r, s — 00. (%)
k=1
3Bi1CH 7\ — I:E:S}| — 0 opu r, s — 00 s KoxKHOro HOMepa k, TOO-

TO MOCTIIOBHICTL A-MX KOOPIMHAT IOCTIIOBHOCTI (:;:(”}) dpyHITaMeHTATBHA.
Ockinbku Muozxkuna R 31 3Bugaiinoio Biagariio nosHa (BUKOHYETHCS KPHTe-

(n)

piit Komi), To mocaimoBuicTs ;' 36iraeThes Mpu n — 00 0 JICSKOTO THCIa
0 0 0
.,E,E ) ¢ R. Busnaunmo sekTop (0 = (.-1‘5 ], Ml ,:r:gn)).
AJUTIAETHCA TOBECTH, 11O & ™ npn 14 Iboro 10c TaTHHO
3 , (n) 5 () n — 0o

nmepeiiTH JI0 TpaHUIl IpH § — 00 BHUIIE B YMOBI (%).

3aysarkenHd. Baxkiupo naMm gatata npoctopu npukiaais 20.1-20.15 Ta
BMITH TepeBIPUTH, YN JOBLIbHA MOCTIIOBHICTL 30iraeTbes B HUX (NIPUKJIAH

20.21-20.30).




20.7. IlepeBipuTi akcioMm HOPMH i BU3HAYUTH, YU HPOCTIp Oa-
HaXxiB:

X = Cla, b, |z|| = max |z(t)].

a<t<b

AKcioMHu HOpMH:
1) max |z(t)| > 0, 60 momyns |z(t)| > 0;

a<t<h
|z|]| =0 < HéEﬁlm(t)l =0& Vtela,b |z(t) =0 < z(t) =0 na [a, b];
2) |zl = max [kx(t)] = max [k| - |5(t)] = [k] - max |=() = [K] - ||z]];
3) |z + y|| = HQE%|3‘(1‘) + y(t)] < (3a BIacTHBiCTIO MOIYIA)
H_ R,
<  max(|z(t)] + |y(t)] < (3a BracTEBiCTIO MaKCHUMyMY)

a<t<b



< max |2(t)| + max [y(t)| = ||z + [[y|-

a<t<b a<t<b
Towmy 1e cupasal HoOpMa.

g goBejieHHS MTOBHOTH PO3IJISHEMO JOBLILHY (hyVHIAMEHTAJILHY IOCTI-
noBHicTh (x,) C Cla, b], TobTO Taky, 1/ 9KOI BAKOHYETHCS TBEP/I2KeHHS

Ve>03IANVn>NVp: ||z, — Tuspl <& (1)
[le TBepIKeHHS MOYKHA 3AllMCATH TaK:
Ve >03IN Vn > NVp Vt € |a,b]: |z,(t) — zaspn(t)]| <e. (2)

[le osmavae, mo mas KoxuHOro t € [a,b] wncnoBa nocrinosuicTs (z,(t)) €
dbyHmaMenTATBHOWO, a, OTKE, 1 30ixkHOoI0 (B cwiy nmoBuotn R abo C).




Posrngnemo dyukmnio [a,b] 3 t — z(t) “ lim el )

—+00

ITokaxkemo, mo z € C [a; b] i 10 MOCHiIOBHICTD (I, ) 36iracThed 10 T Bij-

HOCHO HOpME max |z(t)|. [Tepexonguu 10 rpaHuni npu p — o0 y HepiBHOCTI
a<t<b

(2), onep:xxnvo
Ve>03IAN Vn> N Vt€[a,b]: |z,(t) —z(t)] <e. (3)

[le TBepAzKeHHS O3HAYAE,INO MOCTITOBHICTL (x,) 30iraerbes 10 GyHKIl
piBHOMipHO Ha [a,b|. I3 Kypcy MaTeMaTHUHOTO aHAJIZY BiIOMO, IO rpaHHII



pIBHOMIpHO 301KHOI HMOCJ1OBHOCT] HellepepBHUX (DYVHKINN € HelepepBHOIO
dbyukmico. Otxe, z € Cla,bl. I3 (3) Bunuusae, mo x,, — & IpH N — 0.

20.9. IlepeBipuTn akCcioMu HOPMH i BU3HAYUTH, YN MPOCTIp Oa-
HaxiB, akmo X = C'[a,b] - nmpocrip mHemepepsHo audepenuiiios-
HUX HaA [a,b| pilicanx (komniexkcHux) (pyHKIiH 3 HOpMmOIO ||z
max |z(t)| + max |z'(1)].

a<t<hb a<t<h




Hexait () - dyHIaMeHTAIBbHA 3a 3a]aHOI0 HOPMOIO MOCTIIOBHICTH B
C'la,b], To6ro mis Gynb-sikoro £ > 0 icuye uncio N Take, 1Mo st Beix
n>Nisix p €N

‘ p ! r
|0 = Znipll = max |z, (t) — 2nip(t)] + max o, (2) — z,,,,(H)] <e.
BukopuctoByioun KpuTepliit piBHOMIpHOI 3012KHOCTI (PYHKIIIOHATIBHOI MOCTI-
MOBHOCT, 3 Mi€l HepIBHOCTI OJepKyemo, 110 icHye Taka (yHKiig ro(t) €
C'la,b], mo z,(t) = xo(t), =, (t) = z4(t) npu n — oo wa [a,b]. Lle i
o3Ha4ae, 10 nocaigosHicTs (1,) C C'la,b] 36iraethes 3a wopmoio || - || 1o

zo(t) € C*a, b].




22. I'tib6epTOBI MpOCTOPMH.

22.3. dxmo H - yuitapuuii upoctip, a x,y € H, To x L y Toxi i TinbKu
TOJII, KOJIN
YApeC |l +lluyl® = Az + pyll*.

Heobxignicts. Hexait x L y. Lle osnauae, mo (z|y) = 0. Toxi, Buko-
PUCTOBYIOUYHN 3B’SI30K Mi»K HOPMOIO Ta CKaJSIPHUM JIOOYTKOM 1 BJIACTHBOCTI
CKaJISIPHOIO JIO0YTKY, MaEMO

e+ pyl? = Az +py[Ae+py) = (Az[Az)+ (py|Ax) + (M| py) + (nyl|py) =
[[AZ]|* + |y

Hoctarnicts. SIkmo VA, u € C | AZ])? + || pul* = || Az + pyl)?, To (Bpa-
XOBYIOUH PIBHICTB Y JOBEJIEHHI HEOOXITHOCTI) 0IepIKy€EMO

pA(y|z) + Na(z|y) = 0 abo tak: Ni(z|y) + Mi(z|y) = 0, 38iakn BumIuBac,
o Ve € C e(x|y) + ¢(x|y) = 0, 3Biaku 2Re ¢(z|y) = 0.

Hexaii (z|y) = u + . Toxni upu ¢ € R oaepxyemo, mo cu = 0, 70610
u = 0.

Tenep Bizbmenmo ¢ = i. Toni Re ¢(x|y) = —v = 0.

Orxe, (z|y) = 0, o i Tpeba Oys0 moBeCcTH.

22.7. JloBeaemo, 10 CKaJIsipHUil JTOOYTOK € HenepepBHOK (DYHKITIEO:
[(@alyn) = (@|y)| = |(@alyn) = @aly) + (@aly) = @|Y)| < [(@alyn — y)] +
(@ = 2|y)| < llzall - [lyn — yll + [on — [ - [[yl] = 0 mpr 1 — oo,
Jie BUKOPHCTAHO HEPIBHICTH I abCOMIOTHOI BEJIMYHHH, HepiBHICTH Korri-
Bymskoscbkoro, obmexenicts |x,] 1 [|y||, a Takox 36ixkuicTs 10 Hyns (3a
ymoBow0) [y, — yl| i [[zn — .

22.9. i) Hi, 60 mag sekropa = = (1,0, %, 0, %,O, }1, ...) MaEMO CKAJApPHHUIA
KBaJIpaT
oo oo
(z]2) 1 1 1 2 <0
(z|x) g - = —_ = ——
n n n? 6 ’
n=1 n=1
[0 CYHNEePeYuTh aKCiOMaM CKaJSAPHOTO J00YTKY.
[o.¢]
o 2
A neit BEKTOD, 0YEBUJIHO, HAJIEXKUTD JI0 TPOCTOPY Lo, 60 Y # =% < oo.
n=1

ii) Hi, 60 as sextopa z = (1,0, 3,0, 1,0, 1,...) (z|z) = 0, mo cynepeanTs

1) 99 Yy 3y Yy gyt
aKcioMaM CKaJIsipHOTO J00yTKY, 60 x # 0.



22.12. H = 0, (z|y) = 3 22,7,

n=1

[e.e]
Pan Y Lx,7, 36iraernca abcomorno, Tomy mo =|z,7,| < 5-(|z.]* +
n=1

|Yn|?). Akciomu ckaasgpHOro J00yTKY JIerKo epeBipuTH.

JloBetemo, 1m0 {9 i3 TAKUM CKATSIPHUM JTOOYTKOM € TIOBHUM HPOCTOPOM.
Hexait (z®)) = (f,(lk)),;";l - dbynaamenrtanpra nocaigosaicTs. Ile o3nagae, o
Ve > 0 dkg Take, mo upu r > kg, s > ko

o

1
Dol —gPP <
n

n=1

I3 nporo BummBae, MO g Oyab-sskoro m € N TuMm Oijibiile BUKOHYETHCS

TaKa HEPIBHICTH:
m

1
L) _ g o 22
Dol P <
n=1
I3 npboro BUILIMBAE, IO MOCJIIOBHICTh (Sflk))zozl upu KoxkHoMy n € N 30irae-
ThCs JI0 JedKoi rpanutii &,: £, = lim gﬁf“).
k—o00

Cupsimyemo B ocTaHHiit HEPIBHOCTI § — 00 1 OJEPAKHUMO

SOl g p <
n

n=1
OCKUIBKH Il HEPIBHICTH BUKOHYETHCS I OYIb-IKOTO YUCA 1M, TO

Sl —gp<e
n=1 n

oo o
3i 36iKHOCTI pATiB Y %|§T(f)|2 iy %|£T(f) — &,|? BunmBae 36iKHICTH psLy
n=1

n=1

o
Zl L1&.? (B cumy mepiBnocrti (a + b)? < 2(a? + b?)).
n=
Ot:Ke, BCTAHOBJICHO, IO MOCJLAOBHICTD (€JIEMEHT HPOCTODY, €JTeMEeHTAMH

SIKOTO € 3Haiijieni unciaa &,, a He paHilie pO3IMIsTHyTa HOCIIOBHICTE) T =
(&n) € (L2, (¢]*)). OckimbKu YUCTI0 £ NOBLIbHE, TO OCTAHHS HEPIBHICTH O3HAYAE,

110

k—oo

=1
lim Hx(k) — :c|]2 = klim g —|£7(Lk) — §n|2 =0.
—00 n
n=1

Ie aoBopurb, 1wo (lo, () - noBHUIT HpocTip.



22.16. IIpaBuabHa ymMoBa TyT Taka: /loBecTn, 1Mo B €BKIiIOBOMY TPO-
cropi Heuxonyersces och mo: Y,y € H (z|y) = 1(||lz + y|I*> — |z — y|]?).

[IepeTBOpHUMO TpaBy YaCTHHY, BHKOPUCTOBYIOUHN 3B’SI30K MizK HOPMOIO 1
CKaJIAPHUM JIOOYTKOM, & TaKOYXK BJIACTHUBOCTI CKAaJSIPHOIO JOOYTKY:

(r+ylr+y) —(z—ylr—y)) =

o

(lz+yl* = llz = yll*) =

o |

((z|z) + (ylz) + (zly) + (yly) — (x]z) + (y[z) + (z]y) — (Yly)) =

RS,

= 1 (2(ely) +20s1a)) = (aly),

TOMY IO TYT IIPOCTIp eBKJiIIB, T00TO (z|y) = (y|x).

22.19. 1106 aosectu, mo B npoctopi C[0; 1] HEMOKIUBO BBECTH CKAJISID-
HUH TOOYTOK, IO MOPOAZKYE HOPMY IBOT'O OAHAXOBOI'O IPOCTOPY, JOCTATHHO
ToKa3aTH, 1o JIjid JIedKAX eJIEMEHTIB T,y He BUKOHYEThCS PIBHICTH HapaJie-
Jiorpama i3 Ne22.18.

Hexaii 2(t) = %, y(t) = &t. Toai ||z = llyl| = &, e — vl = 3. l+u] = 1
PiBHicTh mapaJesorpamMa Jijisd IUX eJ1eMeHTiB He BUKOHYEThCH:

1 1 1
2
P+ 72n+ %)
)
- # 1.
4#

22.20. Posranemo B npocropi ¢, nsa taki Bekropu: = = (1,0,0,0,...) i
y=1(0,1,0,0,...).
3uaiieMo HOpMHE, 33/igHI B PIBHOCTI TapaJjejsorpaMa:
i 1
lzll = llyll = L, [l +yll = 27, [lz = yl| = 2.
PismicTh napanesorpava 2» + 2» = 2(1' 4 12) = 4 pukonyerbcs TijibKu

opu p = 2.



24. OpTOoroHaJbHa IIPOEKITid.

24.1. a) Hexait x € M N M*. Toxi (z]z) = 0 i 3a aKCiOMOIO CKATAPHOTO
JOOYTKY 13 MBOTO BUIIHBAE, MO = = 0.

6) Hexait v, € M+ i z,, — x y npocropi H. Toxi Vm € M (z,|m) = 0.
3a HENepepBHICTIO CKATAPHOro JOOYTKY 13 MBOTO BHUIUIABAE, IO
nggo(xn\m) = (z|m) = 0. Tomy x € M+,

24.2. Hexaii x € M. Toni Yy € M+ (y|z) = 0. 3sigcu (z|y) = (y|z) = 0.
3rijiHo i3 O3HAYEHHSM OPTOrOHAILHOTO JIONOBHEHHH 11¢ 03HAYAE, 10 T €
(MY)" = ML Tomy M C M+,

24.3. Ockinbku M C N, 1o misa Koxkuoro m € M Buxkonyerbes m € N.
Tenep posrusHeMo J0BiIbHEI etement £ € N+, JIjist HbOTO i JIJIst 1OBLIBHOTO
m € N Bukonyerbest (x|m) = 0.

I3 BumeckazaHoro BUILIHBAE, 1O gAKMo m € M, to (x|m) = 0. Orxe,
r € M*. Tomy Nt C M+,

24.4. llosgcuennus nosnadenns: spM no3Havae JiHIAHY 000JJ0HKY MHOKH-
Hu M, TOOTO CYKYNHICTh BCiX CKiHYEHHX JIHIFHIX KOMOIHAIN e1eMeHTiB i3
M.

a) Hosememo, mo (spM)t < M*. Hexait z € (spM)*t, To6ro
Vm € spM (x|m) = 0, Tobro Vo, € @ Vn,p € M (z|an + Bp) = 0.
Beigcu a(z|n) + B(z|p) = 0. Ockinbku uucia o, B AOBLIbHI, TO 3 MHOTO BH-
nusae, mo (z/n) = 01 (x|p) = 0 g Beix n, p € M. Ile osnavae, mo x € ML
Orwxe, (spM)*+ C M*.

Tosegemo, mo M+ C (spM)*. Hexait x € M*. Toai Vm € M (x|m) = 0.
3eincu Vo, B € @ Vn,p € M (z|an+ 8p) = a(z|n) + B(z|p) = 0. Le o3naua,
mo z € (spM)*+. Otwe, M+ C (spM)*.

6) Tosexenmo, mo M C M*. Hexait x € M, 1060 ¥Ym € M (z|m) =
0. Ate M C M. Tomy Vm € M (z|m) = 0. Lle osmauae, mo v € M*.
Orxe, M M

Tosenenmo, mo M+ C M. Hexaii 2 € M+, 10610 ¥Ym € M (z|m) = 0.
PosrisinemMo Ternep J0BLIbHY TOUKY y € M, TOBTO ¥ - TOUKA TOTHKY MHOYKIHH
M. e o3unauae, mo Ve > 0 (B(y,e) N M) # @, Tobro (w14 &, = +) 3naiizne-
TbCs NOCILIOBHICTD My, € M Taka, mo [|[y—m,|| < L. Posrasnemo ckanspuuii
po6yrok (z|y) = (x|ly — my, +my,) = (zly — my) + (x|my,). Maemo (z|m,) =
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0, 60 m, € M, a 3a mepipuictio Komi-Bymnskoscokoro |(z|y — my,)| <

< x|l - |y —LmnH < Hi—” [Tpu n — oo i3 nporo ogepxyemo, 1o (z|y) = 0.
Tomy x € M.
24.5. H = C* 3naiftu opToroHasJbHe OMOBHEHHA MHOMKHHH

M = {(1,0,1,0), (0,1,0, 1)}.
Hexait x € M*. ¥V upomy npocropi ymosa Vm € M (z|m) = 0 oznaua,
1110

4
(21, ko, k3, 24)| (M1, M2, M3, My)) = Z%‘mi =0.
i=1

Mo muoxuuu M BXOAATH TIMLKA JABa BEKTOPH: (M, My, ms, my) = (1,0,1,0)
i(0,1,0,1). Tomy xy + 23 =01 29 + 24 =0.
Po3B’ga3KaMH CHCTeMU PIBHSHD
T+ T3 = 0,
{ T+ 2Ty = 0
e Bci Bekropu 'y C* raxi, mo x = (x1, Ty, —11, —T2).
Tomy M+ ={z € C*: z = (21,29, —21,—72)}, 7e z; € C.

24.6. H=V(y, M ={x = (21,29, .., Zp,...,) Ely: x9=14=...=0}.
Awnasoriuno 10 monepeamboro npukaany. Hexait o = (z1,29,...) € M,
y = (y1,%2,...) € M*. Bragasmm, gx 3a1aH0 CKadapHUH 100yTOK B (o,

0JIepKy€eEMO, 110 Vo € M 1moBuHHA BUKOHYBATHCS TaKa yMOBa:

(zly) = 2171 + 0Py + 2373 +0 -7, + -+ = 0.
[Ipuitmemo TyT 27 = 1, 3 = x5 = ... = 0. Toxi omepxkyemo y; = 0. Anaso-
TiYHO Y3 = Y5 = Y7 = ... = 0.
KowvmonenTu s, 44, Ys, - - - JOBLABHI 3 TOIO YMOBOIO, IO BEKTOP Yy TOBUHEH

HaJjiexkaru 10 fo:

Ml:{yeﬁzz y=(y1,92,.-.)sy1 =y3=ys = ... = 0}.

24.7. H = (5, M - muoKuHAa DIiHITHAX TOCTIIOBHOCTEMH,
Hexait € M+. Toai sriano 3 osnauennsam Vm € M (z|m) = 0. Bizbmenmo
m = (0,...,0,_1 ,0,...,0, —1,0,...) € M. Togi (z|m) = z; —x; = 0,

¢ J



3BIIKH BHILIUBaE, Mo ¥; = £; = C 114 BCiX HOMepiB ¢, j. OCKLIbKE BeKTOP
oo
r=(C,C,...) nanexxurs 10 ly, Tob6T0 Y. C* < 00, T0 C' = 0.

n=1
Bigmosine: M+ = {0}.

24.8. H = Ly(a,b), M ={x € H: x(t) "= 0na [c,d] C [a,b]}.

Bigmosine: M+ = {x € H: x(t) = 0na [a,b]\ [c,d]}.

(TyT M.c. - 1Ie cKOpOUeHHsT TepMiHy "Maiizke CKpi3b", IpUiHATOro y Teopil
mipu it inrerpasa JleGera. Pisuicts f(z) = g¢(z) o3madae, mo 3nadenus
dyukuiit f 1 g piBHI y BCiX TOYKaX r MHOXKUHU, PO AKY HIETHCS B 3aadi,
3a BUHSITKOM, MOXKJIMBO, JIeSTKOI MHOXKIHU Mipn HyJib (3a Jleberowm).)

1
24.9. H = Ly(0;1), M ={x € H: [x(t)du =0} (TyT p - mipa JleGera
0

na [0; 1]).

[punycrumo, mo dynkmia r € M+ nabyBae J0IaTHEX 3HAYCHD Ha, JeSKiil
(Bmmipmiit) muoxuni A C (0; 1) i Big'emuux Ha inmiit MEOKuHI B Takoi camol
JgonaTuol mipu. Posrisnemo ¢yHKIIIO

1, x € A,
m(t) =< —1, xz € B,
0. ze(0:1)\(AUB).
1
o HatexkuTh g0 Muokumum M, Go [m(t)dpy = 1 - u(A) — 1 - p(B)+
0
+0 - u(AU B) = 0. Toxi (3ragyoodn 0O3HAUEHHS CKAJISPHOTO JOOYTKY B HPO-
1

cropi Ly(0;1)) 3 ymosu (zjm) = [2(t)m(t)du = [ |z(t)|du = 0 suniusae,
0 AUB

o z(t) "= 0 na muoxkuni AU B. I3 uporo summmsae, mo dbynkuig x(t) € m.c.

JoiaTHa abo M.C. Bi'eMHa (y TAKUX BHIAJIKAX HEMOKJIMBO BHODATH BKa3aHi

pumie muokuau A 1 B) abo m.c. gopisuioe mnysmio ma [0; 1].

Tak camo J0BOIUMO, 10 X (t) "= const - OBLIbHA KOHCTAHTA. IKOU dyH-
kiist z(t) #He Gya M.c. mocTiitnow, To6TO A1 Aeskoro dncaa C'; BUKOHYBa-
nacst uepismicts x(t) > (>)C) na meskiit muoxkunni A (HemyasoBoi mipu) i
z(t) < (<)C} na inmiii B, To anagoriuno subupaemo dyukiio m € M i Toxi
(x|m) # 0, mo cymepednTs yMOB.

Bigmopian: Mt = {z € H: x(t) "= const}.



24100 H=C", G={9 = (g1,---,9m) € H: gn = 0}. Buaiitu opro-
rOHAJIbHY MPOEKINIO JIOBLILHOIO ejiemenTa © = (Tq,Ta, ..., T,) HA 3 aHuil
mignpocrip G.

Hexaii gy - oproronajpbHa HpOEKIlisl ejeMeHTa  Ha mmigmpocrip G.
3a 03HAYEeHHSIM OPTOTOHAJBHOI MPOEKIHT MaeMO och 10: go € G (Tomy
9o = (go1, 902, - - -, Jom—1,0)) 1 Vg € G (z — go|lg) = 0. Tomy 3rimmo 3 o3mave-
HHAM CKaJISIPHOTO JIOOYTKY B IIbOMY IIPOCTOPI MAa€MO

m m—1

0=(z—golg) = > (21— goi)gi = Y _(%i — goi)gi, 60 gm = 0.

i=1 =1

Ao y niit piBnocti npuitasata ¢4 = 1, go = ... = g1 = 0, TO 0JI€PKUMO,
O go1 = 1. AHAIOTIYHO go2 = T2, - - ., Jom—1 = Tm—1-
Orxe, go = (21,72, .., Tm—1,0) = 1pg2.

24.12.H:L2(0;1),G:{:UEH fg dt—O} x(t) =t.

Hexaii gy - oproronajibHa HpPOEKILis beHKL[ﬁ x wa mignpoctip G. Toxi
Vg € G fl(t — go(t)) - g(t) = 0. Tomi (ax y Ne24.9) ¢t — go(t) = const,
go(t) =t . C.

1 1
OCKiJIbKI/Ig()EG,TOI(t—O)dt:O:% —C:%—C, 3Bigkn C' = 3
0 0

Orxe, go(t) = npge =t — 3.

24.13. H = {3, = (0,1,3,5,7,0,...),

G = sp{ai,as,a3}, a7 = (1,1,2,0,...), aa = (1,4,0,...),
a3 = (0,1,-1,0,...).

Hexait go = (91,92, 93, ..) = upgx. OCKIIbKN y BEKTODIB a1, a2, a3 TiIb-
KA TPHU TEPIT KOOPAWHATH HEHYJAbOBi, & BEKTOD ¢y HAJEKHTH 10 JIHIITHOT
00OJIOHKHU TMX BEKTOPIB, TO g4 = g5 = ... = 0. OckiabKN BEKTOp T — ¢o
oproroHasbHuii 10 migmpocropy G, to (x — gola;) = 0, i = 1,2,3. Tomy
0JIepzKYEMO TaKy CHCTEMY PIBHSHB JIJIs BUSHAUEHHSI KOODJAWHAT g1, §o, J3:

(_g 1—92,3_93, )|(1717 707 )) = 07
(_9171_9273_937 )|(17Za 07 )) = 07
(_g 1_92,3_93, )|(0717 170’ )) = 0.

7



Koportie:

—1+1—g2+6—2g5 = 0,
—g1+ i — 292 = 07
1—g2—34+g9;3 = 0.
[Tle kopotiie:
—g1—92—2g93 = —T,
—g1 — 192 = —i,
—9g2 + g3 = 2

Posp’s130k 1iel cucremu rakuit: g; =0, go = 1, g3 = 3.
Orxe, go = (0,1,3,0,...).
24.17. Hexait M = {x = (x1,29,...) Ely: > ) = O}. Hosectn, 1o
k=1

M cxpisp mimbHa B o (T06TO M = f5).
Jocrarubo gosectu, mo M+ = {0}. Hexait x € M*. Toxni Vm € M

o0 (o.9]
(xlm) = > xim; = 0, ne >, m; = 0. Posruanemo ski-nebyab 181 KoOp-
i=1 =1
JUHATH ¥; Ta Z; BeKTopa x. Ockiapku npu m; = 1, m; = —1 Maemo
m = (0,...,0,_1 ,0,...,0, —1,0,...) € M, to x; — x; = 0, 3BiaKu BU-
i J
IWINBAE, MO T; = ;. I3 nboro sumamusae, mo Vi = 1,2,3,... 1 = 19 = w3 =

...=C, ne C - neska koucranta. Ockinbku x = (1, T, Z3,...) € s, TOOTO

Zx?<oo, to C'=0. Orke, z = (0,0,0,...).

i=1

24.18. Jlosectu, 1mo MHOKUHA (iniTHEX dyHKIH 3 Lo(R) mibHa B 1160-
MY ITPOCTOPI.

Dyukmio z € Ly(R) nasupaiors diniTHo0, KO BoHA (Maiizke CKpi3b)
JIOPIBHIOE HYJTIO 30BHI JIESIKOTO CKIHYEHHOTO Bijipi3ka, To6ro Ja,b € R (a < b)
raki, wo x(t) "= 0 na muoxuni R\ [a, b).

JlocTaTHRO MOBECTH, IO OPTOTOHAIbHE TOMOBHEHHS 10 MHOKHHU (DiHi-
tHux GyHKiit B Lo(R) criuagaerbes quime 3 HyapoBoi dyukiii. Hexait
x € M*. Toxi ana nosiapuol dinitoi dynkmii m € M Maemo

ymx(t)mdx =0= /b x(t)ym(t) dzx



TTA JeAKHX qucen a i b, mo 3ameskarh Bix m, 6o m(t) "= 0mpu t € R\ [a, b].

Tenep BuGepemo TyT 3amicTh dinitaol dyukmii m(t) dyuknio z(t) xa
[a,b]. Bposymino, mo m € Lo(R). Toxi (skmo poskiaacru byHKIIO T Ha
JificHy 1 ygBHY YaCTWHHW 1 BpaxyBaTH, IO x(t)?t) = (y(t) +iz(t))(y(t) —
i2(t)) = y2(t) + 22(t) = |2(t)]?)

/b\x(t)\2dt = 0.

3Bijcu 3a BiracruBocTaMu iHrerpasa Jlebera suiusae, mo x(t) 0 Ha

[a; b]. Ockinbku BiApi3ok [a;b] TyT Mir 6yTn Bubpanuii Z0BLIBHO, TO 3 IHOTO
M.C. .

pumuBae, mo =(t) = 0 va R, mo it 1.6.71.

M.C.

24.19. Hexait n € N. /IoBecTu, 1110 MHOXKHUHA

M = {x:(xl,xz,...)eﬁgz Za:k:()}
k=1

€ 3aMKHEeHHM JHIHIM HiIIpocTOpoM IpocTopy /s i 3Haiitn M.
Hexait z,y € M, «, 8 € C. Toxi

n n

> (ot Byr) = (azp)+ Y (Bys) =a Y zp+B8Y yp=a-0+5-0=0.
k=1 k=1 K=1

k=1 k=1

I3 nroro Bumnusae, mo M € JiHIEHIM MHOTOBHUJIOM.

Temep nosenemo 3amknenicts M. Hexait 2% € M i2® — 2 npu k — oo
o0

y npocropi £. 1e o3nauae, mo Z(x(k) — ;)2 = 0 upu k — oo. 3Bigcu s

1=1 ‘
(k) (k)

, — x; upu k — oo. 3okpeMa, Vi = 1,n x; — x; upu k — oo.

AJte 3a ymMOBOIO xY“) + ...+ :cﬁ{” = 0 i, Kpim 1poro, 1s cyma 36iraerbest (npu
k — oo) mo cymu 1 + o + ... + x,. Tomy 21 + 20 + ...+ 2, = 0. A 1e i
o3Hava€ 3aMKHeHicTh M.

Ouesngno, M+ = {z € by : (¢,c,...,c,0,0,...)}, ne C € R - nosibua
e —

KOYKHOI'O 1 T

n

koHcranTa. [osicaumo ne. fAkmo B3sru m = (0,0,...,0,1,0,...), T0 ayist
——
n
x € M+ Bukonyerbca ymosa (z|m) = 2,41 = 0. AHaI0ri4HO Tpyp = ... = 0.
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dxmo z € M+, To B3gmm m = (0,...,0, 1 ,0,...,0, —=1,0,...) € M,
—~~ ~
v J
omepxyemo (zim) = z; —x; = 0. Tomy ©y = 20 = ... =2, = C, ne C -
JoBiIbHA KOHCTaHTa. Ha Bimminy Bim Ne2417 tyt uuciao C' He mycuth OyTH
HYJIEM.
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23. IIpocropu cymoBHUX (PYHKIIiil

b
23.1. Muoxkuna M = {f a,b) = C: [ |f(2)|?de < +oo} JiHiftHOrO

IPOCTOPY HE YTBOPIOE. ¢

[TokazkeMo, 1110 11T MHOKHHA He € 3aMKHeHnolo. Hexaii a1 npoctoru a = 0,
b = 1. Ockinbku mMHOKHMHA Q 37IiveHHa, MH MOXKEMO 3aIlMCATH BCi pallio-
HasibHi uncsa Biapiska [0, 1] y Burasal gesikol nocsigoBuocti ¢,y n = 1,2, ...
Posrignemo taky mocaigoBricrs dyHKIi z, () € M:

() = 1, te{en, ... e},
700, te 0,1\ {e, .. enl.

1 1

O6uncmmo inrerpamu [ |z, (t)|*dt = [0dt = 0, 6o xoxua ysknia T, (f) €
0 0

HYJIbOBOIO (PYHKIIIEIO, 38 BUHSATKOM CKIHYE€HHOIO 4Hcja To4oK. Ils mociigos-

HicTh PyHKII 30ira€Thesd MOTOYKOBO JI0 (DYHKITIT

1, teq,
m(t)_{o, te0,1]\Q.

g ¢yHKIig He € iHTErpoBHA 1 He € IHTerpOBHA 3 KBaJIpaTOM, TOMY He HaJe-
KUTH J10 MHOXKUHU M .

23.2. Hopwma upocropy Li(a,b) He HOPOJZKYETHCs HISIKUM CKAJIAPDHUM J10-
Oy TKOM.

[Tokaxkemo, 110 JiJIsi JIeAKUX €JIeMEHTIB IbOI0 HOPMOBAHOI'O IIPOCTOPY HE
BUKOHYETHCsL piBHICTB mapasenorpama || +y||? + o — y||? = 2(||z|* + ||y ||?).

Hexait nist ipocrot a = 0, b = 11 mexaii x(t) = ¢, y(t) = 1—t,t € (0,1).
Haragaemo, 1o wopma B mpocropi  L1(0,1) Bu3snavena Tax:
Il = J 1£(t)]dp. Towy

(0,1)
1 1
1 1
= [ |t|dt == = [ 1—t|dt=-
Joll = [ 1tlat =5 Tl = [ 1L—tldt =3,
0 0

1 1 1

1
|z+y| —/1dt—1, |z—yl| —/]2t—1]dt—/(1—2t)dt+/(2t—1)dt—5.
0

0 0

N

D=

Maemo 12 + % # 2 (35 + 5)-



23.3. Hexait —oo < a < b < 400, f € Ly(a,b). losectu, mo f € Ly(a,b)

/bf(x)dﬂﬂ < (b—a)/b!f(x)!2d$~

BacTocyemo HepiBaicTh lenbaepa mpu p = ¢ = 2. OueBuUAHO, MO OIH-
HugHa GYHKIIisS HAJTEXKUTH 10 TpocTopy Lo(a,b) i 3a ymosowo f € La(a,b).
Tomy

/bl-f(x)dx2§ /b12dx : /b\f(x)|2dx :(b—a)/byf(x)mx.

Hasexxnicrs dbyukuii f mo npocropy Lq(a,b) (Tobro icmyBamnsi inrerpasa

b
J 1f(x)| dx) Buniusae i3 noenenus uepisuocti lesbaepa.
a

23.4 Hasectu npukiaj pyHKIIiT;

a) f € Ly(0,1) Takoi, mo f? & Ly(0,1),

6) f € L1(0,1) rakoi, mo f & Ly(0,1).
1

2 1
a) Hexait f(z) = \S/LE Toni [ (%) de = [~ 5 de = 3z
0 0

1

=3 < +o0,
0

ol

1
10670 f € Lo(0,1). Ane f(z) = 5= & L2(0,1), 60 [ é/ljdx - po36iKHui
0 x

inrerpan (TyT % > 1).
6) f(z) = .

23.5. 3uaiitu nopmy dyukiii f(z) = z7? y tux npocropax L,(0,1), xo
AKUX 1 DYHKIIS HAJEKATD.

O6uucumo || - ||, byukmii f:
1

, ! ,
1= | [erar) = [ema) = (=
P 1—-2p
0

0

V()
0 1—-2p

TIMBKHU 3a yMOBH, 1110 2p < 1 (mpu p > % el iHTerpas He iICHYE; IIi/ICTAHOBKA
HyJId O3HA4Ya€ TYT obumciaeHHs rpanuni ¢yHkmil y touri z = 0). Tomy s
dyHKuig He HAJIEXKHUTD JI0 KOAHOrO 3 upocropis L,(0,1), p > 1.
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23.6. [losectn, mo Oyab-sTKa TOCTITOBHICTH hyHKIIH, sika 30i:kHa B Cla, b],
e 36ixuo010 B L,(a,b) (p > 1).

[Tpunycrumo, mo f, — f npu n — oo B C|a, b], To6TO

| fn = fllcay == max | fo(x) — f(x)] = 0, n — oco.

a<t<b
Toui
I = Sl = / ule) = )P de | <
b\ v
<§I<1?<Xb\fn()—f($)‘ /dx — 0, n — oo,

a

Jie inTerpaJ Jlebera 3riHo 3 B/JIACTUBOCTSAME iHTErpaga MOZKHA PO3YMITH STK
inrerpan Pimana, 60 dynkuii f,, f € Cla,b].

23.7. Hasectu npukiia noctigosrocti dyukmiii 3 C|0, 1], sika 36iraeTbest
B L1(0,1) ta B Ly(0,1), ase e 36iractoca B C[0, 1.

Hexaii f,(z) =2" n=1,2,..., z € [0,1]. Hapucyiite rpacdixu!
Tomi mpm n — oo MaeMo:

falz) = {(1)’ Zif <L =: f(x).

['pannuna dbyukiis f, odeBuaHO, Maiixke ckpizb Ha (0, 1) mopiBHioE HY/TH0 (B
cenci mipu JleGera) i ToMmy ekBiBaseHTHA 10 HY/Ib0BOI (byHKIGT Ha [0, 1] i ToMy
iHTerpoBHAa, a TAKOXK iHTerpoBHa 3 KBajAparoMm. Jlosegemo 36ixkuicTsb f, 10 f
B L1(0,1) Ta B Ly(0,1):

1
[ = Ol = [ £l Iofﬂﬂ”dfﬂ_ a1 0,1 = 00;

1

[ fullz = {x%d:c—m—m n — 0o,

[Tocrinosuicts f, me 36iracroea B C[0, 1], 60 max |z™ — f(z)| ue icnye
_x_

i, TuM Oljibllie, He 30iraeTbCsd J0 HYJIs PU 1 — OO.
Tyt wacnpasni sup |z" — f(z)] =14 0.
0<z<1



2xe~"*. JlopecTH, 1o Jd Oyab-koro x > 0

23.8. Hexaii f,(z) = nze”
lim f,(z) =0, age nocaigosuicTs { f,}22, He € 36ixkHOI0O B L2(0, 1).
n—oo

Ve >0 lim f,(z) = lim Znif

= 0 (K BigHOIIEHHS cTeneHeBol DYHKIIT 10
MOKA3HUKOBOI Ha HeCKiHYeHHOCTI abo K 3a npasuioM Jlomitans). ['panundna

dbyukuis f(z) = 0.

1
I =0l = | |
0

3
S
S
N
Q)
b
3
8
QL
S
D=
Il
|
| S,
O\H
S
[
QL
—
Q)
b
S
82
S~—
|

1 b3 /
— _ —TL3{L'26 2nx 4+ = 6—2n1’ 2 dl‘ —
2 .2
0
3 9 1 2
n n
_ —2nx
- gm g [ =
0
1
3 2 1 2 ; 2
n n _ n _
— _ — Zre 2nx 4+ = e Qnmdx —
2
22 2 .2
0
1
3 2 2 I\ 2
n n n
—2nx
- e —
( 2e2n  2e2n A4n 0)




23.9.3maiitn  KyT Mixk eqementamu x Ta Yy B Lo(0,7), saKmio
x(t) =sint, y(t) = t.

Kyt Mmixk enementamu rianbeproBoro mpoctopy Lo(0,7) BE3HAUIMO 32
JIONOMOT'0IO CKaJISIPHOTO JIOOYTKY:

(z]y)

COS Y = 0.
]l - Myl

O6uuCcINMO CKAJApHEI J0OYTOK 1 HOPMHU 3aJJaHUX €JIeMEHTIB:

s ™ T

(sint|t)r, :/sint-fdt: —/td(cost) = —t cost|g+/costdt:7r,
0

ne t =t, 60 gpynkuisa aificnozHauna,

|
NI

1
™ 2

11— cos2t :
|| sint||y = /SiHQtdt = /%dt = (g) ’
0

0
T t3
Hmf:(/#ﬁ :(§
0

~ 0, 779696801,

3Biacu

COSQOZW—
vz V3

6
( = arccos £ ~ 0,67 pas.
s



JIiniiitai oneparopu. Hopma omeparopa.

JoBenemo qiniitnicTs geskux oneparopis. Tepwmin "miniitauit oneparop”
- e cuHOHIM Tepminy 'miniline BimoOparkenns".

1. Hexait X = C'[a, b] - ninifinuii npocTip HerepeppHo-tudepenifioBHIx
dbyukmiit (TobTo dyHKIi, ski cami Ta ix moxiaHi € HenepepsHi), Y = C|a, b
- mpocTip HenepepBHUX (DYHKINH HA BiAPI3KY [a, b]. Hexail BimoGpaxkenus A
i3 X BY aie rak: Vf € C[a,b] Af = f.

TyT mMatoTh Ha yBasi, mo 11g KozkHoro uncaa x € [a,b] (Af)(z) = f'(z),
xoua y Bupasi Af = f’ i ne Oys0 ¥KoaHOTO X.

HoBenemo miHiftHicTh A, BUKOPUCTOBYIOUH BJIACTHBOCTI IMOXIiIHOI, Bimomi
3 KYpCy MaTeMaTUIHOTO aHasai3y: aas goBinbauX f,g € X i A € C maemo

A(f+9)(x) = (f+9) (@) = fl(z) + ¢ (z) = Af (z) + Ag(z),
A (@) = (A f) () = Af'(x) = MNAf(2).

i jBa psiaAKK JIOBEJECHHS MOXKHA 3aMIHUTH 1 TAKUM OJIHUM PSIIKOM:
AN+ pg)(x) = (Af + pg)'(x) = Af'(z) + ng'(z) = Af(z) + Ag(z).

2. Hexait X = L(a,b) - mpocrip interpoBuux (3a Jleberom) dyHkIii Ha
inrepsami (a,b), Y = C - MHOXKHHA KOMIUIEKCHUX 4Hce] (T0Je CKAJIsIpiB) i

b
Hexail oreparop aie tak: Vf € L(a,b) Af = [ f(t)dt.

(aypazkennsi. TyT matorh Ha yBasi inrerpan JleGera i Tomy mpaBHIbHO
Oys0 6u mucaru dy 3amicTb dt, ajge Mu OyJeMO BUKOPHCTOBYBATH 3BUYHE
MO3HAYEHH, OCKIJIBKY JIJIsI 3BUYAlHUX ejleMeHTapHux (bYHKIN 11l inTerpa/in
piBHi. HeoOximHo mam’aTaTu cIpaBKHIfl 3MICT IUX MO3HAYEHb Y KOXKHOMY
KOHTEKCTi!)

Omneparop A craButh y BianosigHicTh QyHKINI f JesdKe KOMILIEKCHE TH-
cno Af, piae inTerpasy Bij miel dbyukuii no inreppany (a,b). Takuii onepa-
TOp HA3UBAIOTH pYyHKITIOHAIOM. /loBeeMo, 1o BiH JiHIHHUN, BHKOPUCTOBYIO-
91 BJIACTHBOCTI iHTerpana (JleGera) i o3nadenusi cymu yHKIH Ta 106y TKY
bYHKINT Ha cKaIgp:

b b b

AT +1g) = [0 + gyt = [ aryat+ [ eyt =

a a a

b

b
:/\/f(t)dt%—,u/g(t)dt:)\Af—l-uAg

(3BepHITH yBary, o TYT HEMaE KOJHOrO & Ha BiaMiHy Bif npukaary 1).
HopMmu 3agigaux mpocTOpiB HE BiJirpaBainm poJti.



3. Posrstremo miniitauit oneparop A : C[0, 1] — C[0, 1], mo mie 3a dhop-
t

myJioto Ax(t) = szv(T) dr.

(Moxna sanucysaru i Tak: (Ax)(t) - 1 HOTPIGHO PO3YyMITH, IO Tie € 3Ha-
deHHst HerepepsHOi dyHKIil Az y Touni t € [0, 1]. Jliniiinicrs goBecTn camo-
criitHo. )

Buaiigemo #oro Hopmy. JIas mporo OmiHEMO HOPMY 00pa3y MOBLIBHOTO
eJileMeHTa (BpaxyBaBIlH HOPMY 3aaHOTO MPOCTOPY ):

t

|Az|| = max |(Az)(t)| = max / (1)dr| < max / |z(7)|dr <
t€[0,1] te[0,1] te[0,1]
0

1 1
< max/\x(T)\dTI/\x( )| dr < max (T ’/dT— ] - 1
te0,1] T€[0,1]
0 0

Mu nosenn obMexkenicTh oneparopa A. Hopma omeparopa A - e mirimaabae
anciao C take, mo Vo € X ||Az| < C||z||. Tomy i3 moBejenoro BUmInBaE,
mo ||A]| <1 (). Tenep posrisgnemo dixkcopany dbyHnkmio-crany xo(t) =1 €
C10,1]. dns nei Mmaemo

¢

|zo|| = max 1 =1, Axo(t) = / dr =t, |[[Ax| = max |t| = 1.

t€(0,1] t€[0,1]
0
Opepmanu, wo ||Axgl] = 1 - ||xol|. I3 uiei pisHocTi poGUMO BUCHOBOK, 11O
KOHCTAHTy 1 y HepiBrocTi (%) me Moxkua 3Menmuru. Tomy [|A| = 1.
4. A: Ly(0,1) — Ly(0,1), = tf 7) dr. 3HaiineMo HOpMy THOTO

JIiHifHOrO omepaTopa. OIMHIMO HOPMY 06pa3y JIOBLIBHOTO €/IeMeHTa:

1 2 1 2 1

0 0 0 0



1

1 1
< /12d7'-/|x(7')|2d7' /tht:
0 0

0

(TyT 3acTocyBasiu iHTerpanbhy HepisHicTh Kori-ByHAKOBCHKOTO)

1

_ 0/11’(7')2d7' /tht:HxH-%.

0

I3 nporo BumIEBaE, 1O ||Al| < \/ig Posriguemo dyukmio z(t) =1, ¢t € (0, 1),

1
SIKA HAJIEZKUTD 710 IpocTopy Lo(0,1), 60 [12dt = 1 < 4o0. s niei dynkuii
0

BUKOHYETHCA OCb IIO:

1

1 1
||| = /12 dt =1, /a:(T) dr = / dr =1,
0 0

0

1
1

Ax(t) =t, |Az| = /t2dt:—.
(t) || Az]] 0 7

Towy 4] = L.

3ayBazKnmo, 1o y JesTKUX MPUKJIAIAX He BIAECTHCA 3HANTH Takoi (yHKIIii
(abo Takoro egemenTa mpoctopy) x, mo |[Az| = [|A| - [|z||. ¥ Takux Bumaz-
KaX MOTPiOHO 3HAXOMUTH ITOCTIIOBHICTH BEKTOPIB &y, A/ SKUX BUKOHYIOThCS
piBuocri ||Ax,| = Cy||x,||, npuaomy nocaigosnicrs auces C), 3pocraioda i
36ixkma (mo ||Al]).



29. Hopwma JiHiiiHOTO omepartopa

29.6. /Tosecru, mo Binobpaxkenns A : Cla,b] — Cla, b] € niniiftanm Heme-
pepBHUM OepaTopoM i 3HaiiTu fioro Hopmy, akio (Ax)(t) = tx(t).

[le omepaTop MHOXKeHHS Ha He3aJleKHY 3MiHHY. BiH Bu3Ha4YeHnil Ha BCHO-
my mpocropi Cla, b], 60 ayist 6y/1b-siko1 HenepepBHOT BYHKIHT z(t) T 106y TOK
na dynkmio z(t) = ¢ Takox € HemepeppHoIo dynkmieo. Voro mimifinicTs
oueBnaHa (camocriitno!). Josememo obmexxenicTs nporo oneparopa. Haraga-
emo, 1o Hopma B mpocropi Cla, b] BusHauena Tak: ||z|| = max |z(t)|. Temep

00YHCJIUMO HOPMY 00pa3y JOBLIbHOI HelepepBHOI (PYHKINT i OMIHEMO 11

] = ma |(A2)(0)] = mas [t ()] < max(Jal, b)) - max (6] = C - ]
I3 miei mepiBnocti Bummusae, mo ||A|] < C' = max(|al,|b|). Tomy omepartop
A obmexxennit. Henepepsuicrs (sinifiHoro!) oneparopa eksiBasenrna #oro
00MEYKEeHOCTI 3T1THO 3 JIOBEIEHOI Ha JeKiii Teopemorn. Tomy omneparop A
e HemepepsHIM. loro mopma gopismoe max(|al, |b|), Tomy 1o mmsa dynxmii
xo(t) = 1, Hopma sikoi € qucsio 1, HopMma 1T 06pasy npu Bimobpazkenni A Taka:
| Aol] = max |¢] = max((al. 6])

BayBazkuMo, 10 Biapizok [a,b] TyT OyB ckinuenHwii. JKImo po3risHyTH
takuii camuii omeparop B mpocropi C[0,+00) (me HOpMa Taka:
|z|| = sup |z(t)|), To BiH Gyme HeoOMezKeHUA. Y BOMY MPOCTOPI OMEPATOP

0<t<+oo

A mae Taky obsacts usnadenns: D(A) = {z € C[0,+00) :  sup |ta(t]) <
0<t<+o0
1

+oo}. Jng npuknany, byukmisa x(t) = 777 € CIEMEHTOM NPOCTOPY, ajle He

HAJEXKUTD 10 061aCTi BU3HAYeHH:A, 60 Sup ——r = +00.
1+\/Z
0<t<+4o0

PosrisgneMo y npoMy HpoCTOpPi TaKy MOCTLAOBHICTH PYHKIII:

wnlt) = Zﬁ £>0, n=1,23,....
n

i dynknii  manexars o D(A), 6o |[lo,| = sup L5 =1" i
0<t<+oco

t
0<t<too T

TOJIHO BEJIMKE, TO 3PO3YMLIO, 1o He icnye Takoi koncrautu C', jjisi sIKOi Ou
sukonysanocs Vo € C[0, +o00) ||[Az|| < Cz].

|Az,|| = sup 2L = n < +00% OCKULIbKE 9HCIO N MOXKEe OyTH K 3aB-
+

oausiThes wa Touky t = 0!
24Ik pyHKIiA TOBOUTHCA Ha HECKIHIeHHOCTi?



29.11. Jlosectu, mo omeparop A : C[0,1] — C[0, 1] e niniitaum, Heme-
1
pepsHUM 1 3HaiiTu foro nopmy, akmo (Az)(t) = [ e *x(s)ds.
0

Jliniitaicts oueBugna. loBegemo memepeppuictb. Hexait z,y € C[0,1]
taki, mo ||z — y|| < 0. Toxi

Az — Ayl = [ A(e = )] = guax | [ ¢ (a(s) ~ y(s)) ds| <

0<t<1
< o . t—s —
< max [a(s) —y(s)| - max /e ds
0
£

e—1

I3 foBeIeHOT HEPIBHOCTI BUILIHBAE, IO SIKINO T, — « y npoctopi C[0, 1], To
n—oo

=llz—yll-(e—1) <dle-1)=¢, =

Az, — Ax, Tobro omeparop A HenepepBHuii. HenepepsHicTb
n—oo

oleparopa eKBiBaJEHTHA HOro OOMEXKEHOCTi, IPUYIOMY 3 JIOBEJEHOIO

suinBae, mo ||A|| < e — 1. Joseaemo, mpo ||A|| = e — 1. Hexait z(t) = 1.
1 1

Toni [Jz]| = 1, (Az)(t) = [e'Sz(s)ds = [eds = et<—e_5|é> =
0 0

ot -1 - t(_ -1 (1 1y —
=el(—e +1)10H§1?§X16<6 +1)=e(l—-¢)=e—1

29.33. Jlosectn, mo A : C10, 1] — C[0,1] - niniitnuii nenepepsHuil ore-
parop i 3Haiitu fioro Hopmy, akuio (Az)(t) = /(t).

C1[0,1] - me mpocTip HenmepepsHO AuepeHniftoBHNX (PYHKIIH 3 HOPMOIO
||| = max |9:(t)|+g£1?<xl |2/ (t)|. Hopma y mpoctopi C[0, 1], sk i paminie, Taka:

|z|| = oréta;}i |2(t)|. Basanuit oneparop HAZMBAIOTH OIEPATOPOM JudepeHILio-

BanHst. Voro miniiiaicTe oueBuHa. JloBeaeMo oOMeKeHICTh:

= = ") < ") =
1Azllcpy = max [Az(t)] = max [o"()] < max |o(t)|+max [+"(t)] = [|l]lc1po.-
Tomy ||A]| <1 (x). Tenep posrasinemo nocsigoBuicTs GyHKIR 2, () = t" €

1 s _ n n—1| _
C10,1]. dna nux dbyukuiit ogeprxyemo, mo ||z, || = max It H—ggtagxl |nt" "t =

1+n, (Az,)(t) = nt" 1, ||(Az,)|| = max nt"~! = n. Maewmo ||(Az,)|| =n =

Collznl = Cu(1 +n), sBinkn C,, = 5. Yucno n Moxe GyTH K 3aBrOTHO
BEeJIUKHM, a JIpi0d nL+1 SK 3aBrOJHO OJIM3bKUM 0 OJMHHIN, TOMY KOHCTAHTY 1

y HepIBHOCTI (%) 3MEHIIHTH He MOXKHA.

2



29.44. Hexait X = fly, © = (x1,29,23,...), 1e x, € C. [dosecru, 1o
oueparop A € B((y) i 3maiiru fioro mopmy, sxkmo Az = (1, 522,..., 15, . . ).
{5 - 1ie TPOCTIP MOCiTOBHOCTEl, CyMOBHUX 3 KBajpaToM. Jamic A € B({ls)
O3HaJae€, 10 OMepaTop € JIHIHWI oOMexKeHuit i mie 3 mpocropy fo y TOif
camuii npoctip fo. Cupasmi, ajisg O6yIb-gKOro BeKTopa * € fo 0JIepKYEMO,

IPUWHSBIIK JI0 YBATH HOPMY ITPOCTOPY:

00 o] 1 2 00 .CL'Z 0o
el = \[ S0 = | 3 () =[5 <\ ot =lele
k=1 k=1 k=1 k=1
spigku [|A| < 1.
Bisbmemo  Bektop  x = (1,0,0,...) € lo.  Tomi |z| = i

[Azf| = ]/(1,0,0,...)[ = 1. Tomy [|A[| = 1.

28. Hopma miniiiHoro gpyHKIioHa a

28.1. Jlopectn, mo f : X — C e nginifiauM HenepepBHUM (PyHKIIIOHATIOM
i 3HaiiTu fioro Hopmy, aximo X = C7, f(x) =21 + 2o+ -+ + Xy, s1e 7, € C,
k=1 m.

JliniftaicTs oueBunna. Haragaemo, mo nopma B npocropi X = C7' Bu-
m

sHavena Tak: ||z|| = |[(x1,z2,...,2n)| = D |vk|. JoBenemo obmekenicTh
k=1

3aJIAHOTO (PYHKIIOHAIA:

[f@)] = o1+ 22+ -+ 2| < o] + o] + - + || = [|2]
(TyT JBOpYY 3HAK | - | aBGCOMOTHOI BEIUUMHN KOMILTEKCHOTO unciaa f(x), 6o
B C Hopma came taka). Tomy || f|| < 1 (a Ty 3uak HOpMHE || - || dyHKIIOHATA,
HATOMICTH |f| - 11e KOpiHb 3 cyMu KBaJpariB HOro JifiCHOT i IBHOT YacTHH).
Posruisnemo Bektop = = (1,0,0,...,0). O6uncaumo |jz|| = 11 |f(z)| = 1.
Tomy || f|| = 1.

28.4. JTosecrn, mo dynkuionan f(z) = z[z(—1) 4+ x(1)] ma npocropi
C[—1;1] € ninifinnm HemepepBHAM i 3HARTH HOTO HOPMY.

oBeiemo 0OMeEKEHICTh:

7@ < 5 (=11 + (D)) < 5 [macle(o)] + max|a(o)]] =

2 2
= gmtax |$(t)| = ngHC[—l;l]'

ko z(t) =1, 10 ||z =11 |f(z)] = 35[1 + 1] = 2. Tomy || f|| = 2.



28.21. 3uaiitn Hopmy Jiniitroro dyukmionana C[0;1] 2 z — z(0) € C
i goBectn, 1o 1eit (pyHKIIOHAT € HEeoOMeXKeHHM sIK BijgoOpazKeHHs
L,0;1) — C.

Bamuc C[0;1] 3 = — z(0) € C o3nauae, mo 3agano yHKmionan [ Ha
npocropi C[0;1] i Bin gie 3a dopmynoro f(x) = z(0). doeenemo, mo reit
dyHKITIOHAT € 0DMe)KeHuit 1 3HaiiIeMo floro HOpMYy:

7)) = (0)] < guax |(0)] = 7o
upu z(t) =1 maemo |z|| =11 f(z)=x(0)=1.
Tomy |If]| = 1.

Ternep posrasinemo (yHKIIOHA, IO JI€ 3a TOK caMOl0 (POPMYJIOI0 Ha
upocropi L,(0;1), p > 1. Hexait ausa npocroru p = 1. [na nosenenus me-
0bMerKeHOCTI ThOro (PYHKITIOHAIA PO3TJITHEMO TMOCTII0BHICTE (DYHKITIH

1
n’ n=123,...
1

O6uucsiumo Hopmu nux HyHkuiii y npocropi Li(0;1) i 3nauenuns dyn-
KIIIOHAJIa Ha HAX:

3=

1

1
| Z0|l 2201y = / |z, (t)] dt = / |1 —nt|dt = o 0 (wroma TPUKYTHHUKA),

7, n—0o0
0 0

a f(r,) =x,(00=1+4 0.

n—oo

Tomy dyukuionas neodmexenuit Ha Ly (0;1).

4



na smavens p > 1 ob4aucautn HopMHE |2, 1, (0;1) caMocTiiimo.

28.26. /losectn, mo f : {5 — C € niniiinnm HemepepBHUM (PYHKIIIOHATIOM
i 3HANTH flOr0 HOPMY, SIKIIO JJIsT KOKHOTO & = (1, Tg, . ..) € {3 DYHKIIOHAT

o0
aie Tak: f(x) = ) .
k=1

Harasaemo, 1110 Hopma y mpoctopi ¢, Bu3HadeHa Tak: ||z|| =

Omnirnmo 3HaYeHHs (PYHKIIOHAIA:

£)l = O ED I
k=1 k=1
——

me CKaJIspHuii 100yTOK

(Tyr 3acrocyemo umcsioBy HepiBHiCTH Kommi-ByHAKOBCHKOTO /1l HECKIHYeH-

HOT cymn)
(o] o0
<y Dl = Tl
k=1 k=1
N g
vV
me JOOYTOK HODM
o0
. . 1 71-2. .
(3 Kypcy MaTeMaTHYHOTO aHATi3y BiZOMO, MO ) 5 = ‘¢ AMB. 30ipHAK

k=1
sagad B.I1 Temunosud, Ne2961).
Tenep posrisineMo Taky MOCTIIOBHICTDH €JIeMEHTIB HPOCTOPY fa:

271:(1,0,0,...),
1
Igz(l,é,o....),
1 1
n — ]-7_7‘ 7_707 ’
zn=(Lg s~ )

=
8
K
[
=
Y-
I
P
[NgE
-
)
3




28.29. [osectu, mo f : Ls(0;1) — C e imiiinnm HemepepBHUM (DYH-
KIIOHAJIOM i 3HAfiTH HOro HOpMY, KO st KOxKHOI yHKIHT 2 € Lo(0;1)

1
dynknionan aie tax: f(z) = [t 3x(t) dt
HaraﬂaeMo mo wopma y mpoctopi Lo(0;1) Bu3HaueHa Tak:

x| = f |z(t)|>dt  (rounime dy; Mu PO 1ie TOMOBJISLIUCSH ).

OuiHI/IMo 3HavYeHHsT (DYHKITIOHAIA:

1

F(@)] = jt%x < [rhtlars
O

0

e CKaJITpHUI ,ELO6yTOK

(TyT 3acTocyemo iHTerpaibHy HepiBHicTh Kormi-ByHIKOBCHKOIO)

1
1 2 1 2

< /t—idt -/|x(t)|2dt — V3 |al.
0

0
.

e ,I[OG}/\‘ITOK HOPM
3igcn summsae, mo ||f|| < V3. dxkmo B3stn dyskuio x(t) = 3,
1

w el = (ferta) = VBl = [fria] =5 = V3 )

0 0
Tomy mosemero, mo || f|| = /3.

33aypaxenng. [nsa xommiexkcHoznaunmx dymkmiit |x(t)|? - me Te came, mo z2(t),
60 AKIIO z(t) = y(t) + iz(t), TO lz(t)|? = y2(t) + 22(¢), HATOMiCTb
22(t) = y2(t) — 22(t) + 2iy(t)z(t); ana gificnosnaunux GyHKIifl i BUpasw pibHi,
6o B mpomy Bumaiky z(t) = 0. Te came crocyeTbcs i mpuxmamy 28.26: Tam |zx|? He
0GOB’SI3KOBO JIOPIBHIOE T3



30. CnabHa, cjiabka Ta *-cjiabka 3012KHICTb

30.1. Hexait {e,} - oproHopMoOBaHa cucrema B riiboeproBOMy IPOCTOPI
H. JloBectu, 1o w—lim e,, = 0 (TyT pucka He 03HaYa€ 3HAK MIHYC, Ie c1abKa
n—oo

rparuiig; a 0 - e HyJIbOBHI eJIEMEeHT IPOCTOPY, & He YUCJI0 Hysb), a lim e, He
n—oo

icaye. (OpronopmoBaHa mOCJiIOBHICTH B ryibbeproBoMy npocropi H ciabko
30ira€Thest 710 HyJisl, a B CHJIBHOMY DO3yMiHHI He 30iraeThes.)

Harajaemo, mo tepmin "opronopmoBana cucrema' o3Hadae, mo BCi Be-
KTODH €, € OPTOroHabHi, T06T0 (e;]e;) = 0 mpm ¢ # j, i BCi BeKTOpH MAioTh

HOpMYy 1, T06TO ||€;]] = 1,4 = 1,2,.... Ba o3HauenHsM 3amuc w—lim e, = 0
n—o0

O3HAYAE, MO /sl KOZKHOIO JIHIHHOTO HemepepBHOro pyHKIoHAa [ HA TiIb-
Geprosomy npoctopi H (tobro f € H') Bukonyerncst ymosa lim f(e,) = 0
n—oo

(TyT gm0 HYJIb 9K 3HaUeHHs dyHKIioHANA). [loBeaeMo, o 1e crupas/ii Tax,
3acTocyBaBIu Teopemy Pica:

lim f(e,) = lim (e,y),
n—oo

n—oo

ne y € H - neBHuit (pikcoBaHUil eeMeHT, sIKAH OJHO3HAYHO 3aJ€:KUTh BiJl
dyukmionana f. dxbu rinsdbepriB npocrip OyB 3ajaHuil KOHKPETHO, HAIIPU-
kiaan, H = {5, TO MOXKHA 3alUCaTH ABHUI BHPa3 /s CKAJIIPHOTO J00YTKY

(ylen) 1 oninmTu foro. Ejgement y € 5 - 1ie HOCTTOBHICTD (Y1, Y2, - -+ s Yn,y - - ),
enement e, - e (0,...,0, 1 0,...), a ckagsapHuii 106yTOK B {5, SIK BiJTOMO,

n

3aaH0 TaK: (x|y) = Y Tp¥n. Tomy (ylen) = Un. Ane |yl = 4/ lyn|? <
n=1 n=1

+oo. Ieit psi mig kopenem 36ixkuui, Tomy |y,| — 0. I3 nporo BumINBaE,
n—oo
mo lim (e,|y) = 0. ¥V Bunagxy poiapaoro (cemapabesbHoOro) riib6eprobo-
n—oo

r'o MpOCTOPY MOTPIOHO 3aCTOCYBATH TEOPEMY PO i30MOPdi3M TiaTbOEePTOBUX
IPOCTOPIB 1 PO3rIgHyTH peanizaiiiio H y Burismai fs.

30.2. Hexait z,(t) = ¢™, t € [-7, 7], n € N. losecTn, mo =, — 0

n—oo
B Lo(—m, ).

3riguo 3 JiHifiHicTIO (pyHKIIOHAJa 1 Teopemolo Pica i KOoKHOTO

f e (La(=m,m))
f(e™) = f(cosnt) +if(sinnt) = (cosnt|y) + i(sinntly) =

™

s — —
= [ cosnty(t)dt + i [ sinnty(t)dt,
—7 —7
ne y(t) € Lo(—m,m). 3a memoio PimMana (TBepIzKeHHs 3 Kypcy MaTeMaTH-
YHOrO aHaJi3y npu BuBueHHi Teopil psagais Pyp’e) Bigomo, mo i inrerpasan



30IraloThesd 0 HYJIS TPU N — 00 I Oyab-aKoi (byHKIIT ¢, iHTerpoBHOI 3a
abCOIOTHOIO BendnHO. A Toit dakT, mo (yHKIig y iHTerpoBHa 3a abco-
JIIOTHOIO BEJIMYHUHOIO, BUILIMBAE 3 JIOBEICHHA MPpUKJIaLy 23.3.
Orwxe, lim f(e™) =0, mo it 7.6.1.
n—oo

- . . . w
30.3. Hexaii H - rinbbepTiB npocTip, &, X1, Lo, ..., Ty, ... € H, x, T
|lznll — ||z||- Josectn, mo x = lim x,, T06TO TOCTIIOBHICTD 36iraeThes 10
. n—oo n—oo
T 1 cuIbHO.

Po3IIsIHEMO HOPMY DI3HUIL €JeMeHTiB T, 1 T
0 — 2l = v/ (n — 2ln — 2) = /@ala) — (@lzn) — (@al2) + (2]2) =
= V/(@ultn) = (@ftn — 2) — (2]2) = (20 — 2[2) — (2]2) + (2]2) =
=w%mw@m—m%—m4%—moaa

N / N / N ~/ — 00
v~

vV Vv
—0 —0 —0

ne (x,|z,)—(z|x) njoo 0, 60 ||z, || njoo ||, a (z|z,—2) njoo 0i(x,—x|x) njoo 0,

w
00 x, — .
n—oo

30.4. [Tast koxkHOTO = = (X1, X3, .. .) € {y pwiimemo f,(x) = x,. JoBecrn,
mo f, — 0. Ywu mpasuwibso, mo lim f, = 07
n—oo n—oo

Ak i B mpuksiaai 30.1, mia koxkuHOro x = (I1,%s,...) € {3 MaeMo
folz) = x, n:)OOO = 0(x), ne 0 moznavyae HynbOBUIT (YHKIIOHAT.
Tomy f, _% 0.

Age " [[fu= 0 = Ifull = inf{C: Va € o |fa(@)] < Clall} =

= sup{|fu(z) = [lxlln <1} =1,
romy 110 || || = sup | fn(z)| = sup |z, | < sup||z| < 1iupn xz = e, onepxye-
MO fn(e,) = 1. TOl\/fy nh_}lglo fn # OiEL[ﬂ HOCﬂi;fOBHiCTb dyHKnionaiB 36ira€ThCs

JIO HYJILOBOT'O (PYHKITIOHAJIA CJIAOKO, ajie He CHJILHO.



31. PiBHOMipHa, cMJIbHA Ta cJabKa 3012KHICTH

IOCJTi/IOBHOCTEM onepartopiB y mpoctopi B(X;Y)

Mo mocminosrocTelt oneparopis B mpoctopi B(X;Y):

a) piBHoMipna 36iknictn {A4,} 10 A o3magae, mo lim |4, — A| = 0;
n—oo

6) cuibHA 301KHICTH O3HAYAE, IO JJIsl KOKHOIO ejieMeHTa © € X BHKO-

HyeThCa yMOBa lim A,r = Ax;
n—oo

B) cyrabka 3061:KHICTH O3HAYAE, MO JJIsg KOXKHOTO (dbyHKIioHata f € Y’
i koxkHOrO enementa x € X BUKOHyeThcs ymoBa lim f(A,z) = f(Ax).
n—o0

I Toxi mumryTs Biamosigno: A = lim A,,, A = s—lim A,, A = w—lim A,.
n—oo n—oo n—oo

Ao tak: A, — A, A, > A A, 5 A

n—oo n—o0 n—o0

31.1. Jdosectu, mo gkmo lim A, = A, to s—lim A, = A.

n—o0 n—o0

JoBeneHHsI B OOWH PSIIOK:

[Anz — Az|| = [|(An — A)z]] < |[An — All - [lz]] — 0,
n—oo
tomy mo ||A, — Al — 0 3a ymooro, a ||z|| - dikcoBane uncio.
n—oo

31.2. dosectu, mo gkmo s—lim A, = A, o w—lim A, = A.

n—00 n—00
Hoseenm. | (Auz) — f(A2)] = |f(Awo— Az)| < S]]} 4wz~ Az]| = 0,
Tomy 1o 3a ymoBoo ||[A,z — Azl — 0 mas koxuoro dikcoBanoro .,
n—oo

a || f]| - neske dikcopane duco.

31.3. Hexaii {e,}°°, - opronopmoBana 6a3a rianbeproBoro npocropy H
i, KpiM 1IBOTO,

n

VneN Vee H A= Z(x\ek)ek.

k=1



Hosectn, mo nocainouicTs {A,} cuIbHO, ane He PIBHOMIPHO 30iracThesl 10
OJMHUYHOI'O OllepaTopa.

Hexait [x = x - omuanununii (Toroxkumii) oneparop. Haramaemo, mo Ko-
JKHH eJIeMEeHT T MOXKHA PO3KJIACTH 3a eJeMEeHTAMH 0a3M IPOCTOPY TaK:
o0
r =Y (z|ey)ex, ae (z|ex) - koedimienTn po3KIALY.

k=1
Tenep posriigHeMo aias KoxKHOro xr € H

(zler)er|| =
1

1wz — Lzl = || )_(aler)er —all = | Y (xlex)ex
k=1

k=1

[e’e)
k=

= > (alenexll =

k=n+1

SIK 3aJMITOK  30KHOTO psijiy, a HOPMY OOYHCII0EMO sK B fo.
Tomy I = s—lim A,.

n—oo
3’sicyemo, an || A, —I|| = sup ||Apz—Iz|| — 0. Bisbmenmo z = e, 41. Toxi

Apx =01 [|[Ape — Iz]| = ||0 — epsr]| = 1 4 0. Tomy i lim ||A, — I|| # 0.
n—oo n—oo

31.4. Hexaii {e,}22, - o.u.c. B rinbbeproBomy npocropi H, f € H,
VneN VeeH Az = (z|f)en.

Hosecrn, mo nocainosuicts {A,} crabko, ane He CHIbHO 36iracThCs 10 Hy-
JIOBOT'O OTIEPATOPA.

Posrisinemo jiist koxxuoro g € H'

9(Anz) = g((2|f)en) = (32 . Pica ) = ((z[f)en)]y)

A,z) —g(0-2)| =|g(A,2)| = |((z|fe, =\(x|f) v, | — 0,
9(A4.) — 9(0- )] = [9(Au2)| = (@l Pen)l)] = | (lf)- Tz | =
const —0
Tomy o ¥, — 0, a (z|f) - ne nesxa Koucranta npu dikcopanomy x. Tomy
n—oo

nocinosHicTs {A,} caabko 36iraeThest 10 HYJIBOBOTO OEPATODA.
Pazom 3 mum ||A,z — 0 - z|| = |[(z|f)en]| = |(z|f)| = const 4 0. Tomy
n—oo

nocTioBHICTh { A, } He 36ira€Thesi CHIBHO 0 HYJIBOBOTO OEPATOpPA.



31.7. 3’acyBaTu, Ud IpaBUIbHE TaKe TBEPIKEHHS:

(w—lim B,, =0) A (w—lim z,, =0) = w-lim B,x, = 0.

n—oo n—oo n—oo

Po3risiHeMo TTOCIiJOBHICTH BEKTOPIB TIbGepToBOro mpoctopy {e,}°%; B
{5 1 mocTioBHICTH onepaTopis { B, }, mo AT Tak:

0 k<n
B,ei, = ’ ’
ok {ek—n+17 an

Toni xgis omeparopis B, Bu3HadeHa 3a JiHIAHICTIO i 175 BCix © € fo.

3Haitremo
Bie; = €1, Byey = 0, --- Bhe; = 0,
Biey = ey, DBses =e1, ---  Bpea =0,

Bies = e3, DBsez=ey, ---  Bpes=0,

Bnen = €1,
Bnen—l-l = €9,

dx Bxe gowemeno, (e,) — 0 (M30.1). Kpim mroro, B, 2 0. Tyr
n—oo

n—oo

macpasi B, — 0, TOMY IO JIJIST KOXKHOTO = € H oepxKyeMo
n—0o0

| B || = (20, Trg1s Tnra, - - )| =

Ane Bye, = e, £ 0.

n—oo



32. O6opoTHICTh Ta KOPEKTHA OOOPOTHICTH
JIHITHUX OIlepaTopiB

Ax BijloMo 3 Kypcy ajirebpu, JJOOYTOK MaTpHIlb, B3araJi KayKydH, HEKO-
MyTaTHBHUI (3ragaiite abo npuaymaiite mpocti npukiaagm mMarpuis A i B
po3mipy 2 X 2 takux, mo AB # BA). IIpore 106yTOK MATPUIL MAE BIACTH-
Bictb aconiarurocTi: (AB)C = A(BC). Te came BUKOHYETHCS JJIsI TOBLIb-
HUX JITHITHAX OmepaTopiB.

32.3. Hexaiit A, B : X — X - JiiniiiHi BigoOpaskeHHS 1 ICHYIOTh OlepaTOpH
(AB)™! Ta (BA)™!. Yn BumsmBae 3Bigcu 060poTHICTH onepatopis A Ta B?

CrovaTKy 3ayBazKMMO, IIO 3alHCYyBaTH TYT piBHicTH (AB)™! = B71A™!
(mexro 3i crynenTis HenpasuibHo Hanucaau Tak: (AB)™! = A™'B7!) mu ne
Ma€eMo mpaBa, TOMY IO HeBimomo, 4m icayiors omepatopu A1 i B! Ila
piBHICTb IpaBHJbHA TILIBKH TOMIi, KOJIU BiIOMO IO 1ii obepHeHI omeparopu
ICHYIOTb.

JloBeieHHS Bi MPOTUIEZKHOTO, IO 13 3aMUCAHOTO TPUITYIIEHHS BUILIHBAE
obopotuicTe oneparopiB A i B. [Ipumyctumo, 1mo, nanpukia, omeparop A
ue € oboporunii, Tobro ker A = {z : Az = 0} # {0}. Toai masa BexTOpiB
x # 0 i3 aapa oneparopa A 6ynemo maru, mo (BA)x = 0. Ile cynepedntsb
yMoBi oboporHocTi onepatopa BA. Anasoriuno i3 npunymiennst ker B # {0}
BunnBae, mo ker (AB) # {0}.

Tomy BijoBiib TaKa: Tax.

32.4. Hexait A,B : X — X - niuiiiai BimoOpaykeHHs 1 iCHY€ omepaTop
(I — AB)~'. losectn oboporuicTh oneparopa I — BA.

3a ymosoto oneparop I — AB (aBocTopoHHBO) 0GopoTHHIL. Posrasaemo
Terep PiBHAHHS

(I-BAx=y, (%)

IO O3HATAE, 10
Iz — (BA)x =y.

3a o3HaveHHAM TOOYTKY OIE€PATOPIB 1€ 03HAYAE, IO
x— B(Az) = y. (%)
[Tomiemo Ha 10 piBHICTH 37iBa JiHIKHEM omepaTopoMm A:
Ax — ABAx = Ay.

[IeperBOpUMO TaK:
(I — AB)Ax = Ay,
Az = (I — AB) ' Ay, 60 icnye (I — AB)™*,
BAr = B(I — AB) ' Ay.



Tenep i3 piBHOCTI (%) BUILTHBAE, IO
x—1y=B(I — AB) ' Ay,
r=1y+ B(I — AB) ' Ay.
A e it o3navgae oboporHicts oneparopa I — BA (nuB. (%)) i Te, mo

(I-BA)™' =1+ B(I-AB) A

32.7. Hosecru, mo oneparop A € B((,) (p > 1) € kopekTHEM i 3naiiTH
AL axkmo Az = (z1 + @2, 21 — %9, 13,24, . ..). (Oneparop A nepersopioe
nepIi JBl KOOPJMHATH BEKTOPA T, BC1 iHIN 3aJUIIAIOTHCA HE3MIHHIMI. )

JlinifinicTh 1BbOTO ONepaTopa ovyeBuHA. JloBegeMo 0OMeKeHICTh:

|Az|le, = [|(z1 + 22, 21 — P22, T3, Tas .. )|, || =

= |[(z1, =iz, 23, 24, ...) + (T2,21,0,0,...)| <
< (@1, —iwe, 3, 24, )|+ [[(w2, 21, 0,0, )| < |l + [[=]] = 2|=]],

3Bigkm ||All < 2.

Jlerko mosectu, 1o icuye obepuenuit 10 A omeparop, Tomy 1o ker A =
{r el,: Az =0} = {0} = {(0,0,...,0,...)} (momymaru camoctiitno, a B
HacTymHOMY ab3arni ne Gyie mokazano npu y = 0).

Tenep snaiinemo A~! (oGeprenwmit 10 A). 1 MpOro posrisgHeMO piBHA-
uag Az = y 1 3anMmeMo HOro IMOKOOPIMHATHO:

(1'1 + Lo, T1 — iIQ, X3, Ty, - - ) = (y17 Y2,Y3, Y4, - - )

[TopiBHIOIOYM BiMOBIIHI KOOPAMHATH, 0AYUMO, IO MOBHHHA BUKOHYBATHUCS
TaKa HECKIHYeHHA CUCTeMa PiBHOCTEI:

T+ T2 = Y1,
T1 — 12 = Y2,

T3 = Y3,
3BifcH 0/1epKyEMO:
_ iyitys =14 1—3
TL=LT S T it o2
_ Yyi1—Yy2 _ 1—1 1—3
T2 =" — 2N T Y2
T3 = Y3,



Tomy
v Ay — -1+ Jr1—@' 1—1 _1—z'
= Y= 9 Y1 5 Y2, 9 n 5 Y2,Y3, Ya, -+ - ] -

[eit onepatrop wenepepsuwuii. Lle sierko moBecTnm Tak camo, 9K Buie. 'Tomy
omneparop A KOpeKTHHIA.

32.14. Hexaiji 1151 KOKHOTO & € {9 Ax = (xl, %:pg, e %xn, .. ) HopecTn,
mo A € B({3) oboporHuii, aje He KOPEKTHO 00OPOTHHI OLIEPATOP.

ObmexenicTs omeparopa A jerko moBectu 3a mepiBaicTio Komti. Ob6opo-
THicTH oneparopa A ovesnmna, Tomy mo ker A = {0}. Temep posrasiHemo
piBEgHHT Ax = y, TOOTO

1 1
xlv_x%-"?ﬁ'rnw" :(y17y27"'ayna"->'

2
Tomy MOKOOPANHATHO BUKOHYIOTHCS TaKi PIBHOCTI:
1 1
T = Y1, T2 = Y2, -y =T = Yn,y - .
2 n

OueBuIHO, 110

r=A"y = (y1,2y2,3Y3, . - ., MWYn, - - .).
Orxke, obepuennii 10 A icuye. Aste 1ieit oneparop neobmexxkenuii, 60

1A e, || = [1(0,...,0, 1 ,0,...)]le, =n — +o0.

n

JonaTKoBe TUTAHHS J0 MBOTO TPUK/IaLy: un omeparop A~! Busnadenuit ma
BCHOMY IPOCTOPi fo7

32.22. Ilepekonarucs, mo A € B({3), noBect KOpeKTHICTH omeparopa A

o
i smaiitn A™!, axmo Ax = (xl + > I xg, a8, )

n=1
Oninumo HOpMY omeparopa A:

o0
(x1+ Z %71‘271’37“')“ S

n=1

S ||(3§'1,.T2,373,...)|| + H(Z J%,O,O,)H =
n=1

o0 o0 1
> =l < ol + ol |3 & =

n=1
3

[Az|| =

= [l +




(ocTanus HepiBHICTH 3a HepiBHicTIO Korri)

= (1+ %) lall

sigku | Al <1+ J5- Snaiiiemo AL

0o T,
(xl + e LT ) = (Y192, Y35+ )-

3Biacu xo = Y1, r3 = Yo 1 T.A. 1 3HAXOIKEHHS X1 NPUPIBHAEMO IEpIIi
KOOPIUHATH:

i) T3
2 — 4+ —=+4+... =1y
1+ 5 + 3 + n
3Bijcu
S TP BN "R SR P < 71
P22 3 Y g
OTtxe,
Ay = =y — = = — == A I
Yy (291 ;Qnay%yi’n ) (3/1 ;2n7y27y3a >

3posymino, mo [|[A7| <1+ %\/ié

32.28. Jlosecru kopekTHicTh omeparopa A € B(X) i smaiitu A1,
axio X = C[0;1], (Az)(t) = x(t) — x(0) - sint.
OniruMo HOPMY:

| Az || o) Org?gxl |x(t) — x(0)sint| < (1 +sinl) - ||z||

(Tyr Bpaxosano noseminky dbyHKil sin na Biapisky [0;1].)

BnHaitmemo A~
Az(t) = y(1),

z(t) — x(0)sint = y(t).

ITpu t = 0 maemo



3BIIKH

s Beix t € [0; 1] onep:kyemo
z(t) = y(t) +y(0)sint.

Tomy
A~y (t) = y(t) + y(0) sint.

Bposymino, mo ||[A7| < 1+sinl.



34. CrpsxkeHi omepaTopu

34.1. 3uaiitu oueparop, cupsizkenuii jo oueparopa A € B({y), skio

AIL’:A(Il,l’Q,..., Tn ,) = (0,1’1,1’2,...,‘7)”,1,...).

n n

[leit omepaTop B MpocTopi £ HA3UBAIOTH OMEPATOPOM 3CYBY Ha OIUHUILIO
BrpaBo. Oueparop y npuk/aaai 34.2 HaA3WBAIOTH OMEPATOPOM 3CYBY HA N — 1
OIMHUIIb BJIiBO. Sa O3HaYE€HHAM CIIPpA2KEHOT'O OIlepaTOpa MOBUHHAa BUKOHYBA-
THCS Taka piBHICTH (TyT A* mo3HadaTuMe cupsikenuii 10 A omeparop):

Vz,y€ly  (Axly) = (z|A%y).

o0
OCKUIBbKY CKAJISPHII JOOYTOK y TPpOCTOpi £ BU3Ha4YeHo Tak: (z|y) = > ,,Tn,
TO MOZKEMO 3allMCATH CKAJISAPHI J00yTKH JIIBOPYY i TPaBOPyY:

oo

(Axly) =) (Az)oTn,

n=1

(x| A*y) an (A*y)

Tomy

f: Aﬂj nyn an n
n=1

abo PO3TOpHEHO:

0T +a1-To+as- P+ =z (AY)+ 22 (Ay)s + a3 - (A7y)s +
3Bincy (OCKITbKH YHCIA Ty, Yy, MOKHA BHOPATH JOBLIBHO) 3HAXOMMO:
(A*y)1 = Y2, (A*y)z = Ys, (A*y)3 = Y4y

Tomy
Ay = (Y2, Y3, Ya, - - ).

Cupsizkenuit 10 A oneparop A* € onepaTropom 3cyBy Ha OJUHUIIIO BJIIBO.



34.11. Te came qist Ax = (2x1 — x3,1x9,0,23,0,0,...).
3a 03HAYEHHSIM CIIPAZKEHOTO OIIEPATOPa Mae BUKOHYBATHUCH PIBHICTH

((2x1 — 3,122,0,23,0,0, .. )|(y1,Y2, Y3, Ya, - . .)) =
(2x1 —23) g1+ 1wy Yo+ 0- U3+ 23 s +0-75+0 =
Ty 2y + o (—iye) + @3- (—y1 +ys) + 34 -0+ 0=
(21, x2, 3, x4, .. )| (2y1, —iy2, =11 + ¥4,0,...)).

Tomy
Ay = (2y1, —iy2, —y1 +¥4,0,.. ).

34.22. 3Bnafitu  cupsikenuit 10 omeparopa A € B(Ly(0,1)),
t

axmo (Az)(t) = [ x(s)ds.
0
Ckanspauit 106yToK y mpoctopi Lo(0, 1) BusHaUeHO Tak:
1 o

(zly) = Ofx(t) -y(t) dt.
Tomy L/
el = [ | [ )5 ) @ =

(TYyT BHSIBASIETHCSI, 1O TOTPIGHO BMITH 3MIHUTH MOPSIIOK iHTEIDYBaHHS B
IIOBTOPHOMY iHTErpaJi, mo npo-ro-du-au' B Kypci MATeMATHIHOTO aHAJI3Y;
JUBITHCST PHCYHOK)

s=t

I/

LrouHO MpPOXOIMIIM, ajle HEBiZOMO, UM BCi i 4K 3acBoian

7



Tomy omepkyemo

110 MOKHA 3aIlMCaTH 1 TaK:



35. CuekTp Ta pe30JbBEHTA JIIHIITHOTO omepaTropa

35.1. Hexait A : X — X - jiniitHuit oboporHuit oneparop. Jdosectn, mo
A ta A~! Ma0Th OTHAKOBI BJIACHI eJIeMeHTH.

dkmo Az = Az (z # 0) i A oboporunii, to A Ar = A7 (\z) = NA™ !z
(6o A~ rakox minifinmit). 3sigcn A7z = S, akmo A # 0. Ile oznauae,
mo omeparop A~! Mae BiacHmil ejeMeHT T, IO BIIIOBIJAE BIACHOMY
3HAYEHHIO %

Axmo xx A = 0, To 3 yMOBH 0DOPOTHOCTI omeparopa A BHILIMBAE, IO
x = 0. A ne o3naugae, 1o oneparop A He Mae BIACHUX €JIEMEHTIB, IO BiIIIO-
BiIal0OTH BJIACHOMY 3Ha4deHHio \ = 0.

OueBnHO, 10 TE came CIPaBEINBO i B 00EpHEHY CTOPOHY.

35.2. Hexait X - 6anaxis npoctip i A € B(X), npuaomy A? = 0 (mysbo-
BUii omeparop). Yu Moxke omeparop A MaTH HEHYJIbOBI BJIACHI 3HAYCHHS?

JoBomumo Big npormiaexkuoro. [Ipunycrumo, mo icaye umcio A # 0 i
enement r € X, x # 0 taki, mo Az = A\zv. Toui A%z = A(Az) = A(\x) =
Mz = N2z # 0, mo cynepeunts ymosi A% = 0.

35.4. V aiiicaomy minifinomy npoctopi C[0; 7| 3HaiiTi BIacH 3HAYEHHS 1
BJIaCH] esieMeHTH oneparopa A nsokparnoro audepennioBanns (Az = x”),
axmo D(A) = {z € C[0;7] : 2" € C[0;7], 2(0) = x(m) = 0}.

s 3aja4a 3BOIUTLCH 0 PO3B d3yBaHHs Ju(EPEHIIATLHOIO PIBHAHHSA
2-10 MOPSAJIKY 3 KpaflOBUMH YMOBaMU:

{ Lo — \a(t),
z(0) = x(m) = 0.

BarajJpHUil  PO3B’SA30K IIHOTO OJHOPIAHOTO PIBHAHHS BHTJISIAE€ TaK:
z(t) = CreV™ + Coe v ne €y, Cy - noBinbui crami. Bpaxosyodn kpaiio-
Bl YMOBH, OJEPKYEMO

Ci+Cy =0,
CheVT 4 Che VAT =,
spigkn Cy = —Cy = —C. Tomy C(eV ™ — L) = 0, 3pimkn VAT _

VA =ni (6o ™ =1, ne n € Z), A\ = —n?.
Terep 3amuimeMo YacTKOBHI PO3B’SI30K, IO 3a0BOJIBHSE IIi KpaioBi
YMOBH:

x(t) = Ce™ — Ce ™ = C(cosnt + isinnt — cosnt + isinnt) = 2iC sin nt

(TyT Bukopucraju dbopmyiy Eiepa e? = cos ¢ + isin p).



3 TOYHICTIO /10 JOBLILHOIO MOCTIHHOTO MHOXKHHUKA BIACHUNA €JIeMeHT &,
IO Bi/IIOBiA€ BAACHOMY 3HAYEHHIO A\ = —n?, MOXKHA 3alUCATH TaK:

x(t) = sinnt.

Maemo 6Ge3tiv BJIACHUX 3HAYEHD 1 KOPKHOMY 3 HUX Bi/IMOBinae o ofHiil (sTiHiii-
HO He3aJIexkHiil) BracHil dyukiil. Hanpukiamu, BracHoMy 3HadeHHIO A\ = —1
BiAmOBiIae BiaacHuit exement x(t) = sint.

Pesysibrary HacTylnHUX JBOX HPUKJALB BigoMmi 3 Jseknii "Pesosbsenta i
cuexTp oneparopa'. TloBropenns s BigcTamunx.

35.9. Hexait A € B(X), |A| > ||A]|. Hosecrn, mo A € p(A) (pe3oabBeHTHA
muozxmna oneparopa A), ||[Ra(A)| < (A = JAID™E (Tyr Rx(A) nosmauae
omepatop (A — \I)~1.)

PosriisinbMo onieparop A — A 1 BUHECeMO MOCTIfHUI MHOXKHUK A 34 1y 2K-

km: A — AN = —)\( — —A) Tomy Ry (A) = (A — M)t =
= —1(I - 3A)" = —% V' Axmo |[A| > ||Al|, To nmeit pag Heitmana

36iraeThest i 3a/1a€ Ha BCHOMY MPOCTOPi 00MezkeHuit onepatop, To6Tto A € p(A).
(Bumagiox A = 0 TyT HeMOKJIUBHI 38 YMOBOIO. )
Kpim 1mporo,

1

R | A¥] R N
| H_ZWM = —y = (A = 11AD~

TeoMeTp.1porp.

35.10. Hexait A € p(A), p € C, |u— A < [[Rx(A)||7'. Hosecru, mo
1 € p(A).

BacrocyemMo TeopeMy Tpo 30ypeHHs KOPEKTHOTO oneparopa 3 JeKMil
"Psan Heiimana": gkmo A, B € B(X;Y), A - xopekTHuil omeparop,
C = A7Y(A — B) i sbiraerbes pag Heitvama Y C™, To omepaTop B Takox

n=0
kopektauit i B~! = (I — C) 1A~
VY poui oneparopiB A i B y niit Teopemi nigcraBumo oneparopu A — A1 i

A — pl. 3a ymosomw icnye obmexennit oneparop (A — A\I)™!, pusnauennii na
BesoMy mipoctopi. Tomi C = (A — M)"HA — XN — A+ pl) = (n— A Ra(A).

Hnst 36ixku0cTi paay Hefimara Y C™ moctarHbo, 1106 BUKOHYBAJIACS YMOBA
n=0



IIC| < 1, o610 |n—A| < m. 3a i€l yMOBH 3TiIHO 3 TEOPEMOIO OLEePaTOP

A — pl takox KopekTHHit. A 1e i o3navae, mo u € p(A).
35.12. JloBecTu pe30JbBEeHTHY TOTOXKHICTH [ibbepra:
(VA € p(A))  Ra(A) = Ru(A) = (A = W) Ra(A)R,(A).
PosrisinbMo i mepeTBOpuMO TaKHil JT0OYTOK OIepaTopiB:

[(RA(A) = Ru(A))(A = pl)] (A= M) =
= (BA(A) - (A—pl) = I)(A— ) = (%)
=(A-=X)"YA-pul)(A=X)— (A=XI) =
=A—pl —A+ XN =N—p)l

(TYyT BUKOpHCTAHO TOTOXKHICTH B™1AB = A, axa npaBmibHA JJId KOMYTYIO-
qux omepartopis A i B; a B mamomy Bunagaky cupasmi (A — ul)(A — A) =
(A= AI)(A — ).

I3 piBHOCTI (), SIKIIIO JOMHOXKHTH 11 cripaBa criodarky Ha Ry(A), a morim
ua R, (A), i BunimBae toroxkuicTs ['inpbepra.

35.24. Y upocropi C[0, 1] posrasiHemo oneparop audepeniiobanus A :
x — 2’ i3 obmactio BusHauennsa D(A) = {z € C[0,1] : x(0) = 0}. Tosectn
PABIILHICTH TaKOTO TBepzkenst: 0(A) = & (cnekTp mopoxmiit).

Hosenemo, mo pezorbeentna mMuoxuua p(A) = C. [lorpibmo mokasza-
i, 1m0 JoBilabHe uncio A € C € pe3ojbBeHTHUM 3HAYEHHSIM, TOOTO IO
ker(A— M) ={0}i R(A—AI) = CJ0,1] (vyr R(A— \) no3nadae MHOKIHY
3nadenn oneparopa A — AI).

Posrisabmo piBasinasg (A — M)z = 0 i3 ymosoo z(0) = 0. Maemo
piBusaas z'(t) = Axz(t), 3araJbHEM pO3B'I3KOM SIKOTO € (QYHKIIist
x(t) = CeM. 3 ymoru x(0) = 0 summmsae, mo C = 0. Tomy z(t) = 0.
A e o3nauae, mo ker(A — \I) = {0}.

Tenep posrrsaemo pisusuasg (A — M)z = y i3 ymosowo z(0) = 0,
e y € C[0,1] - nosinbHa dyukiig. 3amava 3Benacs M0 Takol 3a1adi

Kommi:
{ 2'(t) — Ax(t) = y(1),
z(0) = 0.

I3 kypcy mudepeHHmiaIbHUX PIBHAHL BIJIOMO, IO TaKa 3aJada Mae €IH-

.

Huil po3B’sa30kK, 60 Az (t) + y(t) - neunepepsua dyukuis. Ile i o3nauae, o
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piBustanast (A — Al )x = y po3B’si3ue uist TOBLIBHOTO exeMenTta y. Tomy

R(A—\I) = C]|0,1].
35.27. Hexait

Vo = (x1,29,...) € by Az = (0,21, 29,...), Br = (xq9,x3,...).

SHaUTH TOYKOBHH, 3aJUIIKOBHI 1 HelepepBHUI CIIEKTPU KOKHOTO 3 IUX
oIepaTopiB.

BkasiBka. Bukopucraru TBepKEHHsI IIPO CIEKTD, AOBEJEHI y JIeKILisiX, i Te, 1m0 1€ € oueparopu
NPaBOCTOPOHHBOTO 1 JIIBOCTOPOHHBLOTO 3CYBY, SIKi Mu B2ke po3rsismanu y Ne34.1 i mokazamnu, mo A* = B.

PozrisiabMo piBHSAHHS AT = AT TOKOOPIMHATHO:

(O,LCl,.I'Q, .. ) = )\(1'17.1'2,33'3, .. .),

0= )\.Tl,
Ty = )\.IQ,
To = )\1'3,

SKImo y mepioMy psaky HecKiHdeHol cucTeMu piBHsIHb A = 0, TO Tomi xp =

g =x3 =+ =0. dgmo x v1 =0, a A # 0, 70 Toai x5 = x3 = --- = 0.
Y koxkuomy Bumagky r = 0. Tomy omepatop A He Ma€ BIACHUX 3HAYEHB:
op(A) = @.

Posrissabmo piBHsSIHHSA BT = AT IOKOOPIUHATHO:

(]32, I3, .. ) = )\(1’1, Lo, T3, .. .),

To = /\'rlu
T3 = AT,
Ty = A3,

Yucno xp Moxke OyTH JOBULIbHE, & BCi HACTYIIHI KOODJIHHATH BEKTOpa T
TaKi: To = A1, T3 = \vy = N2y, 24 = A\w3 = Naq, ..., 2, = \" Loy, .
AJte BeKTOP-IIOCTIIOBHICTD & He H0BLIbHKI. BiH moBHHEH HaJeKAaTH 10 IPO-
cropy fa:

(ZEl, )\.Z‘l, >\2I1, )\31’1, .. ) S 62,

TOOTO HOpMA I[BOTO eJeMeHTa Ma€ OyTH CKIHYeHHA!

V0Iei2 4+ a2+ N2z 2+ (Mg 2+ - =
= | VIR A A+ A - =

BN
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[Is1 yMOBa BUKOHYEThCs, KO |A| < 1 (Tomi miz KopeHeMm cyma HeCKiHUYeH-
1o cnaanoi reomerpuunoi nporpecii). Tomy 0,(B) = {A € C : |\ < 1}
(BHyTpimTHICTH Kpyra pajiyca 1):

D
7

Tl umcnaa A\ Bijnosinuuii Biacuuii enement raxuit: x1(1, A, A2, A3 ...

OcCKiJIbKH CHEKTP OIepaTopa 3aBzK/IU € 3aMKHEHOI0 MHOKHHOIO, TO BECh
kpyr {A : |\ < 1} manexurs no o(B). fk Bxke Bimomo 3 momepegHboro
marepiany, |B|| = 1 (a rakoxk i ||[A| = 1). Cuexkrp oneparopa MiCTHTHCS B
Kpy3i 3 neaTpoM y Toui 0 i pajziycom, 1o JOpiBHIOE HOpMI omniepaTopa. ToMy
o(B)={X: |\ <1}

Tenep 0CTITUMO TOUYKM KOMILTIEKCHOL ILJIONTHHY, B skuX |[A| = 1. Jlns Ta-
KnX "quces A omepatop B — I oboporHuii, 60 A € 0,(B). 3Haii1eMo MHOKHAHY
suadenb R(B — Al), TOOTO CyKyTHICTh TAKHX €JIeMEHTIB Yy = (Y1, Yo, - - .), IO

Ty — A\T1 = Y1,
Tz — ATy = Y,

Oueruao, mo R(B — AI) mictuts Bei dinitai BekTopn y (T06TO Ti, ¥ SKHX
CKiHYeHHA KIJIbKICTh HEHYJIBOBHX KOODAMHAT), IO € obpasamu (DiHITHUX Be-
KTOpiB x npu Bigo6pazxenni B — AI. (Cupasii, 6epeMo 1 JTOBLTBHUM YHHOM,
a Ty = A\x1 + Y1, T3 = ATy + Yo, 1 T.1.) MHOKMHA DIHITHAX BEKTODPIB BCIOIU
uiibHa B npocropi £o.! Tomy muozkuna R(B — A Bcionn miijibia B fo, TOGTO
R(B — M) = (5. 3riziHo 3 03HAUEHHSAM CIIEKTDY Ie O3HAYAE, 10 HellepePBHUIA
cuextp o.(B) = {\: |\ =1}, a 3anumkosuit cuextp o,(B) = &.

ToscHenns ayg THX, XTO He HOBIPHB Ha CIOBO, ajle caM He 3HAa€, YOMYy Ie TakK. Bymub-
AKui BeKTOp & = (1,%2,...) 3 SIKOK 3aBMOIHO TOYHICTIO MOYKHA HAGIM3WTH 32 HOPMOIO
npocTopy {2 Takoio mocimoBHicTio dbimiTHux BexTopin: (™ = (21,2, ...,2,,0,0,...), 60

“+o0
> |zkl? — 0 ax 3amumok 36iKkHOrO pay.
k=n+1 n—o0

lz — 2™ =



BaInImaeTbes 3HARTH HellepepBHEI 1 3aIHINKOBUI CIEKTPpH omnmepaTopa, A.
Ockinbku omeparopu A 1 B B3a€MHO CHPsizKeHi, TO 3TiIHO 3 TBEPAKEHHSIM
PO B3AEMO3B 30K CIEKTPIB CHPSKEHUX ONEpPaTOPIiB

c(A)=0(B)={\: [N <1} =0,(A)Uac.(A).
Kpim nporo, gk BigoMmo,
A€o (A) = A€ a,(A") i A€o,(A) = )\ €o,(A)Ua,(AY).

Tomy gmg A € 0,(B) (106T0 masa wmcen |A| < 1) maemo, mio

A € 0,(A) Uo,.(4) = 0,(A). Otxe, {\ : |A| < 1} C 0,(A). Jlerko

3pOo3yMiTH, IO TYT MYCATb OyTM 3HaK piBHOCTI, 00 gKOM

neBHe 9HCI0 Ao i3 |Ag| = 1 mamexano o o,.(A), T0 Tomi BiamoBiIHE

crpsKeHe TuCao \g € 0,(B), mo, 9K MU Gauuiu, HEMpaBUIbLHO. I3 MHOro

OCTATOYHO OJIEPKYEMO, 10 HemepepBHUii criekTp o.(A) = {\: |\ = 1}.
[TijicymMOK Takuii:

o(A) =2, o.(A)={N: [N <1}, o.(A) ={ : |N\=1},
0,(B)={AeC: [N <1}, o.(B)={\: |\=1}, o.(B)=2.

35.33. Hexaii omepatop A Bmsmadeno B mpoctopi C[0;1] piBHicTIO
(Az)(t) = t - z(t) (omepaTop MHOMKEHHSI Ha He3aJexKHY 3MiHHY). JloBecTH,
mo o(A) = 0,.(A) = [0;1].

JIng BUBHAYEHHS TOYKOBOI'O CHEKTPY I[LOIO OllepaTopa PO3LJISHEMO DiB-
HaHHs tx(t) = A\x(t), ke MOYKHA 3aIUCATH TaK:

(t—Nz(t) =0,  teo;1].

Tyt 3minna t mpobirae [0;1], a uncno A - goBitbHE KOMIUTeKcHEe. OYeBUIHO,
mo z(t) = 0 332 BUHATKOM, MOXK/IHBO, 0AHOI ToukN ¢ = . Ase dyukmisa x(t)
3a yMoBOIO HemepepsHa, Tomy x(t) = 0. Orxke, 0,(A) = .

Oninnmo HOpMYy omeparopa A:

—= = < —=
] = g [(A) (0] = gua £2(0)] < s o(0)] = L
seigku ||Al] < 1. Jlaa dysxmii z(t) = 1 maemo: [[z]] = 11 ||Az|| =
= max [t| = 1, romy ||A| = 1. Oueruano, 1o omeparop A camocpsizKe-

0<t<1
uuit. Tomy fioro cuekrp aificauii i micrurbes y Biapisky [—1;1].
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Posrignemo pisusuns (A — A)x(t) = y(t) ana aucen A € [—1; 1]. 3anu-
mremMo foro Tax:

(t = Nz (t) = y(1).

dxmo A € [—1;0), To pO3B’I3KOM IHOrO PiBHSHHS €

y(t)
w(t) =
) =75
i ipu npoMy ouesmHO, 1o oneparop (A — A)~!:y(t) — % € obMexkeHuii

i 3ajanmii Ha Bebomy mpoctopi. Tomy [—1;0) C p(A).

dAxmo x A € [0;1], To omep:kyemo, mo y(A\) = 0, byHKItist y Mae 3Hade-
uust 0 mpu ¢ = \. Bucuosok i3 nporo Takuii: onepatop Ry(A) = (A — \I)™!
icHye, aJie #oro o0J1acTh BHU3HAYEHHS CKJIAJAECTHCS TLIBKH 3 THX (DYHKIIIH
y(t) € C|0; 1], sixi meperBoprotoThest B 0 ipu ¢ = A\, Taka MHOKHHA DYHKIIIH
He miabaa B npocropi C[0; 1] (Tomy 1m0 He KOKHY HerepepBHY QYHKIIO MO-
JKHA HAOJIM3UTH sIK 3aBroAHO TOYHO TakuMmu (yHKuigMu y(t) 3a HOPMOWO
npoctopy C[0; 1; cnpanti, masozicr, yecio, o |2(0) — y(O > (V).
Tomy 0,.(A) = [0;1] i 0.(A) =@ i0(A) =0.(A) =][0;1].

35.37. 3ualiTu CIeKTP, Pe30JbBEHTY Ta CHEeKTPAJbHUN PaJiyc olepaTopa
A C0;1] — C[0; 1], axmo (Az)(t) = z(0) + tz(1).

Omeparop A 3amanuii Ha Bcbomy mpoctopi C[0; 1], a MHOXKHHA #HOTrO 3HA-
YeHb CKJIAJAEThCS TIIBKH 3 MHOTOYWIEHIB IepIoro cremnens. O4YeBUIHO, IO
e Jiniitnuit oneparop. I3 nepiBHoCTI

[Az]] = max [2(0) + tz(1)| < 2]|z]]

0<t<

suiiuae, mwo ||Al < 2. s dyukuii z(t) = 1 maemo ||z|| = 11 (Az)(t) =
1+t ||Az|| = 2, 3Bigku ||A| = 2.
Suaiinemo BiacHi 3uadenns oneparopa A. Posrismaemo piBasaHS

z(0) + tx(1) = Az (t), 0<t<l.

Y Bunazaky A # 0 6aanmo, mo dbyukuisa z(t) mae rakuii Burisi: z(t) = a+ft.
[lizcTaBuMO Tieit BUpa3 y piBHAHHS:

a+tla+ ) = Aa+ A\Gt.
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Ockinpku byl 1 i ¢ miniiino mezamexni na [0; 1], To omep:kyeMo cucremy

{(1—/\)04:(),
a+(1-=X)p=0.

Axmo A # 1, to « = 01 8 = 0. Hysnibosuii po3s’si30k x(t) HAC HE BIAIITOBYE,
60 BiH He € BiracHUM eneMeHTOM. Tomy A = 1, i3 apyroro piBHsaHHS o = 0,
a yuciao B posuibhe. Bignosiguuit Baacuuit esemenr x(t) = [t abo npocro
x(t) =t 3 TOYHICTIO O KOHCTAHTH.

[Tokazkemo, 1o ancao A = () TaKOXK € BJACHUM 3HAYEHHSIM oneparopa A.
Tenep MaeMo pPiBHAHHS

z(0) + tz(1) =0, 0<t<1,

3 akoro Bumauae npu t = 01t = 1, mo z(0) = 0, z(1) = 0. Tomy ne-
TPUBiIAJBHUME PO3B’d3KaMH IILOTO PIBHAHHSA € BCl HenepepBHi (DYHKINI, dKi
nepeTBOpIOIOThCcA B 0y Toukax t =01t = 1.

Pobumo BHCHOBOK, 110 omepatop A Mae nBa BiacHi 3Hadensst: 01 1. Temep
JoBegeMo, 1o Bei inmii Toukn A € C € peryJIapHEME TOYKAMHI IILOTO OIepa-
topa. Hexaii A # 01 A # 11y = y(t) - noBinbaa dynkuis 3 npocropy C[0; 1].
Po3sw’szkxemMo piBHsHHSA

(Az)(t) — Az(t) = y(t), 0<t<1,
z(0) + tz (1) — Az (t) = y(¢).
ITlincraBuMmo y 1e piBHAHHA criodatKy ¢ = 0, a motim ¢ = 1 1 3HaiigemMo

o0 = 2% )= 2 - MO

Tomy po3s’si30K x(t) MBOTO PIBHSIHHS TAKWii:

O L, v, g0y

W=sa-mtaa-y haoony

Tyt dyukmis y(t) moxke 6yTH A0BLIBHOW HemepepBHOIO dyHKIeH. OTXKe,
MHOKMHA 3HadeHb onepatopa A — Al (nmpu A # 01 A # 1) € Bech npocrip,
omepatop A— AI mae obepHeHuit omepaTop, dist AKOTO BU3HATAETHCS PIBHICTTO
y(0) y(1) y(0) y(t)

v ooy T haoy T 0

(4= A1) yt) =
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Buano Ge3nocepeHbo, 1o 1edi oneparop HenepepsHuil. [le Takok BUILTHBAE
i 3 Teopemu Banaxa mnpo obepuenwuii orneparop. Tomy BiH € Pe30JbBEHTOIO
omeparopa A mpu A # 01 \ # 1.

Temep ocrarouna Biamosias npo coektp: 0(A) = 0,(A) = {0,1} - aBo-
eJIeMEHTHA MHOYKHHA.

CrexrpanbauM pajiycom r(A) omepaTopa HA3UBAIOTH MAKCHMYM MO/TYJIST
To40K crekrpa. OueBuHO, st 33 1aH0r0 oneparopa r(A) = 1.

CrnekTpaJbHuil  pajiyc MoOKHa  OOUHCIUTH 1 3a  (HOPMYJIOIO
1
r(A) = lim (]]A™]|)". Buaiiaemo cremeni oneparopa A:
n—oo

(A"2)(t) = 2(0) + t((n — 1)x(0) + =(1)),

Tomy [[A%z]| = max [2(0) + t((n — Dz(0) + z(1))] < (1 + n)llz[].
Hna dyuknil z(t) = 1 maemo: ||z|] = 11 ||[A"z|| = 1+ n, 3Biakn
pummBae, mo ||A"] = 1+ n. Ilpu n = 1 ||A]] = 2, mo mu Bxe 3HAIK
1 Bumte. Tomy

r(A) = lim (1+n)" = lim ¥1+n=1.

n—0o0 n—o0

3ayBaKeHHsA. SKIIO XTOCh MOAYMaB, IO TYT HOTPIOHO 3TajaTH BarKJWBY I'DAHUIIO, IKa JOPIBHIOE e,

TO Ile HACJTIIOK MePEeBTOMH BiJ YUTAHHS TAKOT'O JTOBTOTO TEKCTY i #OMY KOPUCHO OCBIXKHUTHU TOJIOBY.

3anaua i3 ckiHgueHHOBUMipHOI anrebpu. Hexait A 1 B - miniiiai one-
paropu y ckinuennoBumipaomy mpoctopi C™ raki, mo AB = BA. Jlosectn,
O iCHY€ CILIBHUN BJIACHUN BEKTOpP /IS IUX OIePaTOPiB.

[ToTpibuno moBectH, 10 icHye HeHYILOBUU BekTOop x € C" Takwmii, mo
Ax = A\r i Br = px.



< Posp’s30k. Hexait v - Baacuuii BekTop omeparopa A, Tobro Av = Av,
ae A € C. Posrsinemo sekrop A(Bv):

A(Bv) = B(Av) = B(\v) = \(Bv).

Lle o3nauae, mo Bv - TaKoK BJIACHUN BEKTOP omeparopa A i3 BJIacHUM 3Ha-
gennsaM A. Posrustemo st £ € N BekTop

A(B"v) = B*(Av) = B¥(\v) = A\(B™).

Tomy B*v - Takoxk BIacHmil BeKTOp omepaTopa A i3 BIacHIM 3HAYCHHAM A,
ne k> 0. Orxe, Va € C A(aB*v) = AaB").

Tenep goBememo, 1o st gosiibHoro nosinoma f(z) € Clz]  f(B)v -
TAKOXK BJIACHWI BeKTOp omeparopa A i3 Bmacuum 3uadennam \. Copasii,
Hexal

fe)=c+az+...+c2"

Tomi
f(B)v=cov+c1Bv+...+c,B",
A(f(B)v) = coAv + c;A(Bv) + ... + ¢, A(B™) =
= oAU + 1 ABvU + ... + ¢, AB"v = A\ f(B)v.
Orxe,
A(f(B)v) = Af(B)v. (1)
Posrngnemo ciucok n + 1 BekTopiB y mpoctopi C™:
v, Bv, B*v, ..., B™v.

OCKUIbKH BOHH JIIHIRHO 3a/1€KHi, TO ICHYIOTD YHCIA g, A1, . . . , Gy, HE BC1 pIBHI

HYJTI0, TaKi, IO
aov + ayBv + asB*v+ ...+ a,B"v = 0.
Busraunmo mostiHoM
p(2) = ag+ a1z +ax?® + ...+ a,z2".
3posywmino, mo p(B)v = 0. Posknagemo p(z) Ha MHOKHHUKH:
p(z) = alz — p)(z — p2) ... (2 = pa).
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Tomi
a(B = I)(B—pl)...(B— u,I)v=0.

Posrursinaemo meit 100yTOK clipaBa HaJiBO i BCTAHOBJIIOEMO, i3 SIKOI'O HOMEPa
JI0OYTOK cTae HyaboBUM. Hexait 1 Homepa m J00yTOK HEHYJIbOBUI, a Jjs
m — 1 cTae HyJIbOBUM:

(B—pimD)...(B— pnl) #0.
[Tozraunmo
q(2) = (2 = pm) (2 = phns1) -+ - (2 — fn)
TaK, 110
q(Bv#0, a (B~ ppnl)g(B)v=0.
[TepenosHaunMo i = fi,,_1 1 3aMUIIEMO

(B — pul)g(B)v = 0. (2)

[Tpuitmemo
= q(B)v # 0.

w
Tomi 3a (2) Bw = pw i 3a (1) Aw = Aw. lle 10BOAUTH, MO W - CHUILHUI
BJIACHUI BEKTOD. P
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38. KommakTHI omeparopu

38.1. F’acysaru, Un € KOMIAKTHIM ONEPATOP
A:ly s>z = (x1,29,...) = Az € {5,

AKITO:
1) A$:<O,CL’1,(L’27...); 11) AI:<I‘2,SE3,...>.

3aJaHO OTepaToOpu MPABOCTOPOHHBOTO 1 JIBOCTOPOHBOTO 3CYBY Ha OJHY
onmuaMIo. Haragaemo, mo omeparop A : X — Y Ha3zMBaoTh KOMIIAKTHUM,
JKINO BIH 1IEePeBOJIMTH KOXKHY OOMexkeHy MHOxkuHY FE mnpocropy X y BijHO-
CHO KOMIaKTHY MHOXKHHY AFE mpocropy Y. (3posymiso, mo Ko omnepa-
TOP MEPEBOJAUTH OJUHWIHY KYJIO y BiJIHOCHO KOMIAKTHY MHOXHUHY, TO BiH
KOMIakTHUiA.) ¥ npomy mpukiagai X = Y = ;. Muoxkuny E Ha3uBaloTh
00MezKeHOI0, SIKIO BOHA MICTUThCS B JesKii Kyai. Muoxkuny M Ha3uBaIOThH
BiJIHOCHO KOMITAKTHOIO, dKIIO KOXKHA HECKIHYEeHHa MOCJII0BHICTh TOYOK II€l
MHOKHHH MIiCTHTH 3012KHY MiAMOCaiI0BHICTH (IpoTe, Ha BiMiHY Bij O3HAUEH-
H KOMITAKTHOT MHOYKWHU, Ta, i ITOC/IJ0OBHICTH MOYKe 30iraTncs 10 eJIeMeHTa,
[0 HEe HAJIEXKUTH 10 camol MHOKuHU M ). 7K BimoMo 3 Jiekii, y HecKiH4eH-
HOBUMipHOMY mpocTopi H = {5 icaye obOMerkeHa, aJjie He MLIKOM OOMe:KeHa
MHOXKHWHA, a came muoxknua E = {e,}°°, opris mpocropy: e; = (1,0,0,...),
es = (0,1,0,...), e3 = (0,0,1,0,...), ..., e, = (O,...,O,\L/,O,...),
3rigno 3 Teopemoro 'aycaopda s MHOKWHA OPTIB HE € HepeﬁKOMHaKTHOIO,
TOOTO He KOXKHA IIOCJIJIOBHICTH TOYOK IIi€] MHOXKUHU MICTHTH (PYHIaMeH-
TaJbHY MOCJLA0BHICTH. TOMY 3p0o3yMiIO, O T MHOXKHWHA F He € BIITHOCHO
KoMIakTHOO. OnepaTop A 3 NyHKTY 1) HepeBouTh 00MexKeHy MHOXKUHY F B
i1 minmuoxkuny AE = {e,}7°,, fKa He € BIJHOCHO KOMIAKTHOIO. BHCHOBOK:
onepatop A He € kommakTHEM. Oneparop A i3 myHKTY ii) nepeBoauTH MHO-
xkuny Ey muoxuny AE = {0} U E, gka TakoXK He € BIJHOCHO KOMIIAKTHOIO.
BucnoBok: 1eit omepatop A Takok He € KOMIAKTHUM.

: _ 1 1 . s _ 1 n—1
38.2.1) Az = (w1, 502, ..., 2 %p,...); i) Az = (21, 572,...,=Tp,...).
Jasa noBefeHHsT KOMIAKTHOCTI onepatopa A TMyHKTY i) PO3LIsSHEMO
TaKy TTOCJTi JIOBHICTH CKIHY€HHOBUMIPHUX oTIepaToOpiB Ay
Apr = (x4, %xz, ce %xn, 0,...) (To6TO 3aHYII0EMO BCi KOODJUHATH BEKTOPA
micsist HoMepa n). 9K BijoMo, Bei CKIHYeHHOBUMIPHI OIIepATOPY € KOMITAK THH-

mu. JloBegemo, 1o moc/aioBHICTEL oneparopiB A, 30ira€Tbcst g0 omneparopa



A 3a HOpMOIO (TOOTO PIBHOMIPHO):

00 1/2
JA— Al = sup (A— Azl = swp (3 [Eml?) <
[lz]|=1 |z]|=1 \k=n-+1
00 1/2
<swploswp (5 |uP) <Ll o0
k>n |lz||=1 \k=n+1 n—oo

3rigHo i3 TeopeMoIo, IO MHOKIHA KOMIAKTHHAX OMEPATOPiB y T1IL0EPTOBOMY
MPOCTOPi € 3aMKHEHUM JIBOCTOPOHHIM ij1eajioM aJjreOpu BCix JiHIfTHEX 0OMe-
JKEeHUX OTepaToPiB, i3 MbOTO BUILINBAE KOMIIAKTHICTE omeparopa A.

3HOBY PO3IVIAHEMO MHOKUHY OPTiB poctopy lo: B = {e, }5° ;. Bnaiinemo
o6pa3s 1miei 06MezKeHOT MHOXKHHI TPOCTOPY {o IpH BimobpazkeHHi A myHKTY ii).
Ouesnano, mo Ae; = (1,0,0,...), Aes = (0, %,0,...)7 Aes = (0,0,2,0,...),

)30
n—1
., Ae, = (O,...,O,T,O7...), .... 3po3ymisio, mo mHoxkuHA AF,| 9K 1

——

n
camMa MHOXKWHA F, He € IiaKOoM 0OMeKeHOI0 1 He € BIJITHOCHO KOMITAKTHOIO.

Omneparop A nepeBoauTh 0OMEKEeHY MHOKHHY ¥ MHOXKHHY, sIKa HE € BiTHOCHO
KOMITaKTHOIO. TOMY BiH He € KOMIAKTHUM.

38.5. Hexait {a,}5°, - dikcopana obMerkeHa MOCTIMOBHICT qnces (miii-

canx abo komiiekcHux). [osectm, 1o omepatop A : ly D 1z —
(@121, a2%s, . . ., AyTy, . . .) KOMOAKTHA# TOAL 1 TLIBKK TOAI, Koau lim a, = 0.
n—oo

Heobxionicms. Hexait e, = (0,...,0, 1 ,0,...), n = 1,2,.... Ockijib-
~—
n
KU 1[5 MOCIOBHICTH OPTOHOPMOBaHA, TO BOHA ¢J1ab0 30Ira€ThbCs JI0 HYJIS:
w - . .
e, — 0. Omeparop A KOMIaKTHH, TOMY BiH (3TiJHO 3 TBEPIKEHHSM 3 Jie-

n—o0

KIIiT) MepeBOIUTh 1[I0 TOCTIIOBHICTD ¥ CHJIBHO 301KHY TOCTIIOBHICT, TOGTO
|Ae,|| — 0. Aze ||Ae,|| = |an|. 3Bigcn lim |a,| =01 lim a, = 0.
n— oo n—oo n—oo

Jlocmamuicmoy. CaMOCTiiiHO 38 aHAJIOTIE 3 TOBEJAEHHIM TTPHKIaLy 38.21).



38.12. B’acysaru, gki 3 3a3navennx omeparopis A : C[0,1] — C|0,1]
€ KOMIIQKTHUMMNU:

1) (Ax)(t) = z(0) + tx(1);

i) (Az)(t) = z(t?);

iii) (Az)(t) = [ e'xz(s) ds.

0

—_

i) Ileit omeparop, odeBuano, € miniitanii i Henepeppuuii. KomnakTHicTh
omeparopa A MOXKHaA JOBECTH 3riaHO 3 Teopemoio Aprena-Ackomi. Hexait M
- obMmezkeHa MHOKUHA GyHKIIH y mpocropi C0, 1], To6TO icHye Take IHCIO
C >0, mo Vx € M Bukonyerbcs mHepiBHicTs ||z|| < O ae z(t) - HenmepepBHA
dbyunkmis wva [0,1]. Josexemo, mo muoxkuna AM € piBHOMIpHO OOMekeHa i
OJHOCTAHHO HelepepBHA.

Cupasi, mo-nepire,

Vo € M ||Az|| = max |z(0) + tx(1)| <
0<t<1
< max |2(0)| + max |[tz(1)| < 2|z| < 2C,

— 0<i<1 0<t<1
o-JIpyTe,
Ve e Mi th,tg S [a, b], SIKIITO ’tl — tg‘ < 5, TO
|(Az)(t1) — (Az)(E2)] = [2(0) + t12(1) — 2(0) — tox(1)] <
<6 |zl £6-C =e¢, npauomy 6 = <.

(BayBazkenHsl. JKIIO pO3MIAIATH Heli camuii orepaTop y mpoctopi Lo (0, 1),
TO BiH He € KoMHIakTHU. CaMOCTIiHO MOSCHUTH NPUYNUHY 1HOTo (harTy. XTO
HOSICHUTh, Oy/1e BHHATOPO/IZKEHHI. )

ii) Hi, 60 A nepeBoguTh 00MerKeHY HOCTIIOBHICTD X, (f) = t" y MHOXKH-
HY, IKa He BijiHOCHO KoMmakTHa B mpocropi C10,1]. Cupasi, 1is KOXKHOIO
n MaeMo ||z, | = max [t = 1, a At"™ = ", upudoMy 3 HOCTLIOBHOCTI 2"
HeMozkIMBO Bubparu 36ikuy B C[0, 1] miamocaigoBHicTh, TOMY IO ST TTOCJTi-
JIOBHICTDH ITOTOYKOBO 30Ira€ThCsd 0 PO3PUBHOI (hYHKIIII.

iii) /ToBeieMO KOMIAKTHICTH IIHOTO OIepaToOpa 3a TeopeMoro Apiiesia- ACKodi.
Hexait M - obmexkena 3a HopMmoto ipocropy C10, 1] muo)uHA DyHKITH, TOO-
to 3C > 0 Ve € M |jz|| < C. Posrnsinemo muoxuny N = AM = {Ax :
x € M}. dosenemo, mo muoxuna N Bignocno xomnaxrtaa B C[0, 1], mo 3ri-
JIHO 3 Teopemoio Apmena-Ackosi 03HavYae, M0 BOHA PIBHOMIPDHO oOMeyKeHa
it omHOCTAliHO HemepepBHa. PiBHOMIpHA OOMeKeHICTh (fKa O3HAadYa€, Mo BCi
bYHKIT 1miel MHOXKHUHA 00MezKeHi 3a HOPMOIO OJHUM UHCIOM, a 1€ CHJILHIIA
BUMOT'a, Hi?K OOMEXKeHICTh 38 HOPMOIO KOXKHOT OKpeMoi (DYHKIIT) MHOKHHU

3



N BUILINBaE 3 0OMexKeHocTi MuHOKuHU M :

1

1

||Az|| = max /etsa:(s) ds| < e- max |z(s)]| - / ds = e||z|| < Ce.

0<t<1 0<s<1
0 0

Jlnst noBeieHHsT OJHOCTAHHOI HelepepBHOCTI (sKa O3HAYAE, MO I JOBLIb-
HOTO 4ncaa € > () icHye Take 4yucao o, > 0, He3adexue Bin hyHKIil x, 114
SKOTO 3 yMOBH |t; — to| < ¢ Bumnusae nepisuicts |(Az)(t1) — (Ax)(t2)| < €)
MHOXKUHU N PO3LISTHEMO

(A () — (Az) (ts)] = / (e — %) (s) ds| = / et23 (eti=t2)s _ 1)(s) ds| <

1 1
< e/ leti=t2)s 1] . |z(s)| ds < C’e/ leti=t2)s _ 1| ds <
0 0

1

1
S C@/@’tl — t2|8d8 = §C€Z‘t1 — tz’
0

(tomy mo e — 1 < ex mpu 0 < z < 1). BayBazkuMo, 10 TYT MOXKHa OyJI0
oIiHIOBATH 1 3a hopmyJiolo Jlarpanzka po KiHIEBUNH HPUPICT.

dkimo tenep npuiiHaATH, WO [t; — to] < 0 = %, TO 3 IUX HEPiBHO-
creit omepxkyemo |(Ax)(t1) — (Azx)(t2)| < e masg Beix dyukuiit € M.

JloBejieHHs 3aKiHYeHe.

38.18. /loBecTu, 1mo OpTOMPOEKTOP Y TIILOEPTOBOMY MPOCTOPI KOMITa-
KTHHH TOMAI 1 TIIBKK TO/L, KOJKA HOro 00/1acTh 3HaUeHb CKIHYEHHOBUMIPHA.

Heobxidnicmo. Hexait P : H — G xomnaxTuunii. JloBeaenns Bia nporuie-
xu0r10. [Ipunycrumo, mo G - HeckingeHHOBUMIpHTH mignpoctip npoctopy H.
PosrisineMo M0BUIbHY HECKIHYEHHY MHOXKHHY OPTiB (TOGTO BEKTODIB 3 HOD-
MO0 1, SIKi B3a€MHO OpPTOTOHAJIBHI) y MHOXKIHI (. 3po3ymiso, 1o onepatop
P BijoOpazkae 1m0 MHOXKUHY camy Ha cebe. Llsg MHOXKuHA OPTIB 0OMerKeHa,
ajie He BIJIHOCHO KOMMakTHa (1e JoBeeHo y Jekiil). Tomy oneparop P He €
kKoMIakTHUM. OTPUMAIH CyHEPEdHICTb 3 YMOBOIO.

4



Hocmamuicmo. fddxkmo P : H — G - opronpoekTop i G - CKIHUeHHOBUMIp-
HU TiATPOCTIpP, TO onepaTop P € CKiHYeHHOBUMIPDHUM, a TOMY 1 KOMITAKTHUM.

38.23. JlosecTH, 10 KOMIAKTHUI OnepaTrop y TiIb0EepTOBOMY TPOCTOPI
BijmoOpazkae cJlabKo 30iKHI MOCTIIOBHOCTI Y CHJIBHO 3012KHi.

Y Jeknigx € J0BeeHHs ITHOTO TBepIKeHHS. TyT po3T/IgHeMO CIPOIIeHe
o - . - w
nosenenns. Hexait A . H — H - komnakTHuii oneparop i Hexail x, — T B

n—o00

H. OckinbKy MOCTi0BHICTE €JIEMEHTIB T, C1a0KO0 3017KHa, TO BOHA 00OMEKEeHa,
3a HOPMOIO (11 JIETKO JIOBECTH). A OCKUIBbKH onepaTop A KOMIaKTHU, TO BiH
IEPEBOIUTH IO 0OMEKEeHY IOC/IIIOBHICTD Y BiIHOCHO KOMIAKTHY MHOXKHHY,
TOOTO 3 MHOKHHE 00pa3iB Ax, MoxKHA BHOpaTH 301KHY MiIIOCIiTOBHICTH
Az, . Hexait Az, k:)wy. Aute mocaimoBHicTh Az, sIK JIETKO BUBECTHU 3 HeIe-

pepBHOCTI A, € crnabko 30ixkHO0. ToMy mociimoBHicTh Az, He MOXKEe MaTH
OlbIIe oaHOI rpaHrIHOl TOUYKH. OTKe, AT, - 306i2KHA TOCIITOBHICTD.



39. HopMmaJibHO po3B’d3HI Ta

dpearobMOBi oriepaTopu

Harazgaemo, mo oneparop A € B(H) HABUBAIOTH HOPMAALHO PO36 AZHUM,
AKIO MHOXKHHA 3HadeHb R(A) mporo omeparopa 3amMkHeHa B H, T0OTO
R(A) = R(A) abo, mo exsisamentno, H = R(A) @ ker A*. (IIpo
nosuadenns: ker A* - ne e came, mo Z(A*) - sipo oneparopa.)

OmepaTop Ha3UBAIOTH (hpedzoabMosuM, SIKINO, KpiM Toro, dimker A =
dim ker A* < +o0.

39.2. Yu € oneparop A : Ly(0,1) — Lo(0, 1) rakwuii, mo

t

Vo € Ly(0,1) (Az)(t) = /x(s) ds,

0

HOPMAJIbHO PO3B’si3HUM?
Y npukaani 34.22 Mu 3HAWNLIN CHPsizKeHUl 10 oneparopa A:

(Ay)(t) = / y(t) dt.

Buaiigemo sapa oneparopis A i A*. dkmo [ x(s)ds = 0, To 3 BiacTUBO-

—

zo
11N

creit inTerpana JleGera summsae, mo x(t) = 0. Tomy n = dimZ(A) =
1

dimker A = 0. Slkmo [y(s)ds = 0, To y(t) "= 0. Tomy m = dimZ(A*) =
t

dimker A* =0. Omke, MoOXKeMO 3HaiiTH  iHIEKC  omepaTopa:
indA =n—m = defA — codefA = 0. {x6u omeparop A OYB HOpMaJIb-
o po3s’s3uuM i m = codef A = 0, to R(A) = Ly(0,1) = H. Ilpore 1e,
OYEBH/IHO, € HEIPABUJILHO, TOMY 10 BCi (DYHKIIT 3 MHOXKUHU 3HaYeHb R(A)
onepatopa A abcooTHO HenepepsHi (aK iHTerpas Jlebera) i JopiBHIOIOTE HY-
a0 y Touri 0. TIpoctip Lo (0, 1) micturs 3uaqH0 Oiabine dbyHKIR. BrucHOBOK:
oreparop A He € HOpMaJIbHO PO3B’ SI3HIM.



39.3. JlocmiauTn HA HOPMAJIbHY PO3B’A3HICTH Ta (PpPearobMOBICTDH Taki
oneparopu A € B(H):

i) A - opTOIPOEKTOD;

ii) A € B/(H) (to6To ckinuennopumipnuii: dim R(A) < +00);

iii) H =y, Az = (0,21, 29, ...);

iv) H = {y, Ax = (29,13, ...);

v) H = ly, Ax = (11, %l’g, o %xn, )

vi) H =y, Az = (2x1, 320, ..., (14 2)xy,...).

i) Oprompoektop A : H — (G HOpMaJbHO pO3B’si3HUi, 6O
R(A) = G - savkuenuii miampoctip. OpTONPOEKTOP 3aBKINH CAMOCIIPSIZKe-
auit i romy dimker A = dim ker A*.

dxmo obumea mnpoctopu H 1 (G HeCKIHYEHHOBUMIpHiI, TO
dim ker A, sk pisHung posmiprocteii mpocropiB H i G, Moxke OyTH CKiHY€eH-
HUM YHCJIOM, a MOKe OYTH i HeCKIHUeHHHM. Y IEPIIOMY BHIIQJKY OIIEPATOD
dpearoabMiB, a B Apyromy - Hi.

dxmo npocrip H ueckindennoBuMipuuii i G CKIHYEHHOBHMIDHWIA, TO
dimker A = 0o i Tomy A He € ¢dpearoTbEMOBUM.

Axmo x H i G - ckingernopumipai, To dimker A = dimker A* < +o00 1
A - dpesrosibmiB onieparTop.

i) Ixkmo A € B (H), to muoxkuna R(A) zamkuena 5 H i A - HopMaibHO
PO3B’ I3HUIA.

fkmmo npocrip H meckindennopuMipauit i (3a ymoBoio) R(A) ckinueHHO-
Bumipaa, 10 dim ker A* = 0o i Tomy A He € DpearoabMoBuM.

dxmmo npoctip H ckinyennoBumipauii i R(A) ckinyeHnoBumipHa, 170 06u-
nasa uncaa dimker A* 1 dimker A ckinvenni. Zkmo BoHu piBHI (1m0 MOXKe
BUKOHYBATHCS, a MOXKe 1 He BUKOHYBATHUCsI ), TO TOJL ornepatop A dbpearoyb-
MiB.

iii) i iv) mocaimkyemo pasom. I3 mpukmanis 34.1 i 34.2 3naemo, 1o i
OIepaTopu B3aeMHO crpsizkeri. /s omeparopa A i3 myHKTY iii) MHOXKHHA

R(A) ={(0,z1,29,...): (z1,%2,...) € la}

samkHeHa B {o. Kpim miporo, medekt oneparopa dim ker A = 0 (60 sikmo Az =
0, to x = 0). Kpim mporo, komedekr omeparopa dimker A* = 1 (60 skuio
A*zr =0, 10 19 = 3 = ... =0, a 1 - JOBLIbHE YUCJIO, IPUIOMY €JEMEHTH
(1,0,0...) yrBopiooors ogHoBuMipHuit minpocrip B £s). st oneparopa A i3



iv) nedekT i KogedekT BiAMOBiAHO AOPiBHIIOTE 110 (TO6TO TPOCTO HABIAKH
10 orreparopa A). BucHOBOK: 11 omepaTopu, 09eBHIHO, HOPMAIHHO PO3B’sI3Hi,
aJjie He € PpeAroIbMOBUMH.

v) Leit omeparop, 04eBHIHO, caMocipsizkeHui 1 (3rigHo 3 38.2 abo 38.5)
kKoMmnakTHUH. Takoxx oueBumHo, mo dimker A = dimker A* = 0. fk6u one-
patop A 6yB dpearoabMoBuM, TO 1e 61 o3HaUAT0, Mo R(A) = (5. Ame KoM-
nakTHicTh oneparopa A pasom i3 HeckinyenHoBumipHicrio R(A) cynepedars
HOpMaJIbHIH po3s’s3nocTi A. Tlokaxkemo 1e, MPOCTO Tpes SBUBIITH BEKTOP
y € Ly, gxmit He w™Mae mpoobpasy mnpu Bimobpaxkenni A. Hexaif
y = (1,%, . ,%,) OueBuaHO, 1O piBHAHHA Ax = y He Mae pO3B’dA3KY
B ipocTopi £y (60 mocimosuicTs (1,1,1,...) € {5). BucHoBOK: oneparop He €
dpeIroIbMOBUM.

vi) Tleit omeparop Takok camocupskeHuil i (3rimHo 3 38.5) He KomIa-
krHuil. Ouesnaro, mo dim ker A = dim ker A* = 0. Tosenemo, mo R(A) = ls.
Posrignemo piBasgHHS Ar = y, Je y - JOBLIbHHIT eJIeMEeHT IPOcTOpy fs.
baunmo, mo 1z = %yl, Ty = %yg, ey Xy = #yn, ... Eixement
= (301,392 - -, 5 Un, - - ) HATEKUTH J10 TPocTOpy Lo, 60 ||z, < [|ylle,-
BucroBok: oneparop A ¢dpearoabMis.

CnekTp KOMIIAKTHOT'O OIEPaTopa

x2

39.8. [losecru, mo oneparop A : £y — £y Takmif, mo Azx = (0, z1, 2,

KOMIIAKTHHH 1 3HAATH HOTO CIIEKTP.

z3
39

[Toznaunmo mitepamu B i C' BxKe BigoMmi onepaTopu:

To2 I3

PR

Omepatop B obmerkenwnii, aje 3riga0 3 38.1 He KoMmakTHHil, a oneparop C
3rigHo 3 38.5 KoMuakTHHU. 3a1aHuii omepaTop A € 100y TKOM ITIX OIlepaTOPIB:

Bz = (0,21, x9, 23, . . .), Cx = (1,

A=B-C,

npuaoMy came B Takomy mopsiiaky. (Omeparop C - B # B - C.) 3riguo 3
TEOPEMOIO 1IPO 100y TOK 00OMEXKEHOI0 i KOMIAKTHOrO Oneparopis oneparop A



€ KOMIIAaKTHUM. 3HalieMo BIaCHI 3HAYEHHs 1 BJIaCHI e1leMeHTH oneparopa A.
Posrisnaemo piBusaasg Ax = Ar TOKOOPIMHATHO:

T2 T3
(0, Ty, E, g, .. ) = )\(l’l, T2,T3, .. )
Bagauwmo, 1110
()\ZEI = 0,
ATy = 7,
)\.1'3 = %,
-
Aximo y nepiriit pisaocti A = 0, TO 3 HACTYNHUX 1 = To = T3 = ... = (.
Axmo x1 =01 X # 0, 10 9 = 23 = ... = 0. ¥ kokHOMY Bunajky = = 0.

Tomy omeparop He Mae BjaacHux 3uadedb. OCKiIbKE A KOMIIAKTHHE, TO fl0ro
HelepepBHUN a00 3aTUNTKOBUN CHEKTDP MOXKe MICTUTH TLTbKU OJHE YUCJIO
A = 0. Kpim 1poro, st KomnakTaoro oneparopa 3asxau 0 € o(A). Posris-
HeMO piBHAHHSA Ax — A\x = y 11 10BULIBHOTO eemenTa y npu A = O:

Tro T
(vala 527 ?37 <. ) = (y17y2ay37 o )

BBiacH X1 = Yo, To = 2U3, ooy Ty = NMYpi1s --- 1T = (Y2, 23, -« o, WYnt1,---)-

3posymino, mo R(A — M) = {5 (60 anst 6yab-sikoro biHITHOrO BeKTOpa Y
A=0

icaye npoobpas x), ame R(A — M) # (5 (60, HAIPUKIA, JJIs eJeMeHTa
A=0

y=(C,1, %7 %, ...), gie C' j1oBlIbHE, BUIIOBIHUI €JIEMEHT T HE HAJIEXKUTH JI0
nupocropy {»). Bucnosoxk: 0(A) = o.(A) = {0}.



39.9. /losectu, mo omepatop A : Ly(—1,1) — Lo(—1, 1) Takwuii, mo
1
Vo € Ly(0,1) (Az)(s) = /522535(15) dt,
“1

KOMITAKTHUI 1 3HAATH HOTO CIIEKTP.

ITe € oneparop i3 HenepepsuuM siapom K (t,s) = s*t. Komnakruicts ore-
paTopa A MOXKHA HOSCHIOBATH JOBIO: PO3IJISHYTH OJMHAYHY KYJIIO B IIPOCTO-
pi Lo(—1,1) i goBectun, mo ii o6pa3 mpu BimoOpaxkenni A € BIIHOCHO KOM-
makTHOI0 MuOXkHHOIO B mpocropi C[—1,1](!), a tum Giabme B Lo(—1,1).
€ KopoTKe mosiCHeHHst: 1ie ojHoBuMipHuii oneparop (6o (Az)(s) = Cs?, ne
crana C 3ane:kuTh Bix GYHKIH ), TOMY BiH KOMITAKTHHIA.

PosrisineMo piBHsSIHHS JJ1s1 BJacHUX 3HadeHb: (Ax)(s) = Az(s), To6TO

1

/SQtI(t) dt = \x(s),

.

3BiIKN 3po3ymisio, mo dynkiis z(s) mae rtaxuit urnsay: z(s) = Cs?. et
BUpAa3 MiICTABUMO B PIBHAHHS 3 IHTETPAJIOM:
1
sQ/t-Ctht:A-Cs?

~1
JliBopyd iHTErpas 1mo CMMeTpuvHOMY BiApi3Ky Bijg Hemapuoi dyskiii (1o
sminniit ¢) gopisaioe 0, Tomy A = 0 (a C's? jopiBHIOE HYJIIO TLIBKH B OJIHiil
touni s = 0). Jlerko 3moragatncs, po3TIAIAIOYN PIBHSHHS JIJIST HEBIIOMOT
byukmii z (mpu A = 0)

1
52/t~x(t)dt:0,
-1

110 iioro po3s’a3kamu € Bei naphi dyHkiil 3 mpocropy Lo(—1, 1). [apsi dbyH-
KIIii yTBOPIOIOTH HECKIHYEHHOBUMIPHY MHOXKHHY, 00 OyJb-AKa CKiHYeHHA JIi-
HiliHa KOMOIHAIlg MAPHUX CTeNeHiB 3MiHHOI ¢ 00 KOCHHYCIB KpAaTHUX AT €
napHoto byukiieo. Bucaosok: 0(A) = {0}, anciao A = 0 € BracHum 3HaueH-
HSAM HECKIHYeHHO! KPATHOCTI.



40. Camocupsg>KeHi KOMIIAKTHI OIIepaTOpH.

Teopema I'imb0epTa Ipo MOBHOTY

40.1. Hexait A = A* € B(H). Josectu, mo Vn € N || A" = [|4]|",
30kpema r(A) = ||A]l.

JloBeneMo e TBepazKeHHs st n = 2. A Jij1s GLABIIUX YHCeT aHAJIOTITHO
abo 3a imaykiieio. Ilo-mepre, sk BUILTUBAE 3 O3HAYEHHsI HOPMHU OIEpaTOpa,
Jutst 10Oy TKY Oyab-sikuxX ABOX omeparopiB A i B BUKOHY€ThCS HEPiBHICTH
|AB]| < ||A]l - || B]|- Tomy g gosiabroro miniiinoro 06MekeHOro onepaTopa
A Bukonyerbcg HepisnicTs ||A%]| < || Al|?. Bammmaerbes nokasaTu, mo jis
CaAMOCIIPS?KEHUX OIepaTopiB y 1iit HepiBHOCTI Oy/le 3HAK PiBHOCTI.

Jdx BimoMO 3 momepesHiX TeM (IUB. O3HAYEHHS HOPMHU OIepaTopa ado

Ne27.23), |All = sup  [(Az|y)| ana A € B(H). Tomy

lzlI<1, llyl[<1

1A% = sup [(A%z|x)| = sup |(Az|Az)| =

el <1 Jall <1
2
= sup (| Az - [|[Az|)) = { sup [|Az[| | =[A[?
Jall<1 Jall<1

Jle MU CIIOYATKY BHKOPHCTAIH CAMOCIPSXKEHICTh oneparopa A, moTiM Hepis-
HicTh Komri-ByHIKoBCHKOTO, sTKa B IMHOMY BHUITAJIKY MEPETBOPIOETHCS B PiB-
HicTh, 60 Ar = 1 - Ax, noriM BIaCTUBICTE cympemMyMy H00YTKY OJHAKOBUX
MHOYKHUKIB, 1, B KiHIll, O3HAYeHHS HOPMU OIlepaTopa.

fx HACHIIOK, ONEPKYEMO ISt CAMOCIPSIZKEHOTO ormeparopa A Taxke:

r(4) = lim /A7 = lim /AT = |1 A].

40.4. Hexait A - camocupsizkeHuii omneparop y cenapadejbHOMY Iijibdep-
TOBOMY HpPOCTOpi H, CIEKTD SIKOrO CKJIAJAETHCS 3 JIBOX BJIACHUX 3HAYEHB
A=0mra A= 1. Hosectu, mo A - OpTOIPOEKTOP.

Posrgremo piBagaag Arx = 0-x = 0. BoHo 3a yMOBOIO Ma€ HeTpuBiaIbHI
po3p’a3ku. [losaagnmo G = ker A.

Posrisgremo piBasgHES Ax = 1.2 = . BoHO 3a yMOBOI0O Ma€ HeTpHUBiaIbHI
posp’asku. [loznaunmo K = {z: Az = x}.

Omneparop Toroxuuii (I) wa mianpocropi K i wyapoBuil Ha migmpocTopi
G. Ockinbku H = GO K iVh € Hh =g+ k, ne g € G, k € K, 10
Ah = Ag + Ak = Ak = k. A e o3Hadae, mo oneparop A IPOEKTYE BEKTOP
h ma mignpoctip K.

([Turanus 1715 MEepeBipKE PO3YMIHHS: & Jie BAKOPUCTATH YMOBY CAMOCIPSI-
JKeHOCT1 oneparopa?)



40.5. [Josectu, mo omepatop A : Ly(0,1) — Ly(0,1), me

Vo € Ly(0,1) (Ax)(s) = /st(l — st)x(t) dt,

€ CaMOCIIPSI?KeHNM KOMIIAKTHHM OIEePATOPOM 1 3HAHTH HOT0 CIIEKTP.
BanumeMo Jilo oreparopa Tak:

1 1

s/m dt—52/t2x(t) dt

0 0

a 1e € PI3HMI ABOX KOMIAKTHUX omeparopiB. Tomy A kommakTamil. MoxkHa
nosicuiopar inakme: ockinbku (Az)(s) = Cis + Cys?, ne Cp,Cy - nesxi
qucia, Mo 3aiexarh Bij dyHKIil x(s), To omepaTop JBOBUMIDHHH, TOMY
KOMITAKTHHA.

HoBegeMo caMocpsizKeHICTh omeparopa: 1jist Beix o,y € Ly(0,1)

1
(Azly) = [(A y(s)ds = (pi3HHIE [BOX CAMOCIDSIZKEHHX) =
0

:bf(sb[m(t 2ft2 ) s)ds =

(3MiHIOEMO HopH;LOK iHTerpyBaHH")
1 1 1
=/ <tfsy(s) ds —t* [ s*y(s) ds) z(t) dt = (z|(A*y)),
o\ o 0

1
ne (A*y)(t) = [(ts —t*s*)y(s) ds. SIkmo TyT nomiaaTu poi s i t, To Gaaumo,
0
mo A = A*.
I3 caMocmpszKeHOCTI ollepaTopa BHUILIHNBAE, IO HOro CIEKTP JiACHHIA:

o(A) C [inf A,sup 4], e inf A = Hi1|r|1£1|(Ax|x)\, sup A = sup |[(Az|z)|, i,

KpIM IIHOr'0, BCi HEHYJIbOBI TOYKHU CIEKTPY - BJaCHI 3HaYeHHA. PO3riisgaemMo
piBusuusg Ar = Az y aBox Bunajakax: A # 01 A = 0.

a) A # 0,

1 1

s/tx(t) dt — 32/15235(15) dt = \x(s),

0 0

2



seinkm z(s) = C1s + Cys?. Leit Bupa3 mMiacTaBUIMO B PIBHAHHS:
1 1
S ft(Clt + 02t2) dt — 82 ft2(01t + 02t2) dt = )\018 + )\0282,
0 0
s(Ch - % + Cs - i) — s2(C - %L + Cs - %) = \Cis 4+ \Cys2.

Ockisibku TYT § - goBiabHe unco 3 [0, 1], a dynkuii s i s niniitno nezasexni,
TO OJEPIKYEMO CUCTeMy st BusHadeHHs kKoHcTaHnT Ch i Co:

A =S +<
ANy =-9 - <

4 57

3BIIKH
Ci(i-N+2 =0,
S +0(3+M=0.
[ls cucrema Ma€ HEHYJIbOBI PO3B’43KHU TIABKHM TOJ1, KOJIM BU3HAYHUK JIOPIB-
HIOE HYJIIO:
A 1

N Z = 2 — — =
% %+)\‘ 0, Tobro 240\° — 32X\ —1=0.

Wl

Kopemni 116010 piBHSHHS TaKi:

16++v496 4++v31 1 " V3l

A2 = = —4 —.
’ 240 60 15 60
BigmoBigHi BJIACHI €JeMeHTH 3HaXOIAThCd OJHO3HAYHO 3 TOUYHICTIO /IO KOH-
CTAHT, TOOTO BLIAIOBI/IHI BJIACHI HJIIIPOCTOPU OJIHOBUMIPHI.
6) A = 0. OueBuaHO, IO T YUCJIO TAKOXK € BIACHUM 3HAYEHHSAM Ollepa-
topa A, 60 piBHAHHS

1 1
s/tx(t) dt — 52/t2x(t) dt =0
0 0
Mage 0e3J1Y JIiHIHHO He3aJIe2KHUX PO3B’SI3KiB:
1
Jta(t)dt =0,
0
1
[ t?x(t) = 0.
0

3



Po3p’a3kn i€l cucTeMu MOYKHA 3HAUTH, HANPUKIAI, ¥ TAKOMY BHIVISIIL:
z(t) = Cy + Cot + Cst? abo z(t) = C1t10 + Cyt'% 4 C3¢1000,
Orsxe, o(A4) = o,(4) = {0, M1, Ao}

40.6. Hexaii
t(1— 0<t<s<l1
K(ts)= ¢ (L7s) 0stss<L
s(l—1t), 0<s<t<1
1
i Voely(0,1) (Ax)( K(t ds.

[e=]

Hosectu, mo A = A* € By(L2(0,1)) i 3uajitn fforo BracHi 3Ha4YCHHS Ta
BJIACHI eJIeMeHTH.
Jito omeparopa A MOKHA, 3aIIUCATH TaK:

ftsl—t d8+jt(1—s)x(s)ds:

1
=(1-1) fsx(s) ds+t [(1—s)x(s)ds.
0 t

JloBesienns caMocHpszKeHocTi anaaoriyne 1o npukaaay 40.5, age TyT 3mi-
HA TOPSIIKY IHTErpyBaHHsI TOHINA, 00 MeXKi 3MiHHI. 3aBIAaHHS: CAMOCTIHHO
3amucaru cKajgsipHuii 106yTok (Ax|y), HapucysaTn 00JacTi iHTErpyBaHH,
3MIHUTHU TOPAIOK IHTErPYBaHHS 1 MepeKOHATHCS, IO ONMepaTop CaMOCIIPsIzKe-
Huii. KoMiakTHicTh oneparopa 1noscHIOEMO aHajorivuo 1o 40.5.

Posrisgnemo piBHSHHS /19 BU3HAYEHHS BJIACHUX 3HAYEHD 1 BJACHUX €Jie-
MEHTIB:

t 1

(1—1) / sx(s)ds +t/(1 —s)x(s)ds = Ax(t). (%)

0 t

106 po3s’si3aTu 1e PiBHAHHA, 1Bl qudepeHIioeMo 1o 3MiHHiii ¢ (TyT moTpi-
OHO 3raJaTy MpaBuiIo AUhEPEHIIOBAHHS IHTErPAJIB 31 3MIHHIMH MEYKaMH ):

t 1

- / sx(s)ds + (1 —t)tx(t) + /(1 —s)z(s)ds — t(1 — t)z(t) = A2/ (t),

0 t



—tz(t) — (1 — t)z(t) = A" (¢),
—x(t) = A" (t).

Kpiwm 1poro, 3 Hamoro piBasiHHs (%) 3posymiio, mo z(0) = z(1) = 0.
Onepxkasu audpepeHIiagbHe PIBHAHHA JAPYTOro HOPAIKY 3 KpaioBUMH
YMOBAMU:

{m%w+aw:a
z(0) = z(1) = 0.

BaraapHuil Po3B’A30K MBOTO JIHITHOTO OHOPITHOTO PiBHSIHHS TAaKHIi:
it —it
x(t) = Crevx + Che V3.
Bpaxyemo kpaitoBi ymoBu:

01 + CQ = 0,
016\% + 026% =0.

[Is cucrema Ma€ HEHYIbOBI PO3B’4I3KU TLILKH TOJI, KOJIH

| =

.

=0,

Q)
S~
[

S

=i i 20 )
3BLIKK eva = evx abo evr = 1. Tomy % =2mn, A = —ﬂ21n2, Jie n - JTOBLIbHE
e uncio. Ipu ubomy z,(t) = sin(nmnt).
Besnocepeanboro 1miCTaHOBKOIO B PIBHAHHS JIETKO EPEBIPUTH, 11O I1i Y-
cia 1 GyHKINI cupaB/i € BJJaCHUMU 3HAYEHHAMHI 1 BJIACHUMU eJIeMEeHTaMHU.

36.2. [osectu, mo mpu |A| < 1 piBHAHHS

MQ—A/K@ﬁdﬂﬁ:y@

KopekTHO po3B’s3ue B C[0, 1], Ko

K(s,t):{

t(s

s(t

+1), s<t,
+1), s>t

W Wi



BHaiizeMo HOpMY iHTerpaJbHOro omeparopa A, 1mo i€ Taxk:

(Az)(s) = OfIK(s,t)x(t) dt. Hexait ||z|| = 1. Toxi

fl K(s,t)x(t) dt' <

0

Il = sup [l Asl] = max [(Az)(s)] = max

< max [ |K(s,0)| - [2(t)] dt <

T 0<s<1y
; 1
< 2 2 _
< g [ dot+ et 3s -

_ 2 /82 ) Loed
= oo {38(7 +5)+3(s+1)(5 — ?)] _
:%max[[33+252+8+1_83_82]:

0<s<1
:%maX[SQ—i—S—i—l]:%[lQ_i_l_i_”:l
0<s<1

(MaKCHMYM MOHOTOHHO 3pocTato4ol dbyHkiii Ha [0,1] y mpaBomy KiHIi Bij-
pizka).

[3 mporo BUmIMBaE, MO I BCIX dmcea A Takux, mo |[A| < 1, HOpma
iHTerpaJbHOro omeparopa AA TakoxK MeHima Bia ogumHumi. Tomy 3rigHo 3
TBepKeHHsAME 1po psia Heiimana i piBugaag v — AAu = v 1e piBHSHHS €
KOPEKTHO PO3B’A3HUM.

36.4. Jlosecru, 1o npu |A| < 1 piBHsAHHS
1
x(s) — )\/K(s,t)a:(t) dt = y(s)
0

1
KOopekTHO po3s’asne B Lo(0, 1), axio K (s,t) = /te2(=,
Jns obuncieHHsT HOPMHU IIHOTO IHTErPAJBHOTO OllepaTopa omeparopa A,
BPaxXoByUN HOpMY B mpocTopi La(0, 1), mocTaTrHbho 00YHCAUTH TaKe YHCIIO:

11

2
//(\/geé(l_“)) dsdt
0 0

6
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[IpocTo mBidi iHTErpPYyEMO:

d(e ") dt =

o .

11 11 1
ff(\/—e2 (- St)) dsdt = [ [tel=Ddsdt = —e [
00 00 0
= —e [(e7t = 1)dt = —e(— 1

et —t) =—e(—1—1+1)=1.

36.7. Y upocropi C’[—%; %] 3HANTH PO3B’SI30K PIBHSHHS

/ K (s, )a(0) di = y(s).
axio K(s,t) =tgt, y(s) = 1.

Maemo inTerpajibHe piBHSAHHSA

M:i

x(s)— A [ tgt-x(t)dt = 1.

\Mﬂ

I

OckibKE Tl iHTerpast sipjisie co0010 JesiKy KOHCTAHTY (3asieKHy BiJ ),
to x(s) = C. 11106 3naiitn TouHe 3HaveHHs C, MACTABISIEMO Ieil BUPa3 B
iHTerpajbHe PiBHSIHHSI:

™

C—/\O/tgtdtzl.

ENE]

[nrerpan Big Henapuoi GyHKINI tg ¢, oueBUIHO, JopiBHIOE HYyI0. Tomy C' = 1.
Po3p’siskom piBasinag € dyukuis x(s) = 1 g goBlibHux 3navens A. Lle
JIETKO TePEeBIPUTH, MMiJCTABUBIIH 10 (DYHKIIIO B PIBHAHHS.



36.8. Y mpocropi C|0; 7] 3HalTH PO3B’A30K PiBHAHHA

x(s) — )\/K(s,t)x(t) dt = y(s),

axmo K (s,t) =sinscost, y(s) =sins.
Maemo inTerpajibHe piBHSAHHS

z(s) — A

sinscost - x(t) dt = sin s.

o
vl

I3 BUTIISA LYy PIBHAHHS OYE€BHUIHO, IO

x(s) =X [ sinscost-z(t)dt +sins = Cysins 4 sins = C'sin s.

o
w3

[TigcraBumo 11eit Bupa3 y piBHAHHS:

us
3
Csins — A [sinscost - Csintdt = sin s,
0
jus

2
Csins — A\C'sins [sintd(sint) = sins,
0

CKOPOYYEMO Sin s:

C—XCi =1,
A
CZ( - 5) i )
C =357, aKmo A # 2
Tomy z(s) = 2325 axmo A # 2. BesnocepeHboio MiICTAHOBKOIO B PIBHSHHS

JIETKO IepeBipuTH, 110 Iie IpaBUIbHUN po3B’sa30K. [lpu A = 2 piBHgHHS He
Mag€ PO3B’A3KiB.



36.15. Y mpocropi C[0; 27| 3HaliTH XapaKTepuCTHYIH] YncIa i BaacHi hyH-
KITii gpa piBHAHHS

x(s) — )\/K(s, t)z(t)dt =0,

akio K(s,t) = sin(s + t).

Haragaemo, 1m0 xapakTepuCTHIHIMEA YUCAaME sapa K Ha3WBarOTh Taki
3HavYeHHsT A # 0, JJIs IKUX 3alucaHe OJHOPiHEe PiBHSHHS Ma€ HEHYThOBHil
po3B’sa30K (s). Biamosinny dyHKIio0 2(S) HA3MBAIOTH BJACHOIW (DYHKIHEH
saapa. O4ueBUIHO, MO A € XapaKTePUCTUIHUM YHCJIOM siapa K Tomi i Tilb-

ku rToui, ko 3 € 0,(A), ae A - inrerpaubnnii oneparop 3 sapom K:

2m
(Az)(s) = [ K(t,s)x(t)dt.
0
Maemo inTerpajibHe piBHSAHHS:

2w

z(s) — X\ [ sin(s + t)z(t) dt = 0,

2
z(s) — A [(sinscost + cos ssint)x(t) dt = 0,

0
2w 2w

z(s) = Asins [ costx(t)dt + Acoss [ sintx(t)dt = Cysins + Cocoss.
0 0

Lleit Bupa3 miacTaBIgeMO B iHTerpaJibHe PiBHAHHI:

Cysins + Cycoss =
2m 2w

= Asins [ cost(Cysint + Cycost)dt + Acoss [ sint(Csint + Cocost) dt =
0 0

= Asin sCom 4+ A cos sCy
2T 2T

2m
(ryT obuncieno [costsintdt =01 [cos’tdt= [ sin’*tdt =), 3siakn
0 0 0

(ArCy — Cy) sins + (ArCy — Cy) cos s = 0.

Ockinbku QyHKIGT sin § 1 cos s miHifiHO He3aexkHi Ha [0, 27|, TO BUKOHYIOThCST
TaKi ABl piBHOCTI:

)\71'02 — C1 == 0,

)\71'01 - 02 =0.



Beinen Co = M\rCh, C = A\rCh, Co = N?72Ch. Omoke, N> = 5, A=+

Tsins +

a) Hexait A = . Toni Cy = Cy i x(s) = C(sins + cos s) = +1)
abo koporme x(s) = Csin(s + §), C' # 0. Ille xopormre: z(s) = sin(s + 7)
3 TOYHICTIO JIO KOHCTaHTI/I

6) Hexait A = —1. Tozni Cy = —C} i z(s) = C(sins—cos s) = C'v/2sin(s—

%) abo xopotme (s ) Csin(s — %), C # 0. Lle xopormure: x(s) = sin(s — 7)
3 TOYHICTIO JIO KOHCTAHTH.

36.20. ¥V npocropi C[—1; 1] 3HaliTH pO3B’s130K PIBHSIHHS

axmo K(s,t) = st, y(s) = as® + Bs + 7.
MaeMo Taxe iHTerpaJibHe PiBHIHHSI:

1

x(s) — )\/stx(t) dt = as® + Bs + 1.

51
3posymijio, mo po3e’s30k r(s) Mae Taxkuil Burasu: as® + bs + c,

OpUIOMy a = «, ¢ = -, b meBHEM crocobom moB’s3ane 3 (. IlimcraBumo
BUpa3 as® + bs + v 3aMicTb z(s) y piBHAHHS:

1
a32+bs+7—)\s/t(atQ+bt+’y)dt:a52+65+7,
e

1 1 1

bs—/\sa/t3 dt —/\sb/t2 dt —)\sv/tdtzﬁs,

-1 -1 -1

—— —— ——
2
bs — )\sb§ = fs,
2\
b(l——)=
( 3 ) 67

10



b=

3
1_%,HKHLO )\755

Orxe, pu \ # g PO3B’I30K iCHY€ NMPHU JOBLIHLHUX 3HAUEHHSX KoeillieHTiB

a,B,v7 € C: z(s) = as® + 175@3 + . pn A = 2 posw’st30K icmye Tinbkn
3

tozi, ko 3 = 0. Toai uucyo b mozke 6yTu nosinbue: z(s) = as? + bs + 7,
b moBlibHE.

36.23. Posp’sa3aTy iHTerpajibHe piBHAHHS

s

x@yi/ﬂwﬁzl
0
[le € inTerpanbhe piBasgHHg Boawreppa japyroro poay. I3 3ajanoro pis-

HaHHs odeBuHO, mo x(0) = 1 i (axmo npogndepeHIiioBATH PIBHSIHHS)
2'(s) —x(s) = 0. Bagane inTerpaibHe piBHAHHS PIBHOCHIbHE 10 TAKOI 33,141

Koumi:

'(s) = a(s),

z(0) = 1.
BaranpHuil PO3B’A30K MBOro OJHOpiAHOrO piBHsHHS Takuil: z(s) = Ce’.
Ockimbku x(0) = 1, to C = 1. Tomy poss’sizskom € byHkiis z(s) = €.

Lle J1erko nepeBipUTH.
3aysascenra. InTerpasbue piBHgHHsa BoabTeppa Ipyroro poiy

M$—A/K@ﬁﬂﬁﬁ:y@

¢ KopekTHO po3B’s3zue B Cla,b] ans Beix A € C i g0BiibHOT HemepepBHOT
dyukmil K Bix ABOX 3MIHHHX.

11



36.25. Y mpoctopi C[0; 1] 3maiiTi XapaKTepUCTUIHI TUCIA | BAACHL (DYH-
KIIii siApa piBHIHHSA

x(s) — )\/K(s,t)x(t) dt =0,

s, 0<s<t<1,
HKmOK(S’t):{t 0<t<s<l1

Magemo Take iHTerpaibhe piBHsaHHA (mpoMizkok [0, 1] posGusaeMo Ha jBa:

[0,s] i [s,1]):

s 1
x(s) — /\/tx(t) dt — )\/sx(t) dt = 0.
0 s
3HaiileMo KpaioBy 3ajady g JudepeHIiaabHoro piBHAHHS, dKa PIBHO-
CHJIbHA JI0 33aHOT0 iHTerpaIbHOrO piBHAHHA. dudepeHIioeMo mo 3MiHHIMA

S:
1

2(s) — Asz(s) — A / o(8) dt + Asw(s) =0,

z"(s) + Ax(s) = 0.

Kpim mporo, i3 mo4aTKoBOI0O PIBHSIHHS i IEPIIOro 3 IUX PiBHAHL BUILIUBAE,
mo z(0) =01 2/(1) = 0. Ogep:kanu Taky KpaiioBy 3a/1a4y:

z"(s) + Ax(s) =0,
z(0) =0,
(1) =0.

Hexait cnouarky A # 0. Illykaemo posp’szok — x(s) y  Bunag
016\/_7)\8 + 026_\/Xs. TOILi

$(O) = Cl + 02 = O,
2/(1) = Chv/=reV > 4 Co(—/=N)e Y =0,

abo
Cy=—C,=—C, CV=XNeVr+e V=0, ge C#0.

12



Tomi
VA 41 =0, eV = -1 = cos(m + 2nk) + isin(r + 27k),
2v =X =m(1+ 2k)i, ne i - yIBHA ONUHUIIS.
3Bijgcu

4= —m2(1+2k)2, A=W (xgy2 p ez

[Tpu Taxux A maemo x(s) = C (e%u“k)s — e_%“”k)s) = 2iC'sin(5 (1+2k)s)

abo xopormie z(s) = sin(F (1 + 2k)s).

Tenep posristremo Buna ok A = 0. Tomi 2”(s) = 0, 3BiaKku z(s) = ¢15+co.
Ockimbgn 2(0) = ¢ = 0, 10 ¢ = 0, a ockimpku /(1) = ¢; = 0, To ¢; = 0.
Tomy z(t) = 0, mo Hac He BaamToBye. Yucio A = 0 He € XapaKTepUCTHIHUM
IUCJIOM TIHOTO SAJpa.

36.33. 3’'acyBaru, 9n iCHY€E B KJaci HemepepBHUX (DYHKITI{T PO3B’s30K PiB-

HAHHA
s

[t spsttyat=yts),
0
AKII0 Y(S) = cos s.
Lle € inTerpannie piBugnHs Boabreppa nmepmoro poxay. ludepeniioemo
1o S:

(bf ta(t) dt — sbfx(t) dt) = (cos s)’,
sz(s) — jx(t) dt — sx(s) = —sins,

—z(s) = —cos s,
x(s) = coss.
[TepeBipumo, au 1151 PYHKISA € PO3B’SI3KOM 33/IaHOT0 1HTETIPAJIBLHOIO PiB-
HSIHHS:

o,

(t — s)costdt = coss,

S S
[tcostdt — s [costdt = coss,

0 0
s

[td(sint) — s - sint|z = cos 8,

0
s

S
tsmt\o - fsmtdt— $8IN S = COS S,
0

. s .
ssins + cost| — ssins = coss,
coss — 1 = coss, 1[0 HEMOXKJIUBO.

13



BucnoBok: 1e piBHSIHHS He Ma€ HeIepPepPBHUX PO3B’SI3KiB.
Saysascenna. Leit npukian mokasye, o i iIHTerpaJbHAX PIBHSHD Mep-
MOT0 POy HEMAE TAaKOlI PO3BUHEHOI Teopil, 9K JJId IHTerpajibHUX PIBHIHD

APYyroro pouay.
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oagaTok

IIpo inTerpanbHi piBHgHHS!

1. IloGyayBaTu pe30JbBEHTY iHTETrPAJBLHOTO PiBHAHHYA
t
o)~ » [ Kts)o(s) ds = £0)
0

i 3Haiitn po3s’s3ok mpu K (t,s) = e (79 X\ =1, f(t) = te'’/%.
3HaiiieMo iTepoBaHi sjipa IIHOro PiBHAHHA:

Ki(t,s) = K(t,s) = e (79,
t ¢
Ky(t,s)= [Kt,7)K(r,8)dr = [e e (79 = e=(=9) (1 — g),

s
t

t
Ks(t,s) = [ K(t,7)Ky(r,8)dr = [ e e (7 — 5) dr = e~=9) L2207

S S

Tomy oueBnHO (260 3a IHAYKIGE), IO

n—1
Kot 5) = -0 2

W, n € N.

MozxemMo 3anucaTu pe30JibBEHTY IHTErpaJbHOIO PIBHIHHS:

o k
R(t,s,\) = Z Ak (t=9) (t 7{:‘5) o (tm9) L M=) (1=90-1)
k=0 ’

t

apu A = 1 po3s’s30K 3riguo 3 dbopmynoo ¢(t) = f(t)+A [ R(t,s,\)f(s)ds
0

Oy/ie Takumii:

t
p(t) = te’/? /8652/2 ds = te''/? 4 ¢/
0

t

= (t+1)e"/? - 1.

0

I Tinpku ny1st TMX, XTO MpeTeH/iye Ha MO3UTHBHY OIIHKY
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2. Posp’a3atu inTerpajsibHe piBHdHHA BoabTeppa mepriioro poay

t

/etsgo(s) ds = sint.

0

3BeeMo 1e piBHAHHS [I0 IHTErPAJBHOTO PIBHSIHHS APYroro poay. [lis
1BOr0 AUQEPEHIHI0EMO 110 t:

t

o(t) + /et_sgo(s) ds = cost.
0

Tyr aapo K(t,s) = e™*, A\ = —1, f(t) = cost. Tak camo 4K i B monepeHbOMY
IPUKJIAIl, 3HAXOAUMO PE30JLBEHTY:

R(t,s,)\) = XD,

t
Tomy 3rizuo 3 dopmymnow ¢(t) = f(t) + A [ R(t, s, A) f(s) ds onepxyemo
0

¢
o(t) = cost — /Cossds = cost — sint.
0
[ro camy BiJMOBi/Ib JIETKO 3HAUTH i 0€3 pe30JIbBEHTH TaK: IpoaudepenIiio-
t
Baru piBusnus [ e 5¢(s)ds = e 'sint; Buiige e 'p(t) = —e ‘sint+e ! cost;

0
ckoporuTu €' i Mmaemo ¢(t) = —sint + cost.

3. IIpo neperBopenna Pyp’e Ta iioro 3acrocyBaHHA A0 PO3B’d-
3yBaHH# AudepeHIiiaibHUX PiBHAHDb 3 NOCTiliHuMU KoedimienTamMmu

st 6ynb-sakoi Gyukiii f € Li(—o00,00) (T06TO abCOTIOTHO IHTErPOBHOI
Ha BCiil gificuiil ocl) BusHauYaroTh 11 IepeTBopentst Pyp’e Tax:

g(\) d:ef\/%_ﬂ/f(t)e_i’\tdt (imme mosnauenns: F'(f)(N)).
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[le o3HaveHHs Ma€e 3MicT s Oyab-sikol (byHKmil f € Li(—o00,00). MoxHa
JIoBeCTH, 10 1o/l (byHKIis f BupaxKaeThes depe3 (OYHKINI ¢ Tak:

1 7 IAT
fa) = E/ g(\)e .

o dpopMys1y Ha3HBAIOTH (POPMYJIOK oOepHeHHd i neperBoperns Pyp’e.
Lle Bke He O3HAUEHHs, a TBepIzKeHHs. /1 3abe3mevdenHs Iiel piBHOCTI Ha
dyukmio f moTpibHO HAKIACTH, KPIM IHTEIPOBHOCTI, 1€ JIOJATKOBI yMOBH,
HanpuK/aa, ymoBy Jlini.

1 <
Posrastremo npuxaaza. Hexait f(z) = 4 [l < a, Toui
0, |z|]>a.
T , r ha _ e=ira 9gin \a
2\ = —M:vd — —z)\acd — € € — )
o) = [ Sy de = [ear = :

[IeperBopenns Pyp’e mae Oararo 3acTocyBanb. Po3riigHeMo ojHe 3 HUX -
I PO3B’A3yBaHHA JudePeHIliaIbHUX PIBHSIHbD.

Hosenemo crouarky, mo F(f') = i\F(f). Cupaszi, 3a gomoMorowo inre-
I'PyBaHHA YaCTUHAMUA Ma€MO:

/ f!(z)e™ ™ dox = f(:p)e‘m\io+i)\ / f(z)e ™ dx = iAF(f)(N),

Jie TpaHWYHI 3HAQYEHHS Ha, 00 JOPIBHIOIOTH HYJIIO 3a TMeBHUX J0JATKOBUX
yMOB Ha byHKI0, a e~ = 1.
AHaJIOri9HO JIErKO JOBECTH, IO

F(f®) = (iN"F(f).
[Ipuknaja. Po3s’a3aru nudpepenmiaibie piBHAHHSA
22'(t) + x(t) = y(1),
ne y(t) - Bimoma dyukuis. [Tomiemo Ha 1€ piBHsAHHS mepeTBoperHsM Dyple.
OnepKuMO

2NF(z) + F(z) = F(y),
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ne F(x) - meperBopenns @yp’e byukiii z, a F(y) - BimoMe mepeTBopeHHst
Oyp’e dyukmii y. [3 ocTaHHLOrO PIBHAHHSA 3HAXOIUMO

F(y)(A)
F(z)(\) = —————=.
()M 1+ 2\
Buaiinin neperpopenns Pyp’e dynknii z(t). Tenep 3a gonomorow dbopmysin
obepHeHHsl MOYKHA 3HANTH HEBIOMY (DYHKITIO T:

RO
m(t)—\/%_/ 1+22’)\6/\ d\.

4. IIpo neperBopenHs Jlamiaca

Hexait kommuiekcna dyunkiis ¢(t) (ne t € R) jokanbHo cymoBHA, piBHA
Hymo npu t < 0 i 3anoBonbaste ymoBy |p(t)] < Me*' nna Beix t (M > 0,
sp > 0). Taxi dbysxiii ¢(t) wazuBaoTh QyHKIigMA-OpUriHagamMmu. Jucsao
So HA3WBAIOTH MOKA3HUKOM 3pocTanus dyHkiii. Ilepersopennsam Jlammaca
dbyukuii ¢(t) nazuBaiors Gy P(p) KOMIIEKCHOT 3MIHHOI p = S + iT,
SIKY BU3HAYCHO TAK:

+o0

B(p) = / ePp(t)dt. (1)

Oynukuis P (p) Busnavena y miBiiomusi Rep > sg i € anamituanono dyHKIT-
et0. Toit daxr, mo $(p) - meperBopennst Jlamiaca, 3aMuCyeMo Tak:

p(t) = (p).

Mozxna goBecTu, 10 TOJI ¢ BUpaKaeThed yepe3 P Tax:

Y4100
1
_ pt
e(t)=5= [ ¢ P(p)dp, 7>so0. (2)
271
Y—100
e dopmyna obepuenns neperBopenns Jlamnaca. TyT iHTerpaj 6eperbcsd 110
BepTUKAJIbHIM IpsaMiii Re p = ~ 1 inTerpa/ morpibHo po3yMiTH B CEHCI I'0JI0B-
HOT'O 3HAYEHHSI, TOOTO K
y+iw

lim e ®(p) dp.
w—o0
y—iw
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5. 3a momomoroi nepeTBopeHHs Jlammaca 3HaiiTH pe30/JbBEHTY iH-
TerpaJIbHOTO PIBHIHHS

fapo y npoMy HpUKJIal 3aJ€KUTh TIbKKM Bl pizuuii ¢ — s. Kaxyrb, 1110
e pisuuiese sapo. 3 GOPMYJT /i TOBTOPHUX SIIEP 1 Pe30JIbBEHTH 3PO3y Mi-
JIO, IO BOHU TAKOXK 3aJieKaTh TIAbKH Bl ¢ — s. [Ijag po3B’sa3yBaHHs 1HOTO
IPUKJIALY 3allPOBA/INMO TaKl MO3HAUEHHS:

3BIJIKH

I3 piBHsHHS

3BiAcH

I3 (1) 3raxomumMo sint.:°pQLJrl = K(p), a tomy R(p) = z%' Toxi R(t) =t i,
mapernri, R(t,s,1) =t — s.
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